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Abstract

In this paper, a parameter and uncertainty bound estimation functions for adaptive-robust control of
robot manipulators are developed. A Lyapunov function is defined and parameters and uncertainty bound
estimation functions are developed based on the Lyapunov function. Thus, stability of an uncertain system is
guaranteed and uniform boundedness of the tracking error is achieved. As distinct from previous parameter
and bound estimation laws, the parameters and uncertainty bounds are updated as a function of a combination
of trigonometric function depending on robot parameters and tracking error. Based on the same Lyapunov
function, a robust control law is also defined and the stability of the uncertain system is proved under the
same set of conditions. Simulation results are given to illustrate the tracking performance of the proposed

adaptive-robust controller.
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1. Introduction

Robust control laws are used for parametric uncertainty, unmodeled dynamics, and other sources of uncertain-
ties. The Corless-Leitmann [1] approach is a popular approach used for designing robust controllers for robot
manipulators. In an early application of the Corless-Leitmann approach to robot manipulators [2,3], uncertainty
bounds are required to derive the controller, and the uncertainty bound depends not only on the inertia param-
eters but also on the reference trajectory and manipulator state vector. Consequently, it is difficult to compute
the uncertainty bound precisely. Spong [4] proposed a new robust controller for robot manipulators using the
Lyapunov theory that guarantees the stability of uncertain systems. In this approach, the Leitmann [5] or
Corless-Leitmann [1] approach is used for designing the robust controller. One of the advantages of Spong’s
approach [4] is that uncertainty in the parameter is needed to derive the robust controller and the uncertainty

bound parameters depend only on the inertia parameters of the robots. However, disturbance and unmodeled
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dynamics are not considered in Spong’s algorithm. Danesh et al. [6] developed Spong’s approach [4] in such a
manner that the control scheme was made robust not only to uncertain inertia parameters but also to unmodeled
dynamics and disturbances. Koo and Kim [7] and Spong [8] introduced an adaptive scheme of the uncertainty
bound on parameters for robust control of robot manipulators. Yaz [9] proposed a robust control law based on
Spong’s study [4] and the global exponential stability of an uncertain system was guaranteed. Spong’s robust
controller [4] was extended by Liu and Goldenberg in [10], where parameterized and unparameterized model
uncertainties were treated and a compensator was designed for each of 2 uncertainty groups. Uncertainty bound
estimation laws were designed for robust controllers [11-15] in order to improve the tracking performance of
uncertain systems. Comparative studies of robust controllers were given by Jaritz and Spong [16] and Liu and
Goldenberg [17]. Papers about robust control of robot manipulators were surveyed in [18,19].

In this paper, a parameter and bound estimation functions are developed for adaptive-robust control of
robot manipulators in order to improve the tracking performance of an uncertain system. For this purpose, the
previous robust controllers [4,12-15] were developed in such a manner that both the parameter and uncertainty
bound were made adaptive for robustness to uncertainty. Inertia parameters and the uncertainty bound on
parameters are adaptive in adaptive-robust control laws [20-22], but inertia parameters are assumed to be
known initially and inertia parameters exist in control laws. The disadvantages of the previous adaptive-robust
control laws [20-22] are eliminated here, such that robot inertia parameters do not exist in control laws and
robot inertia parameters are uncertain as they would be in robust control strategy [4]. The Lyapunov theory,
based on the Corless-Leitmann approach [1], was used to design the adaptive-robust control law, and uniform
boundedness error convergence was achieved. In addition, a parameter and uncertainty bound estimation laws
were designed for the adaptive-robust control of robot manipulators. Apart from previous studies, the parameter
and uncertainty bound were updated as a combination of trigonometric function depending on robot parameters
and tracking error. For comparison and explanation, a robust control law is also proposed here, based on the
adaptive-robust control law, and the stability of an uncertain system is proved under the same set of conditions.
Numerical results of the proposed adaptive-robust control law and the proposed robust control law are given.
After simulation results, it was seen that the tracking performance of the uncertain system was improved by
the proposed adaptive-robust controller, and proper estimation of parameters and uncertainty bounds were

achieved.

2. Stability analysis and definition of adaptive-robust control laws

In the absence of friction or other disturbances, the dynamic model of an n-link manipulator can be written as
follows [23].

M(q)i+Clq, )+ G(q) =T (1)

Here, q denotes generalized coordinates; 7 is the n-dimensional vector of applied torques (or forces); M(q) is
the n x n symmetric, positive, definite inertia matrix; C(q, ¢)¢ is the n-dimensional vector of centripetal and
Coriolis terms; and G(q) is the n-dimensional vector of gravitational terms. Eq. (1) can also be expressed in

the following form.
M(q)j+ Clq, i+ Glq) =Y (a.4, ) (2)
Here, 7 is a p-dimensional vector of robot parameters and Y is an n X p matrix that is a function of joint

position, velocity, and acceleration. For any specific trajectory, the desired position, velocity, and acceleration
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vectors are qq, g4, and §q. The measured actual position and velocity errors are § = ¢ — qq and § = ¢ — ¢q.
Using this information, ¢, and §, are defined as:
¢r = da — Ag and G, = Ga — Aq, (3)

where A is a positive definite matrix. The following nominal control law is then considered.

