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Abstract

In the performance calculations of single-sided linear induction motor (SLIM),the equivalent circuit

technique (ECT) is used. In this paper, a new approach is proposed for obtaining the secondary impedance of

single-sided linear induction motor (SLIM) with a double layer reaction rail by using the layered secondary

model. The proposed method improves the ECT technique by considering the saturation effect and the

non-linear complex equivalent relative permeability. This study also examines the contributions of other

electromagnetic effects, such as longitudinal end effect and transverse edge effect as well. Our method is

applied to the SLIM and computed results of the method are compared to the experimental results of the

previous studies. This evaluation proved that the outcomes of the proposed method are in accordance with

the experimental results widely studied in the literature.
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1. Introduction

Single-sided linear induction motors (SLIM) are widely utilized in industrial applications and transportation
due to their simple structure, ease of implementation in manufacturing, high reliability and speed, low energy
consumption and pollution [1]. Generally, a double layer reaction rail SLIM is made up of two major parts: a
primary and a secondary. The primary consists of slots which hold primary windings. The secondary of the
SLIM holds a conducting plate which is backed by a ferromagnetic material, “back iron” or “secondary iron”
[2]. While the motor operates, some essential electromagnetic phenomena occur because of the structure of the
motor and its physical properties. To take into account these phenomena in performance calculations, several
corrections should be introduced thereafter in the form of reiterated calculations or of correction factors [3].

The equivalent circuit technique (ECT) is assessed numerous studies [1–4] in the literature and it is shown
that the method is appropriate to utilize the ECT for the steady state performance calculation of the SLIM where
particularly the T-type equivalent circuit is usually preferred. In order to employ the T-type equivalent circuit,
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primary resistance, primary reactance, magnetizing branch, magnetizing reactance and secondary impedance
should be considered. The magnetizing branch reactance and secondary impedance are obtained by solving the
field equations which are acquired from the electromagnetic field analysis through the layer method. Although,
the layer method is widely used for the electromagnetic analysis of the SLIM [5, 6], the analytic results obtained
via this method are not adequately close to the values measured over a wide range of operating conditions.
The main reason for the mentioned problem is actually the inadequate treatment of the saturation effect and
the depth of penetration, which is related to the permeability of the secondary iron, in the back iron for high
frequency applications. An adequate consideration of such parameters in addition to the others will provide the
correct calculation of the secondary impedance; moreover, it will present more precise performance prediction
for both analysis and design stages as well. Thus, research over the mentioned problem is still essential.

For this purpose, in this paper, the following tasks are performed: a) Layered secondary model together

with the special phenomena is presented, b) Saturation level of the back iron is determined by iteration. Having
accomplished aforementioned tasks, we calculate secondary iron impedance by using a linear approximation
that is novel in the calculation of secondary iron impedance. The developed model with this novel approach is
then applied to the Canadian Guided Ground Transportation (CIGGT) LIM to assess its performance under
the above mentioned conditions, e.g., high frequency drawbacks. The results are compared with those given in
the experiments of the previous studies.

2. Special phenomena in SLIM

In the layer method, primary current represents the line current density Jex and secondary comprises an
aluminum cap over solid steel core. Figure 1 shows the provision of the layers in a linear induction motor
supplied with a sinusoidal power source:

Jex = Re {Jex exp [j (ω t − kx)]} . (1)

Here, k=2π /λ .
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Figure 1. Basic layering model of SLIM with double layer reaction rail in longitudinal section.

