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Abstract: The main objective of this manuscript is to design a high-order sliding-mode observer to provide finite time
estimation of unmeasurable states (x4: oxygen mass, X5: nitrogen mass) together with the oxygen excess ratio (ratio of
the input oxygen flow to the reacted oxygen flow in the cathode). This is done by applying second-order sliding modes
through either super twisting or suboptimal controllers to control the proton exchange membrane fuel cell’s breathing.
The estimated oxygen excess ratio is controlled in a closed-loop system using 2 distinct sliding-mode approaches: a
cascaded super twisting controller and a single-loop suboptimal structure. Simulation results are presented to make
a quantitative comparison between the cascade and the single-loop configuration. The results verify that the cascade

provides accurate reference tracking while the single-loop presents faster convergence.
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1. Introduction

A fuel cell is an electrochemical device to convert chemical energy into electrical energy with thermal dissipation
[1]. In comparison with regular power resources, this offers several advantages, such as high efficiency and a
flexible modular structure [2]. However, as a drawback, the reaction time constant is dominated by temperature
and oxygen starvation during rapid load transients [3]. Therefore, the proton exchange membrane fuel cell
(PEMFC) performance is closely related to the type of control system.

Oxygen starvation is a complicated phenomenon that causes a rapid decrease in the cell voltage, which
creates hot spots in severe cases or even burns the surface of the membrane. Pukrushpan et al. [4,5] reported
that acceptable amounts for the oxygen excess ratio (Ap2) are within 2-2.4 based on the stack power. Therefore,
it must be regulated around the constant value to cope with the oxygen starvation. This may be fulfilled through
control of the oxygen-providing mechanism, i.e. the compressor PEMFC, to achieve a satisfactory performance.
As a necessary condition, the dynamic response of the compressor motor controller has to be fast.

Recently, several control strategies were proposed for PEMFC systems. Among them, feedback lineariza-
tion [6-8], feed forward control [5,9], sliding-mode control [10], and the super twisting algorithm with and
without feedforward control [11,12] are such important and efficient techniques. Although an air mass flow

sensor may be used to assess the oxygen excess ratio, it ruins the performance. This is because its time re-
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sponse is about 1-2 s, which produces a long delay in the controller. The most common interest in [11-13] was
using the airflow sensor specifically in a real-time application. However, sensor-based control has the following

shortcomings:

e Slow response time (1-2 s),

Short life time (6 months to 3 years),

e Less accuracy (1%-10%),

Price (US$1000),

Inevitable instrumental noise.

These restrictions are also applicable when the oxygen excess ratio is controlled through an inlet oxygen
flow in the cathode (Wog,n) measurement. Therefore, a sensorless approach is of interest in the current work.
Talj et al. [14], in 2009, used a cascade structure for a PEMFC. Although their work had the advantages of a
high-order sliding-mode (HOSM) controller, it again faced the following restrictions:

1. Sensor-based scheme has the above-mentioned drawbacks.

2. Instrumentation lag occurs in the overall system dynamic.

3. Since a nonsmooth input signal is generated to drive the motor, a ripple on the angular speed and then a

ripple on the air flow are produced.

In the meantime, another cascade configuration was implemented by Matraji and Laghrouche [15]. A
pressure and voltage transducer works with a fast time response, e.g., less than 1 ms. However, the air flow
measurement needs a longer time lag of 1-2 s, which produces more lag on the system time response. This lag
complicates the dynamic characteristics, especially when a sudden change in the load takes place. Since this
effect is sensed after the prescribed lag, more force will act on the fuel cell and burn the membrane electrode
assembly. Consequently, a finite time observer is required to estimate the oxygen excess ratio and some other
unavailable states to improve the efficiency of the closed-loop system, and, in order to improve the dynamic
response of a closed-loop feedback, a Kalman filter was used in [5,9]. In these works, primarily, the system is
linearized about the operating point. Next, a Kalman observer is designed in the closed loop based on state
feedback. However, the Kalman observer needs a linearized model with high accuracy that is still sensitive to
uncertainties. This problem may be solved using Luenberger observers in state estimation [9,16]. In [17,18], a
first-order sliding-mode observer was designed to estimate the states of a PEMFC system. The sliding-mode
observer was based on a nonlinear model since it is robust to mismatched modeling errors and uncertainties.

Unfortunately, the first-order sliding-mode approach has the following disadvantages [19]:

e For observation, filtering is needed, which corrupts the results.

e The need for filtering in the observation process destroys the finite time convergence property.