o = Mo(q)§, + Colq,d)q, + Golq) — Ko @
4
= Y(Qa q-a Qr,ijr)ﬂo - Ko

Here, mp € RP represents the fixed parameters in the dynamic model and Ko is the vector of proportional-

derivative action. o is given as [4]:
0=q—dr=G+Aq (5)

It is assumed that there exists an unknown bound on parametric uncertainty such that:
F=(mo—m) <, (6)

where p € RP is the upper uncertainty bound on the parametric uncertainty, assumed to be unknown. 7 is
the estimation of the parameter, p(t)is the estimation of the uncertainty bound, and 7 and p(¢) should be

estimated with the estimation law to control the system properly. Considering 7 and j(t), a new parameter

error vector, é, is defined as:
b =7 pl). (7)
Let us define control inputs u(t); and u(t)s in terms of the nominal control vector 7y as:

T =70+ Y(¢ ¢ ¢y G) (lt)y +ult)y) = Y(a 4, 4y 4-) (mg +ult), +u(t),) — Ko, (8)

where u(t); and u(t)o are additional control inputs that will be designed to achieve robustness to parametric

uncertainty. Substituting Eq. (8) into Eq. (1), the following is yielded after some algebra.
M(q)o +C(g,q)o + Ko = Y(q,4,4,,G,)(m0o — 7 +u(t); + u(t),)
= Y(q,4,4,,4,)(7 +u(t), +u(t),)

In order to define the adaptive-robust controllers, the following 2 theorems are given.

Theorem 1 Let a1, az, ... ap; Bi, B2, ... Bp;and A1, X2, ... A, € R. The estimate of parameter 7

and the uncertainty bound on parameter j(t)are updated in time as follows.

i 6201 cos( [ alYT'acit)l arctan(sin( f a1Y 7 adt),) T r A (Bra1)cos( [ ar YT odt), ]
i 1 sin?( [ a1YTodt), +1 1762 [ a1YTodt), +1
N 52a cos( [ a2YTodt), arctan(sin( f a2Y T odt),) Ao (B2ax2)cos( [ axY T odt),
™ 2 p) R n2 T
2 — 2 sin?( [ a2YTodt),+1 : p(t) _ sin?( [ a2Y Todt)a+1 (10)
Tp o cos(f apYTadt)p arctan(sin( [ apYTadt)p) Y (Bpap)cos( [ apYTadt)p
p Op sin?( [ apYTodt),+1 L 7P sin?(f apYTodt), +1
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The additional control input in the control law of Eq. (8) is defined as follows.

D (g o)) i |(YTo)| > e
uth =7 @Oi={ "
O p(t))) if  |(YTo)| < e

If the control input of Eq. (11) is substituted into the control law of Eq. (8) for the control of the model
manipulator, then the control law of Eq. (8) is continuous and the closed-loop system is uniformly ultimate
bounded.

Theorem 2
The additional control input in the control law of Eq. (8) is defined as follows.

T5), .
o —trghe i |(YTo0)| > e
u(t)y = = +p(t);  (u(t)2)i = ) (12)
*%Pi if |(YTo)i| <e
If the control input of Eq. (12) is substituted into the control law of Eq. (8) for the control of the model
manipulator, then the control law of Eq. (8) is continuous and the closed-loop system is uniformly ultimate
bounded.

Proof of theorem 1
In order to prove the theorem, a Lyapunov function candidate is defined as follows.

1 1 1~ ~
V(0,3,1,82,0) = 50" M(q)o + 54" Bi+ 507 (9] + 1)*30; V(0,3,®1,P5,0) > 0 (13)

Here, B € R™*" is a positive diagonal matrix, and ®; and ®5 are chosen as a p X p-dimensional diagonal

matrix changing in time. The time derivative of V along the system of Eq. (9) is:

V o= o"M(q)o+0TiM(q)o + G B+ 07 (2(93 + I)d1 1 P3
L . ; (14)
+ (P2 + 1)20205)0 + 07 (92 + 1)2®3)0
and then:
V= o"[5M(q) ~ Clq, 9o — 0" Ko +Y(q,d,4,,G,) (7 +u(t), +ult),) +7"Bq i~
0T (2D + 1By D1 B3 + (B2 + 1)2Dy®0)d + 67 (D2 + 1)203)0

Taking B = 2AK, and using the property o” [M(q) —2C(q,§)]o = 0Vo € R™ [24,25], Eq. (14) becomes:
V o= —§K§-§ AKAG+ oY (u(t), + u(t),) + oTYR 16)
16

+0T (2(D2 4 1D, D1 D2 + (D2 + 1)2P,D5)0 + 67 (D2 + 1)2D2)0

As seen from Eq. (16), there is a relationship between the control inputs u(t); and u(t)2 and functions ®; and

®5. There may be some sort of functions ®; and ®» for control inputs u(t); and u(t)s that satisfy V <0 in