The electromagnetic field is supposed invariant in the transverse direction (z) and there are no specific

paths for induced current in the secondary [2]. The effect of this current, which is known as transverse edge effect,
is taken into account by adjusting the conductivity of the conducting plate with the Russels and Norsworthy
corrected factor kRN [7]:

σ′
A1 = kRNσA1. (2)
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The Longitudinal end effects in the linear induction motor are due to the limiting longitudinal length of the
motor. It influences the speed on the non uniform distribution of the induction in the air gap of the LIM
and current induced in the secondary. This effect is taken into account by a factor ke given on the basis of a
distribution of induction in the air gap of SLIM made up of a slipping field. The end effect can be expressed as
a summation of two air gap flux density waves [1]:

B(x, t) = Bms sin(ωt − π

τ
x) + Bmee

− x
te sin(ωt − π

τe
x + δ). (3)

The electromotive force induced in a primary phase is the superposition of two electromotive forces, one due to
the fundamental field and the other is induction due to the end effect and it can be expressed in the form [8]

ep(t) = es(t) + ee(t) = −Ems cos(ωt) − Eme cos(ωt) = −Ems(1 − ke) cos(ωt) (4)

where

ke = −kwe

kw

π
τ2

e

1
t2e

+
(

π
τe

)2
f(δ)e

−pτe
te

sinh
(

pτe

te

)
p sinh

(
τe

te

) . (5)

Since the ferromagnetic material (back iron) exists in the secondary, the saturation should be considered at some
operating conditions. The classical theory of the electric motors defines the saturation factor of the magnetic
circuit as being the relationship between the total magneto motive force and that of the air gap by pole pairs.
The magnetic permeability of the primary is assumed infinite. So the magneto motive force in the primary can
be neglected. Under this condition, the saturation factor of the magnetic circuit of SLIM can be expressed as
[9].

kμ =
Vv

2 (Vgv + Vdv)
≈ 1 +

Vsv

2 (Vgv + Vdv)
, (6)

where Vv is the magneto motive force (MMF) per poles pair, Vgv is the magnetic voltage drop in the air gap,

Vdv is the magnetic voltage drop in the conducting plate, and Vsv is the magnetic voltage drop in the secondary
back iron.

Additionally, the Carter coefficient kc, which takes the effect of the slot of the primary account and the
saturation factor of kμ,which takes saturation of ferromagnetic secondary account, are employed in order to

obtain the equivalent air-gap value [9]

g′ = kckμg. (7)

The effects of the saturation and the hysteresis are included into calculation by use of an equivalent relative
magnetic permeability of the steel of the secondary, expressed by the relationship [10]

μre = μrs (μ′ − jμ′′) , (8)

where μ rs is the permeability that is related to surface of the secondary steel on the side of the primary. The
real and imaginary components are described in [10], and are given as

μ′ = aRax, μ′′ = 0.5
(
a2

R − a2
x

)
, (9)

where the coefficients aR and ax depend on the magnetic field that exist on the surface of the steel of the
secondary. The mentioned coefficients provide the consideration of the saturation and the effect of hysteresis
for the purpose of being precise.
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3. Wave Penetration depth concept

Anticipating the performance of the SLIM has been carried out via electromagnetic field analysis together with
the ECT, which include special phenomena (transverse edge effect, longitudinal end effect, saturation, hysteresis

and non-linear complex magnetic permeability) presented in section 2. In ECT, the secondary parameters are

evaluated from two dimensional (2-D) field analyses. Thereby, the layering model has been developed by

paralleling the layer impedances (as shown in Figure 1) of the motor, considering the wave impedance concept

[11].

In the layering model, the secondary iron has two regions: the conducting surface ferromagnet, which
has the uniform field distribution in the normal direction (y), and the nonconducting ferromagnet. As per
the wave penetration concept, a wave of frequency f penetrates into the layers of the secondary iron having
permeability μ and conductivity σ , where the amount of penetration depth is calculated according to equation
15. Thus the thickness of the conducting surface region is assumed to be equal to the penetration depth of the
wave, in accordance with the wave penetration concept. It is observed that the penetration depth increases as
the secondary frequency (sf) decreases. Note that, the average distance value of flux penetration is limited to
be the half of the layer thickness even though the penetration depth value is calculated to be greater than the
half of the layer thickness of the secondary iron (dir/2) as illustrated in Figure 2.

����� δ= � ��δ ��δ � ������ �� = ����
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Figure 2. Back iron half space layer modeling.