Furthermore, special attention must be paid to keeping the separation principle valid during the desig-
nation. In the current research, a finite time observer based on high-order sliding mode is proposed to estimate
the oxygen excess ratio and some other relevant system states. A sixth-order model of the PEMFC system
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is considered. The measured outputs are the compressor angular speed and the supply and return manifold
pressures. The load current and input DC motor voltage are considered as the measured disturbance and control
input, respectively. The observer control inputs are then constructed through a proper high-order sliding-mode
algorithm. It will be shown that the state variables are estimated in finite time without the need for filtering
or transformation in a regular form to ensure satisfaction of the separation principle.

The estimated oxygen excess ratio is then manipulated by 2 control approaches. Both control approaches
propose to regulate the compressor supply voltage, v, using sliding-mode control. The first approach uses
2 cascaded loops of second-order sliding mode (SOSM) based on a super twisting controller. This structure
provides good tracking performance under large uncertainty of the motor parameters, fuel cell coefficients,
and load current. The second approach uses a suboptimal controller in a single-loop structure. To verify
the performance of the cascade structure, a comparison is made with respect to the suboptimal controller.
Ultimately, the super twisting controller provides stability of the cascade structure. In order to address the
above topics, this paper is organized as follows: A nonlinear model of the PEMFC is briefly introduced in
Section 2. An observer is designed for a PEMFC system in Section 3, while the overall structure of the control
scheme is designed in Section 4. In Section 5, simulation results are given to show the performance of the

proposed scheme. Finally, a conclusion is given in Section 6.

2. Nonlinear dynamic of the PEMFC

A nonlinear model of a PEMFC stack in combination with some auxiliary equipment will be developed.
Auxiliaries contain models of the compressor, air supply manifold, cathode humidifier, and fuel cell stack
channels. Primarily, a ninth-order nonlinear model of the fuel cell system is considered [4,5,9]. This model

describes the details of 75-kW fuel cell stack dynamics, fed by a 14-kW motor compressor.

2.1. Assumptions within the model

It is assumed that the fuel cell works under normal conditions. During normal conditions, the following
assumptions are made. Al: The anode pressure is assumed to be constant. A2: The operating temperature
and humidity of the air at the inlet of the fuel cell stack are constant. A3: Electric dynamics of the DC motor
driving the compressor are also neglected. It should be noted that independent loops keep these assumptions

valid.

The ninth-order model [4,5,9] is more complex and includes interactions (even if negligible) between 9
states, which makes the control harder. Therefore, order reduction from the ninth to sixth order usually takes
place, e.g., as in [11] and [20]. Under the above assumptions, the model is reduced from the ninth order to
the sixth while considering the states = = [wep Psm Msm Mo2 MN2 Prm]T, whereas the concerned variables
are defined in Table 1. These interconnections are theoretically investigated [4-8,11,13,21-23] such that the
following compact form of the nonlinear state is derived. It is worth noting that the accuracy of the model is

verified by comparing it with those in [11].

. ncm kt Tcp
T1 = Tem — Tep = (Ucm - kvxl) - (1)
Jcp Rcm JCP
. _ Re 25 (Rn2Tst)
T2 = A\//;m (—Ksm,out®2 + Ksm,out Po,ca + Ksm.out M Tt
— ., L (2)
_Zg \StO2Lst) )\ JT2 Latm (_X2 TR
+Kom,out Moz Vea ) x3 + ch(Tatm + 7(71::1 (P(Ltm ) K 1))
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Table 1. Key variables’ descriptions.

State definition | Unit | Expresses

T1 = Wep rad/s | Angular speed of the compressor

To = Py Pa Supply manifold pressure

T3 = Mgm kg Supply manifold air mass

T4 = Moo kg Oxygen mass at the cathode side

T5 = Mpyo kg Nitrogen mass at the cathode side

re = Pr, Pa Return manifold pressure

U = Vem v Compressor supply voltage; plant input
d= 14 A Stack current; measurable disturbance.

x5 (RnoTst) 24 (Ro2Tst)

i'3‘ = ch - Ksm,outx2 + Ksm,outpv,ca + Ksm,outmT + Ksm,outM702 ‘/Ca (3)
x.4 = 7I4+15+§1ﬁ§2‘;’?:tl\/]v Kca,out(ffﬂﬁ + R;,ca + 1\232 (R];]/'ijm) ﬁéz (R(\)/'iaTSt)) (4)
+y027inKsm,out(x2 - ML(; (R?/izﬂ“) - P’u,ca - ]wx;:’& (Rj;j/izﬂ“)) - njf%z Ist
Ty = (1 - XOz,in)(1+Qatm)_1K5m,out(x2 - ML(; R(‘)/iaTSt - ML;:)Q Rjg/ifgt - Pv,ca)