Eq. (16). However, ®; and ®5 are unknown and there is no certain rule for the determination of ®; and ®s
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for control inputs u(t); and u(t)s that satisfies V < 0. We use the system state parameters and mathematical
insight to search for an appropriate function of ®; and ®5 to prove the theorem. For this purpose, we define

®; and &5 as a time-dependent p-dimensional diagonal matrix, such that:

1
(Bic;)(cos(ay [ YTodt);)

o1 = diag(sin(as [ Y7adt),), 62 = diag( ) (17)

where i = 1,2...,p. The time derivatives of ®; and ®, are as follows.

sin(a; [YTodt);
(Biai)cos?(a; [ YTodt);

$1 = diag(cos(oy / YTodt))i(a;YTo)s)  ¢o = diag( (a;YT0o),) (18)

From Eq. (10), § = 7t — j(t) is defined as follows.

i (ﬂ2a )cos(f a1 YT odt), arctan(sin( f a1 Y7 odt),)—X1Braicos( [ a1Y T odt),
1441 sin?( [ a1YTodt), +1

(52 )cos(f a2Y T adt), arctan(sin( [ aaY T odt),)—AafBaazcos( [ a2Y T odt),
2 (2 sin?( [ a2YTodt),+1

( 2, )cos(f apYTadt)p arctan(sin( [ apYTadt)p)f)\p,Bpapcos(f apYTadt)p
PP sin?( [ apYTodt),+1

i cos( [ a1YTodt), [arctan(sin( [ a1 Y T odt),)—A T
(ﬂ%al) U s)iln[z(f al(YTE-;{lt)llJrl Lzl

cos( [ aYTodt),[arctan(sin( [ aoY T odt),)—A
() bttt ) 2o

( 2 )cos(f apYTadt)p[arctan(sin(f apYTadt)p)f)\p/ﬁp]
PP sin?( [ apYTodt),+1

The time derivative of @ is as follows.

5 2 sin( [ a; Y7 odt), [arctan(sin( [ a;Y T odt),)—\; /B3] T Biaicos®( [ a; YT odt), T
0i 7(51 ai) sin?( [ a;YTodt),+1 (aZY U)i + (sin?( [ a;YTodt),+1)2 (Y U)i

(20)

cos( [ a;YTodt),[arctan(sin( [ ;Y T odt),)—N; /Bi .
—(B%a) U (ZI;L(ILI_(YT;;”#I)Z 1)) /’3}2sm(f ;Y Todt), cos([ a;YTodt),(;YTo);

cos( [ a;YTadt),

Multiplying the first term of Eq. (20) by cos([ai¥Todn).

the result is as follows.

5 2 sin( [ a; Y7 odt), [arctan(sin( [ a;Y T odt),)—Xi/Bi] T cos( [ a;YTodt),
0; = 7(ﬂl ai) sin?( [ ;Y Todt),+1 (CYZY J)i cos( [ a;YTodt),

BiaZcos®(f a; YT odt), T _y
+ (sinz(f aiYTadt)iJrl)z (Y U)Z (21)

cos( [ a;YTodt),[arctan(sin( [ ;Y T odt),)—N; /Bi .
—(B%a;) U (ZI;L(ILI_(YT;;”#I)Z 1)) /’3}2sm(f ;Y Todt); cos([ ;Y odt),(;YTo);
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Eq. (21) can be arranged depending on 6, as follows.

__sin(f a; Y odt),

e

o A Biaicos® ([ a; YT odt),
i cos( [ ;Y Todt), (aiYTO')ioi + Gin2 ([ a;Y Todt), +1)2 (YTO')
(22)
2 cos ;YT odt),sin [ a; YT odt =~
_ (fsinz(faiz}TJd{)i+1 )1 (aiYTJ)ioi
If we substitute ®;, ®, ®1,P,, 6, and é into Eq. (16), the last terms will be as follows.
(0T (2(D? + 1)1 D13 + (D2 + 1)?D2P0)0 + 67 (92 + 1)2D3)0); =
0:2(sin’(a; [ YT odt), + 1)cos(a; fYTadt)i(sin(aifYTadt)i)(ﬁiaicos(alf YTJdt)i)2(C¥iYTO')i9~i
~ . 2 sin(a; [ YT odt); a
+ 0;(sin®(a; [ YT odt), +1) (ﬁfa?)ios3{aifY?0dt)i (a;YT0);0;
(23)

5o sin®(a; [ YTodt),+1 \osin( [ a;YTodt), T A
B i((ﬁiai)cos(ai T YTadt)i) cos( [ a;YTodt), (CYZY J)ZHZ

5 sin’(a; [ YTodt),+1 o BiaZcos®( [ a;YTodt), T
+0i((ﬁiai)cos(ai N YTadt)i) (sin?( [ a;YTodt),+1)? (Y J)i

5 o sin®(a; [ YTodt),+1 \22cos(f a;YTodt)sin(f ;Y odt); T \NJ
o i((ﬁiai)cos(aif YTadt)i) sin?( [ a;YTodt),+1 (CYZY 0)91