4. Calculation of saturation level

The following iterative algorithm is used to obtain equivalent magnetic permeability of the back iron, in other
words, the saturation level.

• Assumed that the surface magnetic field intensity Hs1 at the boundary between the solid iron and the
aluminum is equal to the line current density of the primary:

Hs1 = Am =
3
√

2kwNI

pτ
, (10)

and the saturation factor is assumed kμ to be equal to one.

• Extract the surface permeability of the back iron from B − H curve data and calculate the equivalent
magnetic permeability by using equations (8) and (9).

• Then, the effective air gap g ′ (see equation (7)) and the attenuation factors α1 , α2 and the propagation

constants K1 , K2 are calculated by using the following expressions [3]:

K1 =
√

α2
1 + β2 (11)
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K2 =
√

α2
2 + β2 (12)

α1 =
√

j2πfsμ0μreσFe (13)

α2 =
√

j2πfsμ0σ′
Al, (14)

where β = π
τ .

• Next, in order to determine effective depth dav of the induced currents in the secondary iron layer, the
penetration depth of magnetic flux into the back iron is calculated by using the equations [12]

δFe =
1√

πfsμ0μrsσFe
(15)

dav =

{
δFe if δFe < 0.5dir,

0.5dir if δFe > 0.5dir.
(16)

• Later, tangential and normal magnetic field intensity is calculated by the use of (17) to obtain the average
magnetic permeability μav from the B − H curve data of the back iron:

Hx = −K1Am

Mβ
e−jβxe−K1(y−dAl−g′)

∣∣∣∣
y=g+dAl+dav

(17)

Hy = −jAm

M
− ejβxe−K1(y−dAl−g′)

∣∣∣∣
y=g+dAl+dav

, (18)

where M is the factor required for the two dimensional analysis of SLIM [3].

• The new saturation factor is then calculated by equation (6).

• In the last step, the magnetic field intensity Hs2 value at the surface of the back iron is updated by using
(17) and (19) with y = g + dAl . The above mentioned computation are carried out until a sufficient
convergence between Hs1and Hs2 is attained, where each of the magnetic field intensity values can be
calculated with the relation

Hs2 = (H2
x + H2

y)1/2. (19)

As a consequence of the iterations, the saturation level is determined for each slip value with the consideration
of the nonlinear characteristics of the secondary iron as mentioned above. Through the iterations the wave
penetration depth is calculated according to the wave penetration depth concept which is explained in Section 3.

5. Simulating the CIGGT SLIM

For the CIGGT SLIM with the given design data in Table 1, the variation of the wave penetration depth with
linear speed at different input frequencies (f) is shown in Figure 3. As expected, the depth of the penetration
into the secondary iron increases as the slip decreases.
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Table 1. Data on CIGGT LIM.

Number of Phase, m 3
Number of pole pairs, p 3
Rated phase current, I 200 A
Pole pitch,τ 25 cm
Air gap length, g 1.5 cm
Number of primary turn/phase, N 108
Width of the aluminum layer, W + 2hov 20.1 cm
Width of the secondary iron layer, W 11.1 cm
Thickness of the aluminum layer, dAl 0.25 cm
Thickness of the secondary iron layer, dir 2.54 cm
Conductivity of secondary iron, σFe 4.46 MS/m
Conductivity of secondary iron, σAl 32.3 MS/m

The penetration depth, which is dependent on frequency of the secondary, increases to the half the layer
thickness at about the synchronous speed. The thickness of the conductance path, on which the induced current
in the secondary iron flows, also increases with the penetration depth. This thickness should be fixed to a
certain value according to the wave impedance concept.

The changes in the penetration depth influence the equivalent relative permeability as well. The relation
between the penetration depth and the equivalent relative permeability is depicted in Figure 4. As the secondary
frequency decreases, the penetration depth increases. Therefore, the equivalent relative permeability increases
as well. Additionally, the penetration depth shows regular variation along with the speed and the variation
equivalent relative permeability against speed which is observed to be slight between zero and synchronous
speed.