— 5 _ 24 Ro2Tst | x5 RnoTs
x4+x5+m?§v7?§1cha’wt( T6 + Tos  Vear T Mg Veao T Posca)

. _ R.T, 24 RooTst 25 RnoTst
T = ‘a/rr:m (Kca’OUt(Moz Vcas + Mpy2  Vea + P’u,ca - xﬁ)

(6)
7(P06‘Tg + Pasx% + Pa4(£g + Pa3(£% + Pa2x6 + Pal))

Here, 7y, is the accelerating torque provided by the motor and 7, is the load torque, as in the following [22]:

T
Tep = %(Ao + Ayzy + Ago + Aoy + Aso(x1)? + Agrze + Ay1xoxy + Aga(22)?)), (7)

where W, in Eq. (3) is the compressor air flow rate that depends on the compressor speed and the supply

manifold pressure according to the following [22]:

Wep = Boog + Bioza + B20($2)2 + Boiz1 + Biizawy + 302(%)2, (8)
where MM = yo9 inMoa + (1 — yo2.in) Mn2 is the molar mass of the air and P, ., = %«M stands
for the vapor pressure in the cathode. The humidity ratio is defined by Qu¢m = zv%?m <I>‘”"”’11;‘;“:”’T”"’”(1 -

w)_l. Reference values for the PEMFC model parameters are given in Tables 2, 3, and 4. Egs.

Patm

(1)—(6) can be written in the following general form, where x € RS is the system state and f € R® — RS is a

continuous vector function representing the dynamics of the autonomous system.

[ fi(z1,22) 1 [ temit ] [0 T
fa(z1, 20, 3, T4, T5) 0 0
b f3(w1, 22, 74, 5) N 0 —_— I ()
fa(xa, x4, x5, x6) 0 —n%
fs(xo, 4, x5, 26) 0 0
L fo(wa, 5, 26) 1 L0 i L O i
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Table 2. General parameters in the modeling of PEMFC.

Parameter Symbol SI units Value
Atmospheric pressure Piim Pa 101,325
Average ambient air relative humidity | ®q¢, —— 0.5
Saturation pressure Pyot.ratm | Pa 3.1404 x 103
Atmospheric temperature Totm K 298. 15
Air-specific heat ratio ~ —— 1. 4

Air density Cp Jkg7lK! 1004
Universal gas constant R Jmol 'K~ | 8 31451

Air gas constant R, Jmol*K~1 | 286. 9
Oxygen gas constant Roo Jkg7lK! 259. 8
Nitrogen gas constant Rpyo Jkg7lK! 296. 8
Vapor gas constant R, J kg 1K1 461. 5
Molar mass of air M, kg/mol 28.97 x 1073
Molar mass of oxygen Moo kg/mol 32 x 1073
Molar mass of nitrogen Mpo kg/mol 28 x 1073
Molar mass of vapor M, kg/mol 18.02 x 1073
Faraday’s constant F C/mol 96,487
Temperature of the fuel cell T K 353

Table 3. Input parameters in the modeling of the PEMFC.

Parameter Symbol | ST units Value

Motor constant K, Nm/A 0. 0153
Motor constant R... ohm 0. 82

Motor constant K, V/ (rad/s) 0. 0153
Compressor efficiency Nep —— 0.8
Compressor motor mechanical efficiency | nem, - 0. 98
Number of cells in fuel cell stack n —— 381

Fuel cell active area Age m? 280 x 10~
Supply manifold volume Vem m3 0. 02

Single stack cathode volume Vea m3 0. 005
Return manifold volume Vim m3 0. 005
Supply manifold outlet orifice constant | Kgm out | kg s~ Pa~! | 0.3629 x 107°
Cathode outlet orifice constant Keaout | kg s™! Pa™t | 0.2177 x 1075
Compressor diameter de m 0. 2286
Compressor and motor inertia Jep Nm 2x 1077
Oxygen mole fraction at cathode inlet Y0O2,in —— 0. 21

3. HOSM observer for a PEMFC

3.1. Observer objective

The starvation phenomenon is an undesired issue that leads to the aging and degeneration of the fuel cell stack.