As seen from Eq. (23), the first and last terms and the second and third terms are canceled out by each other,

and the fourth term is equal to YZo. As a result, Eq. (23) is equal to éTYTO'; that is,

07 (2(9% + D1 @103 + (92 + 1)2P2D2)0 + 67 (9% + 1)202)0 = 07y T 0. (24)
As a result, the time derivative of the Lyapunov function is written as follows.
Vo= —§Ki—q AKAG+ oTY (u(t), +u(t)) +oTY7 +0TY0 5)
= —§ Ki—q AKAG+oTY (u(t), +u(t)s) + 0TV 7 + 0TV (7 — p(t))
If we substitute u(t); and u(t)2 from Eq. (11) into Eq. (25), the result will be as follows.
V = —§ Ki—q AKAG—oTY# +oTYu(t), + oY (7 — p(t) + 0T Y7
(YTO')l _ A
TovrTon (P = A(E)) (26)
Tyrx T s Ty e _ 5 T _\T
= —¢ Kqg—q AKAG+a"Y (7= p(t) — (Y o)
(YT"’)p _ A
|(YTO')p| (pp p(t)p)
Eq. (26) can then be written as:
- Yol 5
- 71— p(t), [(YTon] (p1 — p(t),)
V=-—2TQx+0o'Y fe - e (27)
p — p(t (YTa)p _ 5
=Pt e (on = (1))
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where 27 = [¢7,¢7] and Q = diag[ATKA, K]. Based on the Leitmann approach [1], it can be shown that
V <0 for ||x|| > w where
w® = ep(t)/2Amin (Q),

(28)
and where Apmin (Q) denotes the minimum eigenvalue of Q. For the second term in Eq. (27), if ||[YZo|| > ¢,
then:

YTO')l
T 7~T1 T \T |(YTU)1 | . T
oY | | =(Yo) - <Ale" YII(#l] = [lpl]) < 0.
T (YTU):U
p

(29)
|(YT0');, | Pp

From the Cauchy-Schwarz inequality and the assumption of ||YTo|| < ¢, it will be:

oTYu(t)y +oTY (7 — p(t)) <

(YTo)T (17 = 5Ol rdy — u(t), )
< (T (llo - )l e =222 o = ()]

This last term achieves a maximum value of ep(t)/4 when ||YTo|| = ¢/2. We thus have:

V < —2TQx +ep(t)/4. (31)

Note that p(t) is bounded and given as p(t) = ||p — p(t)||. The rest of the proof can be seen in [4,7]. The
resulting block diagram of the control law is given in Figure 1.

vo y©or

Manipulator |

Figure 1. Block diagram of the adaptive-robust control law of Eq. (8) with Egs. (10) and (11)
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Proof of theorem 2
In order to prove the second theorem, Eq. (25) is used. If we substitute u(t); from Eq. (12) into Eq.
(25), the result will be as follows.

V = —§ Kj—q AKAG+oTY (u(t), + u(t)s) +oTY7 + 0TV
= —{ Ki—q AKAG+oTY (=7 + p(t)) + oTY7 + oTY (7 — p(t))

T (32)
— —§ Ki-q AKAG+ olYu(t), +oTYR

IN

—2TQu +oTY (ﬁ%é)
Here, 6 = ||p||. The result obtained in Eq. (32) is the same as would be in [4], and the proof is given in [4].

dd AN A
A

vo v

Manipulator |

dd |

Figure 2. Block diagram of the adaptive-robust control law of Eq. (9) with Egs. (10) and (12).

Since control input u(t)2 has 2 different inputs, A1 and Ao, we select a different control input depending
on e. Ay and A, have 2 numbers, such as a 1 and a 0. When ||YZo|| —& > 0, a 1 is present in A; and a 0

is present in A, and the first control input is in effect. When ||YZo|| —& < 0, a 0 is present in A; and a 1
is present in Ao, and the second control input is in effect. Hence, A1 and A, are simple switches that set the
mode of the additional control input to be used.

3. Stability analysis and definition of a robust control law

For comparison and explanation, the derivation of a robust control law is considered. For this purpose, the

following robust control law is defined in terms of the nominal control vector 7y, defined in Eq. (4) as in [4].

T =70 +Y(¢, 4,4, G, )u(t) =Y (4,4 4y, §)(mg + u(t)) — Ko (33)

In order to define a robust control law, the following theorem is given.
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Theorem 3
Let a1, aa, ... «ap and B, B2, ... Bp € R. The estimation of the uncertainty bound on the parametric

uncertainty p(t) is updated in time as follows.

i cos( [ a1 YT odt), arctan(sin( [ o; YT odt
o(t) Froq Lo g e I
P
R cos( [ azYTodt), arctan(sin( [ aaY T odt),)
p(t)Q — ﬂ§a2 - sinz(jazYTadt)2+12 2+ p2 (34)
ﬁ(t)p o cos(f apYTadt)p arctan(sin( [ apYTadt)p)
L PP sin?([ apYTodt),+1 +on ]

The additional control input in the control law of Eq. (33) is as follows.