At each iteration of the algorithm, the change in the equivalent permeability value of the secondary iron
is calculated to be so small that current slip value in the iteration is nearly the same with the previous one,
until speed approaches near the synchronous speed. Note that the linear speed is obtained by multiplying the
synchronous speed (2fτ) with the expression 1-s , where s denotes the slip value.
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Figure 3. Penetration depth versus linear speed at dif-

ferent constant input frequencies.

Figure 4. Variation of the equivalent permeability vs.

linear speed at different input frequencies.
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6. Obtaining the secondary impedance of SLIM in ECT

By solving the electromagnetic field equation which is obtained from the electromagnetic analysis by using the
layering method, the following secondary iron layer impedance, aluminum layer impedance and magnetizing
reactance equations are obtained respectively [3]:

ZFe = −j2πfsμ0μre

K1
kz (20)

ZAl =
−j2πfsμ0

K2 tanh (K2da1)
(21)

Zm = −jXm = − j2πfsμ0

β tanh (βg′)
. (22)

The secondary iron layer impedance depends on the equivalent permeability, as shown in (20). The secondary
iron impedance is calculated by considering variations of the equivalent permeability with the slip. This novel
approach, which aims to calculate the secondary iron impedance with more sensitivity by utilizing a linear
approximation method, is given in this section.

Together with the following approximation (such as K1 = α1 , tanh (K2da1) = K2da1), the secondary
iron layer and aluminum layer impedance equation for the above mentioned purpose can be written as

ZAl =
−j2πfsμ0

K2
2dAl

, (23)

(24)

In order to take transverse edge effect into account, the impedance of secondary iron is multiplied by [8]

kz = 1 − g

L
+

2
π

τ

W

[
1 − exp

(
−π

2
W

L

)]
. (25)

In (24), each column vector represents the secondary iron layer impedance which corresponds to each slip value

that is between zero and an appropriate value (1 or 2). The length of the column vector depends on the step

value of slip. Consequently, maximum length of the column vector ( l) can be defined as

l =
smax − s0

step value
, (26)

where s0 denotes the minimum value of the slip and smax stands for the maximum value of the slip that this
value is chosen as 2 in this study.
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Figure 5. Per-phase equivalent circuit of SLIM.

Figure 5 depicts the T-type equivalent circuit of the SLIM with double-layer secondary where aluminum
and secondary iron layer impedances are connected in parallel. Hence, equivalent secondary impedance referred
to primary winding can be found by using classical circuit theory as

Z2(sn) =
ZFe(sn)ZAl(sn)

ZFe(sn) + ZAl(sn)
ktr

L

τ
(27)

where

ktr =
2m (Nkw)2

p
and n = 0, 1, 2, . . . ,l.

The equivalent secondary impedance depends on the slip and should be determined for each slip value in the
case of the different operating conditions. To do this, each column vector obtained from (23) is substituted

into (26). However, it is not appropriate to calculate the secondary equivalent impedance in this way due to
the mathematical constraints. After some required algebraic manipulation, the secondary impedance model
assumes the form

Any = dn (28)

where

An =
(

Xn +
snf

K2 (n) dAl

)
and dn =

−j2πμ0X
n (snf)2

K2
2 (n) dAl

ktr
L

τ
,

and whereXn represents each column vector obtained from the equation (24) and y is the equivalent secondary
impedance value. The column vector Xn , which actually holds secondary impedance values for each slip, can
be shown as

ZFe(sn) = Xn. (29)

So, this model represents the secondary impedance and can now be evaluated by the least squares solution for
the equivalent secondary impedance. To utilize the least squares solution, An,which represents column vector,
should be transposed. Then the following relation is obtained to solve the y value that stands for the secondary
impedance by the use of a least squares solution:

y =
(
(An)T

An
)−1

(An)T
dn. (30)

The rest of the parameters required to evaluate equivalent circuit technique, i.e., the specific primary iron
losses, primary impedance and air gap voltage, should be obtained. The specific primary iron core loss, which

392
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is represented with RFe , is characterized by the equation

RFe =
mE2

ΔPFe
kad, (31)

where ΔPFe is the core loss of the primary. On the other hand, the other required parameter, i.e., the primary
impedance, Z1 , is calculated with the same way as in the rotary induction motor. As for the air gap voltage,
which has to be calculated to take the end effect into account, the air gap voltage is obtained and multiplied
by 1-ke .