Starvation takes place during transient changes in the stack current while reactants are consumed faster than
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they are supplied, causing a severe decrease in the air flow in the cathode side. The best way to avoid oxygen
starvation is fast regulation of the oxygen excess ratio through increasing the air mass flow in the cathode.
Thus, the compressor must present a fast response against rapid variations in the load current. As a control
objective, having accurate knowledge of the value of Aps is required. It depends on the ratio of 2 mass flows
of inlet (Wo2,in) and reacting (Wo2 reacted) Oxygen in the cathode side [10-12]. The oxygen excess ratio is

defined via the following equation:

OxygenSupplied  Wo2,in
Oxygenreacted  Woo reacted

Ao2= (10)
One way to calculate Apo is by measuring inlet oxygen mass flow. Accordingly, the data must be acquired
through sensors. However, practical mass flow measurement causes a time delay of about 1-2 s. Furthermore,
available commercial mass flow meters are based on volumetric measurement, which is dependent on the liquid
temperature. These direct methods have some restrictions in practical applications. The other way to evaluate
Aoz is to calculate the inlet and reacting oxygen mass flow through Eqgs. (11) and (12). The reacting oxygen
flow in the fuel cell stack is directly relevant to the measured stack current (Ig) [10]. Thus, it is calculated
through Eq. (11).

Moa

Moz 11
Ky (11)

WO2,reacted =

However, computation of the inlet oxygen flow is not straightforward, as it depends on states x5, x4, andzxs.

Meanwhile, Woq r, is calculated via Eq. (12) as:

Ty RoaTs x5 RnoTs
3 O\ Ksm ou - - - Pv ca): 12
(1 + Qatm) ' t(xQ M02 cha MN2 Vca ’ ) ( )

WO2,in = X02 ,in

A substitution of Eqgs. (11) and (12) into Eq. (10) immediately yields Ap2. Governing constant parameters
are defined in Tables 2-4. According to calculation of Aps9, it is seen that Aps is related to the unmeasurable
states x4 and x5. In this paper, due to the measurement problem of \p2, the unavailable states are estimated

using an observer. Thus, a fast estimation of the air mass flow is required.

Table 4. Polynomial coefficients of equations.

Boo | 4.83 x 1075k9/,, P,, | 0. 07804 Ago | O

Bio | —5.42 x 105K/ 2 P,. | 0. 02772 A1o | 0.0058Nm sec

Bao | 8.79 x 10759/ 3 P,, | 0. 002122 Ao | —0.0013Nm sec?

Boy | 349 x 10-7kgpsec®/ | P, | —0.001524 Aoy | 3.25 x 1075 N'm/bar

Bu | 3.55 x 10713kg) . P,, | —0.001967 A1 | —2.80 x 10~ Nmsec /bar

By | —4.11 x 10710kg/se(/bar P,, | 0. 001248 Agz | —1.37 x 1079 Nmsec /bar?
Ag | 41x107*Nm | Ay | 3.92 x 1075 Nmsec

3.2. Observability design requirements

The main aim of implementing an observer in our research is to estimate the oxygen and nitrogen masses at the
cathode side, which form the oxygen excess ratio. Meanwhile, the HOSM observer estimates the oxygen excess

ratio using pressure and angular speed measurements, as shown in Figure 1. Its observability is evaluated when
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the compressor angular speed, supply, and return manifold pressures are regarded as measurable outputs and
the stack current as a disturbance. Since these signals are usually available and easily measured, an output

transformation for the system in Eq. (9) is applied as follows:

Angular PEM Fuel Cell
Motor Speed System
U=V X, =) X2=Psm
ci» Compressor 1 CE 1 X3=Msm =
~. "T :’ - X4=Mo2 )
=Ist - _{ :)1 X5=Mn2
Disturbance - CESURITE S
U=Vecm -
v Controller super

. Twisting=1-S MC +

X L — =
1= l}l Output injector1 yl_hl_wcp
S [ — v, ;
~ =l I - Controller
e — - 2-SMC —h =
Real estimated HOSM_Observer — y2—h2—P’,m
. N Output injector2 —
oxygen excess ratio [y v
6 3
* v =h, =P
J373 7 em

Controller .

3-SMC -?‘

Output injector3 -

Figure 1. Plant with the observer configuration.
ha () -
y=h(z)=| hy(z) | =Cz,C=[100000;:010000;00000 1. (13)
hs(z)

The observability needs the rank of the following matrix with a size of 12 x 6 to be of full rank.

T
Osq(i) = ([dhl,-n AL} hy,dha, - AL hy, dhy, - - ,dL;“ﬁ*lhg} )
12x6 (14)

e

ri=6,0<r <6,i=123

i=1

With reference to a generic scalar function, h; with vector argument z is defined on an open set 2 € R™ and

. Rn , . __ dhy _ [dh; dhy dh;
h; : R* — R, where dh; denotes: dh; = %% = [dx;,dm;,..., dzi].