To_i R .
— S p @) if |V o) > e

(u(t)); = (35)
~022pt), i |(YTo)| <

[or

If the control input of Eq. (35) is substituted into the control law of Eq. (33) for the control of the model
manipulator, then the control law of Eq. (33) is continuous and the closed-loop system is uniformly ultimate
bounded.

Proof
It is assumed that there exists an unknown bound on parametric uncertainty such that

mo—m < pand ||m— 7| <4 (36)

Since p € RP is assumed to be unknown, p should be estimated with an estimation law to control the system

properly. p(t) shows that the estimate of p and p is the estimation error.
p=p—pt) (37)
Substituting Eq. (33) into Eq. (1), the following is yielded after some algebra:
M(q)o + C(g, 4o + Ko =Y (q,4, 4, 4,) (T + u(t)). (38)

In order to prove the theorem, the following Lyapunov function is considered.

1 1 1
V(0,G,81,P2,p = z0" M(q)o + =G B+ =p" (8] + 1)°®3p; V(0,3.®1, Pa, ) > 0 (39)
2 2 2

Here, B € R™*" is a positive diagonal matrix, and ®; and ®; are chosen as a p X p-dimensional diagonal

matrix changing in time. The time derivative of V along the system of Eq. (38) is as follows:
V = oTM(q)o+0TiM(q)o + " Bg+ pT (2(D? + I)D1 @, D3
H(®F + 1)*@aba)p + (D] + 1)°D3))
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and then:
V. = oT[3M(q) - Clq,@)lo — 0" Ko +Y(q,4,d,, ) (7 + ult)) + Bq

+57 (2(0F + 1)P101®3 + (9F + 1)2D2d2)5 + 57 (93 + 1)%D3)p

Taking B = 2AK and using the property o7 [M(q) — 2C(q, §)]o = 0¥o € R™ [24,25], Eq. (41) becomes:

V = —§ Ki—q AKAG+oTY (u(t) +oTY7)
+77(2(0F + 1010103 + (BT + 1)020)5 + 57 (D7 + 1)2®3)p

From Eq. (34), p = p— p(t) is defined as follows.

7([320 )cos(f a1YTodt), arctan(sin( [ ca YT odt);) T
11 sin?( [ a1 YTodt),+1

7(&202) cos( [ aaYTodt), arctan(sin( f aY Todt),)
2 sin?( [ aaYTodt),+1

p=p—pt)=
7( 2 )cos(f apYTadt)p arctan(sin( [ apYTadt)p)
L »Op sin?( [ apYTodt),+1 ]
The time derivative of g is as follows.
P;i _ (ﬂ2ai)sin(f a; YT odt), arctan(sin( [ a; Y7 odt);) (aiYTO')' . Biaicos® ([ a;YTodt), (YTO')Z'

sin? ([ a;YTodt),+1 v (sin*( [ a;YTodt),+1)?

+(B7 i) cos([ ai::g(t)f Zr_ife;rz,(zi;;_(ls;}/Tadt)i) 2sin([ ;Y Todt), cos([ a;YTodt);(c;YT o),

cos( [ a;YTadt),

cos( [ oY Todh) the result is as follows.

Multiplying the first term of Eq. (44) by

z (ﬂzai)sin(f OtiYTfCét),- arcta;l(sin(f a;Y'odt),) (aiYTO')iCOS(f aiY;adt)i
4 sin?( [ ;Y Todt),+1 cos( [ a;YTodt),

BiaZcos® ([ ;YT odt), Ty
© (sin?([ a;YTodt),+1)? (Y U)Z

YTo arctan(sin( [ a; Y o . .
Jr(ﬂ?ai)cosual}zsing(t)flai;%(dt).(ll)éy dt)l)Qsm(f a;YTodt); cos([ ;Y Todt), (Y7 0);

Eq. (45) can be arranged depending on g, as follows.

3 i Yo . ~ 2a2cos? a;YTo .
s sin( [ a;Y dt)l(ainJ)ipiiﬁl i ([ a:iY " odt), (YTJ)Z-

pi = " cos( [ a;YTodt), (sin*( [ a;YTodt),+1)?
2 cos ;YT odt), sin [ a;YTodt), ~
o S e .)1T [ )1pi(aino.)_
sin?( [ a;YTodt),+1 i
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If we substitute ®;, &, ®1,P5, p, and j into Eq. (42), the last terms will be as follows.
(A" (2(®F + 1) D181 B3 + (BT + 1) Do ds) 5+ p7 (D7 + 1)2®3)p); =

pi2(sin®(a; [ YTodt), + 1)cos(c; [ YT odt);(sin(a; [ YT odt);)( V(i YTo)ipi

1
Biaicos(a [ YT odt),

i i Todt); ~
+pi(sin® s [ YT odt); 1) B (Y To)idy

(47)

~ sinz(aif YTadt)iJrl 9 sin( [ aiYTadt)i T ~
o 1((,8iai)cos(aif YTo'dt)i) cos( [ a;YTodt), (C“Y J)ipz