Thus, to validate of the proposed method, the steady-state thrust of the SLIM is calculated to compare
the experimental results where the calculation is carried out by using the following equations:

Fx(sn) =
mR′

2(sn) [I′2(sn)]2

snV s
, (32)

where

R′
2(sn) = real(y), (33)

I′2(sn) =
E (1 − ke)

y
. (34)

7. Conclusions and remarks

This study attempts to develop a new approach to obtain the secondary impedance of the SLIM. Section
6 presents the details of the novel approach and the present section looks at the relationship between the
obtained secondary impedance with speed and thrust variations as a consequence of the adequate treatment of
the saturation effect and permeability.

The relevancy between the secondary impedance, which is obtained by using the proposed approach,
and speed is depicted in Figure 6. As can be seen in the figure, when approaching the synchronous speed, the
secondary impedance stays nearly constant; however, it decreases sharply near the synchronous speed. This is
an expected effect of the wave impedance concept since the change in the permeability of the iron is minimal
until the penetration depth reaches the half of the thickness of the iron. When the penetration depth exceeds
the half of the thickness and approaches the exact thickness of the iron, a decrease in the secondary impedance
initiates. Once the penetration depth reaches the exact thickness of the iron, a sharp decrease occurs.

Since the secondary impedance is not a value that can be measured during the operation of the SLIM,
thrust value should be employed in evaluation of the secondary impedance. As a result, the proposed approach
can only be validated through the thrust values of the SLIM. Figure 7 depicts the curves of thrust values
according to linear speed for constant frequency, e.g., 5 Hz, 11 Hz, 18 Hz, 28 Hz and 40 Hz. The obtained
values as a result of the proposed method are compared to the experimental results of the CIGGT SLIM study
[1] under different input frequencies. The results of proposed method are observed to be in accordance with
the results of the CIGGT SLIM. Notice that, as seen in the figure, there is a good match between the objective
model and the result of the proposed method at 40 Hz frequency. As far as similar studies in the literature
are concerned, to the authors’ knowledge, the proposed approach is the most efficient method studied in this
frequency while it sacrifices computational speed on behalf of a more precise performance.
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Figure 6. Secondary impedance vs. linear speed of

CIGGT SLIM.

Figure 7. Simulation results for performance of the

CIGGT SLIM; thrust as a function of linear speed. Exper-

imental points: (+) denotes data for constant frequency of

40 Hz; (x) 28 Hz; (o) 18 Hz; (*) 11 Hz; and (Δ) denotes

5 Hz.

Faiz and Jafari [1] is one literature example that has attempted to develop analytical models to predict
the sensitivity of the performance characteristics to parameters. In their paper, they consider end effects
and equivalent thickness to find optimized parameters when analyzing SLIM performance characteristics. The
paper reports that their proposed method outperforms two conventional methods in terms of SLIM performance
analysis. One method compared with theirs was equalization of real parts of iron and aluminum with real part of
hypothetical layer impedance with thickness dR ′ . However, our study shows that consideration of secondary iron
impedance with modifications (i.e., utilizing linear approximation when calculating secondary iron impedance)
has potential to outperform their methods, and is mainly related to the end effect and equivalent thickness
(dR ′). Figure 8 depicts this fact by including performance characteristics of this method, our method and
CIGGT model.