Ly¢h; is called the Lie derivative along f(z)
[24]. Due to the complexity of the defining system dynamics in Eqgs. (1)—(6), the analytical evaluation of the

rank of matrices in Eq. (14) appears to be an exhausting job. Accordingly, the rank of all possible submatrices
is assessed. These are provided by any proper combination of rows in Eq. (14) in set M of the system state,

including operation conditions, in the presence of possible admissible perturbations.
M={zeR": |z; —a}| < M;,i=12,...6} (15)

Here, M;(i =1,2,...,6) are known positive constants. Bound z; can be found from prior knowledge of the

system. For instance, the current can be increased up to Iy, < 250[A], 5000 < z1 < 12000[rad/ sec], 1.4 x 10° <
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1y < 3.2 x 10°[Pal,0.025 < x3 < 0.05[kg],1 x 1072 < 24 < 3.5 x 1073[kg],0.006 < x5 < 0.022[kg], and
1.2 x 10° < 26 < 2.6 x 105[Pa].

Therefore, an alternative analytical approach is chosen to numerically assess the operation set M to find
the minimum determinant of each square submatrix in Eq. (17). This means a solution for the following
minimization problem:

T(op) = min J(z), J(x) = det(Ouy(2)) # 0 (16)

where det stands for the determinant. To guarantee possible numerical, singularities are avoided, i.e. the
precision is chosen to be large enough. If J(z,p:) is sufficiently far from 0, then the system of Egs. (1)-(6) with
the output in Eq. (13) are observable for any « € M. As a result, the following reduced square observability

matrix is found as nonsingular.

T

Osq(#) = [dhy, dha, dLshs, dhg, dL shs, dL3hs] (g

(17)
This means that states can be estimated through a properly designed observer. The matrix in Eq. (17) is full
rank in a sufficiently large set of working conditions. In the second stage, the minimum of Eq. (17) is assessed
to verify the achievement, where the minimum of the index in Eq. (16) is listed in Table 5 for different randomly
chosen starting conditions. An observer is inspired by Eq. (9) with scalar output y € R,y = h(x). It is designed
using the model including an extra additive output injection term. The acting observer dynamic is written as
follows:

Table 5. Resuming for minimization.

Minimized value

Starting points
&P J(2) = det*(Osy(#))

T1(0) = 5100; To(0) = 1.48 X 10%23(0y = 0.03; 240y = 1.2 X 107%; 2500y = 0.008; T6(0) = 1.28 X 10° | fmin = 6.8472 x 10*°

T1(0) = 8100; 22(0y = 1.97 X 10%;23(0) = 0.06; 24(0) = 1.7 X 10™%; 2500y = 0.01;z6(0) = 1.77 x 10° | frmin = 1.5350 x 10*7

T1(0) = 11100; 2200y = 0.49 x 10°;23(0) = 0.1; 24(0) = 2.7 X 107%; 2500) = 0.09; 25(0) = 2.46 X 10° | frmin = 4.9088 x 10%°

T1(0) = 500; 20y = 5.42 X 10°;23(0) = 0.03; 74(0) = 1.2 x 107%; 5(9) = 0.8; 76(9) = 4.24 x 10° Fmin = 2.0368 x 10°2

T = f(&)+gu+ G(@) v,§ = h(i), (18)

where vector G(&) is the inverse of the last column of the observability matrix in Eq. (22). An output and

state estimation error is defined by:

E=g—y=nh((&)—h(z),e;, =& —uz, (19)

e0) = L}, o M&) = Ly (), 1 < j <n—1

J
@) @)

(20)
g = L5y h(&) — L hl@) +v

It is our aim to show that the error dynamic in Eq. (20) can be stabilized and converged in a finite time

via an n—order sliding-mode algorithm. The required derivatives of the output error in the algorithm are
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estimated through another high-order sliding-mode differentiator [25]. It is necessary to extend the approach
to multiinput-multioutput (MIMO) systems [26], where the output injection gain matrix is designed such that

the following relationship is met:

T
0 0 .. 0 0 0 .. 0 00 ... 0
0u(@)G(#) =N = || : : E BNV
1 0 1 xp 0o 1 .. o xp 0 0 .. o xp
N Matrix
G(z) = (Osq(:ﬁ))’lN, (22)

where pis the dimension of the output vector and r;(i = 1,2,...,p). This shows that the observation indices of
the nonsingular matrix are of full rank.
Assumption 1 Matrix O4,(£) in Eq. (21) is nonsingular for every possible value of Z.