~ sin®(a; [ YT odt),+1 \9 fiaicos®( [ a;Y T odt), yT
- 1((,81-041-)005(041- J YTo'dt)i) (sinz(f aiYTo'dt)iJrl)z( J)i

~ ¢ sin®(a; [ YTodt),+1 \22cos(f a;YTodt) sin(f a;YTodt)i 1 T =~
B 1((,8iai)cos(aif YTo'dt)i) sin?( [ ;Y Todt),+1 (CQY J)pz

As seen from Eq. (47), the first and last terms and the second and third terms cancel each other out, and the

fourth term is equal to —p” Y7 o. As a result, Eq. (47) is equal to —p” Y o ; that is,
pT2(BT + D)D1D10F + (0] + 1)*Pod2)p + 7 (87 + 1)°03)p = —p" Yo (48)

As a result, the time derivative of the Lyapunov function is written as follows.

V o= —§"K§i—q AKAG+oTYu(t) +oTY7+0TYj
= —§ Ki—q AKAG+oTYu(t) +oTY7 —oTY (p— (1)) (49)
< —2TQx +oTYu(t) + oY p(t)

Here, 27 = [§7,¢"] and Q = diag[ATK A, K]. Based on the Leitmann approach [1], we can show that V<0

for ||x|| > w where
w?=[[ o)1/ 2Amin (Q), (50)

and where Apin (Q) denotes the minimum eigenvalue of Q. For the second term in Eq. (49), if ||[YZo|| > ¢,
then:
YTo ~
ﬁp(th
<—2"Qr+o"Yp(t)—0o'Y . <0. (51)

YTo » ~
|EyTU§p| + p(t)p

From the Cauchy-Schwarz inequality and the assumption of ||YTo|| < &, we have:

oTYu(t)+ 7Y (p(t) < (YTo)T (|p(t)] % + u(t)) (52)
~ Ty To A
< (To)" (Il oy =22 100 -
This last term achieves a maximum value of ¢||p(t)|| /4 when ||YTo|| = /2. We have:
V < —aTQu +¢|p(t)]| /4. (53)



Turk J Elec Eng & Comp Sci, Vol.20, No.1, 2012

Note that p(t) is bounded and given as p(t). The rest of the proof can be seen in [4,7]. The resulting block
diagram of the control law is given in Figure 3.
For explanation and comparison, the robust control law proposed by Spong [4] is given as follows.
T .
)= fsﬁ if |[YTo|>e -
—0Ye  if |[YTo| <e

Here, § is an uncertainty bound. Having a single number § to measure the parametric uncertainty may lead to
an overly conservative design or higher than necessary gains. For this reason, different “weights” or gains to the
components of u(t); are assigned. It can be done as follows. Suppose that 7; is measured for the uncertainty
for each parameter separately, as in [4].

—pivif |vil ifuil > e
ulb)s { —(pi/eijvi if uil <& v

Manipulator

vo vy

Figure 3. Block diagram of the robust control law of Eq. (33) with Egs. (34) and (35).

4. Simulation results
For illustration, a 2-link robot manipulator is given in Figure 4 [4]. Parameterization of this robot is given by
mo=m 1l +mali + L, me=mall + I, w3 =malilea, m=maler, 75=moli, m6=male. (56)

Using the above parameters, the matrix M(q), C(q,q), and the vector G(q) in Eq. (1) are given as

follows.

71 + o + 2wz cos(qz) w2 + 73 cos(qz) _ —m3sin(ge)ge  —m3sin(q2)(g1 + g2)
M(Q) = 7T2+7T3COS((]2) o (Qaq =

73 sin(q2)q1 0
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g(ma +7s5) cos(q1) + gme cos(q1 + q2)
G = (57)
g7e cos(q1 + q2)

» X

Figure 4. Two-link planar robot [4].
With this parameterization, the dynamic model in Eq. (1) can be written as:

V(g4 §)m = 7. (58)

The component y;; of Y(q,q,§) is given as follows.

yi1 =G5 yi2 =1+ 4o y13 = cos(qy) (24, + G2) — sin(qg)(q'g + 24, 42);
Y14 = gecos(q1); Y15 = geos(q1); Y16 = ge c0s(q1 + q2); quadyz1 = 0;
Y22 =G +ia; yas = cos(qy)d) +5in(gy)(67);  voa =05 yos =0; 26 = gecos(q1 + q2)- (59)
Y(q,4,4,,d,) in Eq. (4) have the following components.
Y11 = Gr1; Y12 = Gr1 +Gr2; Y13 = c08(q5)(2G,q + Gr2) — 8in(qy) (41 Gr2 + d1dr2 + d2dr2); Y14 = gecos(qr);

Y15 = gecos(q1); Y16 = gecos(q1 + q2);  yo1 = 0; Yoo = o1 + Gro; Y23 = €08(qy) G, +sin(gy)(dyGr1);
you = 0;  y25 = 0; Y26 = gecos(q1 + q2). (60)

For illustrative purposes, let us assume that the parameters of the unloaded manipulator are known; they
are given in Table 1. Using the values from Table 1, the ith component of 7w obtained by means of Eq. (56) is

given in Table 2. It is assumed that the parameters ms, 1.2, and Iy are changed in the intervals of

1
0<Amy<10; 0< Al <05 0<I< g (61)

Choosing the mean value for the range of possible 7; values in Eq. (61) yields the nominal parameter vector,

and the computed values for the ith component of 7y are shown in Table 3 [4].