Figure 8 shows curves describing values of thrust as a function of linear speed for constant frequencies,
e.g., 5 Hz, 11 Hz, 18 Hz, 28 Hz and 40 Hz, where experimental results at each frequency is given with a separate
symbols; circles correspond to the results at 5 Hz, plus signs denote 11 Hz, crosses denote18 Hz, stars for 28 Hz,
and circled-plus signs for 40 Hz data. The dashed lines represent the results of our method and straight lines
correspond to the results of the CIGGT SLIM study [1] from the literature. As the figure is examined, the

dashed lines (our method) are closer to experimental model data (circled-plus) (CIGGT model) than the results

of the study [1] (straight lines).

Another method from the literature similar to our method is the study by Gieras et al [3]. Their
algorithm resembles ours in many ways, except calculation of the secondary impedance. With the modification
in the secondary impedance calculation, our method outperforms their proposed method at higher frequencies,
particularly at 40 Hz. However, as far as their results reported in the paper are concerned, performance
analysis of our method at relatively lower frequencies is poorer than theirs. Thus, it can be concluded that our
approach, which adopts linear approximation, has tendency to fail in lower frequencies due to rapid nonlinear
change in speed-permeability curve (see Figure 4). Performance prediction our method at lower frequency can
be considered as disadvantage of the method.
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As a result, this paper introduced a new approach that might be efficient when used for design and
analysis of the SLIM with a wide-range of applications by adequately treating the electromagnetic phenomena.
The novel contribution of this paper is the utilization of the least squares approach for linear approximation
in order to calculate the secondary impedance. The simulation results suggest that the proposed approach is
efficient to improve the accuracy in thrust performance calculations. Since the proposed method is observed
to be computationally intense, future studies of the method will include the evaluation of the optimization
techniques to overcome this disadvantage.
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Figure 8. Comparison of simulation results with the performance of the CIGGT-SLIM.

Nomenclature

Jex Line current density ktr Transverse edge factor
g Air gap L Width of the primary core
dal Aluminum thickness aR Coefficient for resistance and active power

losses
dir Back iron thickness ax Coefficient for reactance and reactive power

losses
σ0 Conductivity of air gap δFe Depth of penetration in back iron
μ0 Permeability of air gap Am Peak value of line current density of primary
σAl Conductivity of Aluminum N Number of turn per phase
σFe Conductivity of the back iron I Primary current
μFe Permeability of the back iron p Number of pole pair
ω Angular frequency of primary current β Real constant
kRN Russell and Norsworthy factor α1 Length of the penetration of entry-end effect

wave
δ Phase angle between the normal travelling

field and the end effect wave
α2 Length of the penetration of exit-end effect

wave
τe Pole pitch for end effect wave f Input frequency
τ Pole pitch of the primary winding surface Hx x-axis magnetic field intensity
Bms Air-gap flux density wave due to fundamental

wave
Hy y-axis magnetic flux intensity

Bme Air-gap flux density wave due to end-effect
wave

M Denominator in electromagnetic field equa-
tions

Ems Maximum value of induced electro-motive
force by fundamental wave

ZFe Impedance of Back iron

Eme Maximum value of the induced electromotive
force by the entry end effect wave wave

kz Transverse edge-effect factor

ke End effect factor ZAl Impedance of Aluminum layer

395



Turk J Elec Eng & Comp Sci, Vol.19, No.3, 2011

kwe Winding factor due to end wave Zm Impedance of magnetizing branch
te Attenuation factor Xm Reactance of magnetizing branch
μre Equivalent permeability of the back iron K2 Propagation constant for back iron
μrs Surface value of the relative permeability K1 Propagation constant for Aluminum
I′2 Secondary current referred to the primary

winding
RFe Equivalent Resistance of the core losses

Vs Synchronous speed ΔPFe Primary core loss
R′

2 Secondary resistance referred to primary
winding

Fx Thrust

k Wave number E Induced voltage in primary phase
By y-axis magnetic flux density dav Average penetration distance in back iron
kc Carter’s coefficient kμ Saturation factor
kw Winding factor s Slip
sn Slip value at nth iteration m Number of phase
λ Wavelength W Width of the primary
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