The proposed analytical approach in the previous subsection shows the observability indices as r; =
1,72 = 2, and r3 = 3 for the PEMFC model in Egs. (1)—(6) and (13). Therefore, the condition in Eq. (21) of

the output injection gain matrix G(z) has the following form:
Os(2)G(@)=N=[1 0 0;0 0 0;0 1 0;0 O 0;0 O 0;0 O I]T. (23)

Lemma 1 Consider system Eq. (9) and assume Ogq(&) to be nonsingular for every possible value of M . Next,
the following implication holds:

c=0<¢e, =0. (24)
The state of the system in Eq. (9) can be reconstructed in finite time by applying the observers in Egs. (18)
and (22), provided that the correction term v; is designed in such a way that error vector & will be steered to 0

in finite time. O

Indeed, Lemma 1 proves the finite time convergence of the proposed observer. This means that the
estimated states approach the real states in a limited time when the output injected terms v; force the output

error vector to tend to 0 in finite time. The proof of Lemma 1 is stated in Appendix 1.

3.3. Observer input design
An observer for the PEMFC can be designed according to the general form in Egs. (18) and (22) as follows:

T1 = Wep o o ] _ _ _
i P fl( ) ncmﬁ 0 1 0 0
T2 = L'sm
,2 . f2(21 5627373,334,335) 0 0 0 0 0
i'S = Mg :i' ,1' , T 0 0 0 1 0

. _ f3(21, &2, 24, 25) N -t N Ly +O3}(#) ..
Ty = Mo2 fa(%2, 24, %5, T6) 0 —nfo2 00 0
Ge = Mo fo(&2, &4, 5, 36) 0 00 0
G :jprm L fo(Z4, %5, 26) 1 L0 ] L 0 i L0 0 1|

) ) G(2)
(25)



RAKHTALA et al./Turk J Elec Eng & Comp Sci

The estimation error dynamics include the relative degree of the vector by r={1,2,3}. The output vector

§=[01 = Dep, Y2 = Prm, Y3 = Psm] forms output derivatives by:

el:gl_yl:a)cp_wcpae2:g2_92:Prm_Prm7€3:y3_y3:Psm_Psm- (26)

The vector of relative degree of {1,2,3} is respectively relevant to the output vector {y1,y2,y3}. It drives the
observer control input v; to be selected according to the relative degree. Each output injection term v; can
be designed by a high-order sliding-mode algorithm, such that the estimation error approaches 0 in a finite
time. Therefore, output injection laws in the following are chosen according to each specific value of r; (i.e. the

relative degree):

e 7 = 1 allows for using a super twisting algorithm [27] by
1
vy = —aqle1|? sign(er) — A1 /sign(el)dt. (27)

e o= 2 permits the use of a suboptimal algorithm [27] as
Vg = —ongQsign(eg — ,62.62,1\/[),62 S [0, 1) . (28)

e r3=3is suggested [28] to use a quasicontinuous algorithm. Since the output error e3 = §3—y3 = Psim— Psm
contains a relative degree of 3, values are selected according to the third-order quasicontinuous sliding-
mode algorithm as:

2 . 2
o, G 20és] + les|?) (é5 + les|® sign(es))
.. . 2.1
€3] +2(|é3| + [es]?)=

vy — — _ (29)

To implement the algorithm in Eq. (29), the values of es, é3, and é3 must be configured. Since these
terms are not actually available, a robust differentiation of ez is used to reconstruct the nonmeasurable variables.

The following homogeneous differentiator of ez is proposed:

2
2:’370 = V3,0 where V3,0 = —>\3,0 |Z370 — €3| 3 SZgTL(Z&O — 63) + 23,1
(30)

1
231 =wv31 and w31 = —A31|%31 — V3,0|? sign(zs1 —vso) + 232

Parameters of the algorithm in Eq. (29) and differentiator in Eq. (30) are tuned according to the bounds
of the observer dynamics. Proper positive constant coefficients A3; are chosen large enough in the given

order [25] under the assumption that a constant L exists such that |e(”)} < L. After a finite-time transient

Pl=0

process, the following equalities are satisfied, of course in the absence of measurement noise: ‘Zg —e

and ¢ = 0,1,...,n. It was demonstrated by Levant in [25] that nonidealities, such as measurement noise and
finite frequency commutation, cause a bounded error in the estimated derivatives. As a result, a bounded loss

of accuracy occurs, which causes the algorithm to use ‘noisy’ derivative estimates [25,28].
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4. Structure of the overall control scheme