Table 1. Parameters of the unloaded arm [4].

mp | mg |1y || leg | le2 I I,
0] 5 [1]1]|05]05]10/12]5/12
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Table 2. 7; for the unloaded arm [4].

1 2 3 T4 | T5 76

833|167 25| 5 | 5 |25

Table 3. Nominal parameter vector mo [4].

o1 To2 | T03 | To4 | To5 | To6
13.33 | 8.96 | 8.75 | 5 10 | 8.75

With this choice of nominal parameter vector 7y and the uncertainty range given by Eq. (61), it is an
easy matter to calculate the uncertainty bound § as follows:

6
1712 = (mio — mi)? < 181.26. (62)

i=1

Thus, 6 = 1/181.26 = 13.46. The uncertainty bounds for each parameter are shown separately in Table 4. The
uncertainty bounds p; in Table 4 are simply the difference between the values given in Table 3 and in Table 2,

and the value of ¢ is the Euclidean norm of the vector with components p; [4].

Table 4. Uncertainty bound [4].

P1 P2 3 P4 | Ps P6
5 1 72916.25] 0 5 | 6.25

Joint 1
0 — )
S x 1073 Joint 1
£-0.005 -\ / 2\ g 3
= = 0
S -001 = e AR
=} o
50015 \ / 5 5
o en
2 002 N g 0 -
2 N 2 -15Hy
=-0.025 =
05 1 15 2 25 3 35 4 45 5 20
Joint2 0 05 1 15 2 25 3 35 4 45 5
oint
~ 003 Joint 2
3 < 0.03
= <
5 oo P N f/\ fgo.oz \
5 ool i 5001 \
o 1)
(=] A
£ 0 A S - -
S 8-0.01
-
& 001 “o00
0 05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5
Time (s) Time (s)

Figure 5. Response using the adaptive-robust control  Figure 6. Response using the adaptive-robust control law
law of Eq. (11) when A = diag(15 15), K = diag(50 50), of Eq. (11) when A = diag(15 15), K = diag(50 50), a =
a=0p=X=1,and € = 0.01. 0.1, B =8, A =-10, and ¢ = 0.01.

For computer simulations, the desired trajectory for both joints are defined as q; = q2 = 0.5cos(0.57t)

— 0.50. Simulations were done under maximum uncertainty (worst case) using the control laws of Egs. (11),

182



BURKAN: Design parameters and uncertainty bound estimation functions for...,

(12), (35), and (55). In order to investigate the performance of the new controllers, each control law with the
same control parameters, such as K = diag(15 15) and A = diag(50 50), was applied to the same model system
using the same trajectory. The control parameters A and K were chosen to be identical, while a, 8, and A
were changed. The obtained results for various «, 3, and X\ values are plotted in Figures 5-10.

As seen from Figures 5-10, the tracking performance of the proposed controller from Eq. (11) is a little
better than the known control law of Eq. (55) [4], but worse than the robust control law of Eq. (35) for the
parameters « = 1, f# = 1, and A = 1. The tracking performance of the proposed robust control law of Eq.

(35) is better than the robust controller of Eq. (55) [4]; however, pure transient behavior and chattering are

x 1073 Joint 1
x 107 Joint 1 < 2
=2 2
: R
5! 5 M, A N
= o0 0 AL
o 0 LN & 2 ]
W z

_g_l‘ Yo WVWMWY\M/\/WV s E;'l
<
& ]

2 2

x 1073 Joint 2

=2 2 2
g E N
=1 ‘ 5 | G
=]
5 I | 5 0t i
en O fw VI o0 y W
g | £ r
ER W ER A\J
& &

2 -2

0 05 1 15 2 25 3 35 4 45 5 0 05 1 1.5 2 25 3 35 4 45 5
Time (s) Time (s)
Figure 7. Response using the adaptive-robust control law  Figure 8. Response using the adaptive-robust control law
of Eq. (11) when A = diag(15 15), K = diag(50 50), @ =  of Eq. (12) when A = diag(15 15), K = diag(50 50), a =
0.1, 8 =8, A =10, and ¢ = 0.01. 0.1, 8 =8, A =10, and ¢ = 0.01.
Joint 1
= 0.01 _ Joint 1
EI Y g oo
o =
5-0.01 g 0 \
2 ook \/ \ °
£-0.02 20-0.01
= ! \ g AN
£ 003 \ g-0.02 B
_0'040 0.5 1 1.5 2 25 3 35 4 45 5 H003 R
: : : : ‘ “70 05 1 15 2 25 3 35 4 45 5
foint 2 Joint 2
g 0.04 g 0.03
g 0.02}-A g 0.02 y T
::n 0 :D 0.01
E 1 2 ol 7
5 0.02 e
& £ -0.01
-0.04 N
0 05 1 15 2 25 3 35 4 45 5 0025 T 15 2 25 5 35 4 45 5
Time (s) Time (s)

Figure 9. Response using the proposed robust control  Figure 10. Response using the robust control law of Eq.
law of Eq. (35) when A = diag(15 15), K = diag(50 50), (55) when A = diag(15 15), K = diag(50 50), and ¢ =
a =1, 8 =6,and € = 0.01. 0.01 [4].
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observed in the tracking responses. The tracking performance of the proposed adaptive-robust control law is
increased if parameters are chosen such that « = 0.1, 5 =8, A =10 and a = 0.1, § =8, A = —-10. As seen in
Figure 8, the tracking error is reduced after 0.5 s to less than 0.0007 rad for the first joint and less than 0.001
rad for the second joint for the proposed adaptive-robust control law with the control parameters of @ = 0.1,
8 =8, A =10, A = diag(15 15), and K = diag(50 50).

5. Conclusion

In this paper, a parameter and bound estimation functions for the adaptive-robust control of robot manipulators
were developed in order to improve the tracking performance of an uncertain system. For comparison and
explanation, a new robust control law was also developed based on the proposed adaptive-robust control law.
The parameters of the adaptive-robust controller and robust controllers were the same and the stability of the
uncertain system was proved under the same set of conditions. The proposed robust control law and previous
robust control laws [12-15] were the same, except that the uncertainty bound estimation laws were different.
Computer simulations were carried out under the same conditions and with the same control parameters of A
= diag(15 15) and K = diag(50 50), and the results were given in Figures 5-10. As seen from Figures 5-10, the
tracking performance of the proposed adaptive-robust control law is better than the proposed robust controller
of Eq. (35), and the pure transient behavior and chattering in the robust controller of Eq. (35) were removed.
These results also show that the tracking performance of the adaptive-robust controller was better than that of
previous robust controllers [12-15], and the tracking performance of previous robust controllers [12,15] was also

improved.

6. Discussion

Spong [4] proposed a new robust controller for robot manipulators using the Lyapunov theory that guarantees
stability of uncertain systems. In [4], the nominal control parameter my and uncertainty bound parameters
p are constant, and the constant my and p cause pure tracking performance. In order to improve tracking
performance, adaptive uncertainty bound parameter control laws were designed and p was made adaptive in
[11-15]. However, pure transient behavior and chattering were observed in [11-15]. The parameter my and
uncertainty bound parameters p were made adaptive in [20-23]; however, the robot parameter 7 exists in the
control law. The robot parameter 7 is assumed to be known and the Corless-Leitmann approach [1] is not used
to design the adaptive-robust control laws [20-23].

In order to improve the tracking performance of an uncertain system, an adaptive-robust control law was
considered. For this purpose, the previous robust controllers [4,12-15] were developed in such a manner that both
the parameters and uncertainty bounds were made adaptive for robustness to uncertainty. The disadvantage
of the previous adaptive-robust control laws [20-22] was eliminated, such that the robot parameter m does not
exist in the control law and the robot parameter 7 is uncertain, as it would be in a robust control strategy [4].

As shown in Figures 6-8, the tracking error is very small for the proposed adaptive-robust controllers,
and the tracking performance of the uncertain system can be improved for the appropriate values of control
parameters «, (3, and A. The designed parameter and bound estimation functions are very effective for
improving the tracking performance, and tracking performance is improved by adjusting control parameters

a, B, and X\ to appropriate values. The functions 7 and p(t) act as compensators; that is, they estimate
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the most appropriate values of # and p(¢) in order to reduce the tracking error. Computer simulation results
illustrated that proper estimation of # and p(t) were achieved, tracking performance was improved, and, as a
result, proper estimation of 7 and p(¢) improved the tracking performance.

In order to guarantee stability of an uncertain system, a Lyapunov function was defined, including 2 novel
functions such as ®; and ®5. There may be some sort of functions ®; and ®, for control inputs u(t); and

u(t)e that satisfy the stability of the uncertain system. However, there is no certain rule for the determination

of ®; and ®, for control inputs u(t); and u(t), that satisfies V < 0 in Eq. (15). We used system state
parameters and mathematical insight and found the appropriate novel functions ®; and ®5 for control inputs
u(t); and u(t)s that make V < 0. As a result, the stability of the uncertain system is guaranteed and the
uniform boundedness error convergence is shown based on the Lyapunov theory and the Corless-Leitmann
approach [1]. Based on the adaptive-robust control law, a robust control law was also defined and the stability
of the uncertain system was proved under the same set of conditions. The proposed adaptive-robust control law
and previous studies [4,12-15] were developed for uncertain parameters, and the friction model does not exist in
dynamic models. Danesh et al. [6] developed Spong’s approach [4] in such a manner that the control law was
made robust not only to uncertain inertia parameters but also to robust unmodeled dynamics and disturbances.
Similarly, it is possible to develop the proposed adaptive-robust control law to be robust not only to uncertain
inertia parameters but also to unmodeled dynamics and disturbances. This possibility can be considered for

further studies.
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