Starvation is one of the main causes of aging of the fuel cell. Oxygen starvation causes performance degradation
in the fuel cell and a cell voltage drop occurs. To avoid the oxygen starvation phenomenon, the oxygen excess
ratio should be adjusted quickly. Thus, regulating the compressor voltage wv.,, causes a rapid increase in the
mass flow into the cathode and the prevention of oxygen starvation. This regulation prolongs the fuel cell life
and optimizes the performance. When a step change in current Iy occurs, compressor voltage v, has to
be properly adjusted to regulate the oxygen excess ratio. The proposed overall control scheme consists of the
following 2 nested loops using SOSM-based control:

1. An inner loop generates the reference compressor voltage by controlling the angular speed.

2. An outer loop provides a reference angular motor speed by controlling the oxygen excess ratio.

An effective solution to stabilize the control loop is a cascade structure via using a super twisting
controller. In this configuration, 2 nested loops are provided, as shown in Figure 2. The inner loop forms
a proper control signal to accordingly change the angular speed of the motor. The outer loop is designed to
control the excess ratio when the constructed Aoz is compared with the reference Af,, to form the error signal.

The error is then processed by a super twisting controller to generate an angular speed reference applied to the

inner loop.
Disturbance
W=Ist
Real estimated
v . OXygen excess
* * i
Aoy =205 w, Y Ly — 1
+ Super &2 Super | Compressor ) . . | » x2
twisting + twisting P w . - | :‘ j P *
4 Ll . o .
_ - U=Vcm o > =
- HOSM_Observer R
Angular Motor X, = FC Model X, =w X6 A
Speed 1 R 1 K 02
Y =X, =Pgy
X6 =Py

Figure 2. Block diagram of the proposed cascade structure using a super twisting controller.

4.1. Cascade structure

The super twisting controller consists of a control output u with 2 terms, without the need for information on

S. The first term is a discontinuous time-derivative term, while the second is a continuous function of a sliding

variable. Thus, the ucontrol law is defined by the following expression:
L t
u:—AwfsmmsyJV/Qmmsu»m; (31)
0

where W and A\ are design parameters. The first-time derivative of the sliding variable is expressed by
S = ¢(t,x) + v(t,x)u. Terms ~(t,z) and ¢(t,x) are functions in time and the states. For PEMFC system
applications, they are bounded smooth functions as 0 < T'y,, < y(t,z) < T'pr and |o(t, )| < @, where @, T'yy,
and T, are appropriate bounds. Sufficient conditions for finite time convergence of the sliding manifold Scan

be seen in [29]:

d o, 4D Ty (W + )
N >
W > Fm’)\ T2 T,,(W — ) (32)
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The required controller parameters are properly designed to meet the conditions in Eq. (32). Therefore, conver-
gence of the super twisting controller in finite time is guaranteed. This controller provides proper performance
in systems with relative degrees of 1 and shows good robustness against disturbances and uncertainties [27].

Furthermore, this is found effective for chattering attenuation purposes.

4.1.1. Inner control loop

The aim of this loop is to provide the oxygen ratio through the compressor. The inner loop provides the measured
angular speed (wcp) in a quicker time through a separate controller using the reference angular speed (w:p).
This loop produces an actual control input v, to ensure quick convergence of the measured angular speed to
the reference angular speed. This control objective will be achieved under the variable structure system (VSS)
theory framework, i.e. sliding-mode control. To implement this controller, first a sliding surface must be defined
as a discrepancy between the real motor speed and that of the command. This can be found by:

SQ = Wep — wr (33)

cp*

Once the differentiation of the sliding variable Sz = wep—wy, of the inner loop is complete, the control input vep,

will appear in the first derivative, as seen in Eq. (A7) of Appendix 2. This equation verifies that the relative

degree between the angular speed and the compressor voltage is 1. A detailed description of the first-order

derivative S, along with coefficients ~Yo(t,x) and pao(t,z) is given in Appendix 2.
0 <Tom <yalt,z) < Tonlga(t,z)| < @y (34)

To form the control in Eq. (34), the parameters of the controller have to be determined using sufficient conditions
in Eq. (32). Therefore, it is necessary to find the bound of the first derivative of the sliding surface, such that

the following bounded conditions on the sliding dynamics are satisfied. The closed-loop error dynamics are then
bounded by:

S2 € [_‘1)27 ‘1)2] + [_F27m7]~—‘2,M] Vems (35)

considering the positive constants I's ,,,, I'2 ar, and ®2. Substitution of the states in Sg (Appendix 2) evaluates
the bounds of 75 and @2 in 0 < I'y ,, < 7a(t,z) < T2 pr and |¢2(t, )| < P2. On the other hand, a bound for the
sliding surface is arbitrarily chosen, which is seen here as Sy g =1 x 1073. This yields 5717.69 < v < 6675.88

and 5 = 0.6455. To achieve finite time convergence of the angular speed, the following theorem must be
satisfied.

Theorem 1 The error of the angular speed tracking in the inner loop converges to So = 0 in finite time. An

upper bound of the convergence time is assessed by the following:

— 2 V%(Cinner(o)) _ 2\/ ij’;L’IIE’I‘(O) Q Cz’nner(o) _ Amin {Q} Ar%nin {P}
To,mner - o N (e 4= 2Amax {P} ’ (36)

where Cinner(0) s an initial condition of Cinner - O
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Proof of Theorem 1:

Consider the following super twisting controller:

71 = —K1|Z1|? sign(Z1) + Za, Za = —Kasign(Z:), (37)
where Z; € R and Z5 € R concerning the equilibrium point at (Z1, Z2) = (0,0). A detailed stability proof of
the super twisting controller can be found in [30-32]. Now consider the following family of quadratic Lyapunov
functions [30]:

vV =¢"Pg, (38)

such that ¢ = [|Zl|% sign(Z1), Zo)T, where P is a positive definite matrix [33]. Function V(¢) is continuous and
differentiable, except when Z; = 0. In fact, for Z; # 0, its derivative, V(C ,1), exists and is negative-definite.
It can be seen that although the state trajectory of Eq. (38) attaches to the surfaceSs, it cannot stay on it.
Before reaching the equilibrium point (Z3, Z3) = (0,0), Eq. (37) coincides with the line Z; = 0 for Z5 # 0.
This means that the derivative of the Lyapunov function exists everywhere until the state trajectory reaches
the equilibrium point. In accordance with [30,31,33], V(¢) is a strong Lyapunov function of the form of Eq.
(38) for Eq. (37). Although this Lyapunov function is positive-definite, it is radially unbounded.

Amin(P) 112 <V < Amax(P) [IC]12 (39)

when ||¢ ||§ = |Z1|+ Z2 stands for an Euclidian norm of ¢. The construction of proper positive definite matrices

P = PT solves the algebraic Lyapunov equation (ALE) of [30,31,33]:

ATP 4+ PA=—q, (40)

-K; 1 .. . . . . .
where A = [ Kl 0 ], Ky > 0 and K5 > 0, are positive gains. This means that matrix A is Hurwitz,
—1t

where @ = QT > 0 is an arbitrary chosen symmetric and positive definite matrix. Using the vector ¢ =

-K; 1

L . :
[1Z1]2 sign(Zy), Zs)T', since ¢ = { Ky 0

} C/(2|Zl|é) = AC/(Q |Z1|%), the derivative of the Lyapunov
function is obtained as:
1

V(¢) = (TPC+ (TPE = — - (T(ATP 4 PAY = ———¢TQc. (41)
AVALE AVAIE

ccording to Eq. and the Euclidian norm of (, it is seen that < V2 3 P}). Therefore,
Accord E 39 d the Euclid f ¢ h Clly 1% ¢) /(A2

min

V(¢,t) is deduced by:

>\min )\min /\% i 1
Locrqe< 2 i@yge o Ann QA Py ) 42)

V(C) = - 1 1 1
AVAIE AVALE 2)\%ax{P}

where a = Apin {Q})\% {P}/(Q)\élax {P}) and V < —aVz(¢). Therefore, the finite time convergence of

min

vector (Z1,Zs) to 0 is guaranteed and bounded by Tp = QV%(C(O))/O[, assuming that ¢(0) is the initial value
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of (. It was suggested in [32] that the identity matrix selection as @ = I is a proper choice to achieve a minimum
time for a class of Lyapunov functions. Choosing K; = 0.45 and K9 = 0.8 results in P = [2%; 752.781}T by

P = PT >0 as a solution of the ALE. The initial conditions of Z;(0) = 0.69 and Z»(0) = 0.14, an estimation

of the upper bound of the convergence time Tp inner = ZV%(QM@T(O))/&, is found as Tp jnner = 3.46.

4.1.2. Outer control loop

The main task of the outer loop is to derive the oxygen excess ratio Apo to its desired oxygen excess ratio
reference value Ay, through the generation and adjustment of the compressor angular speed. Indeed, a super
twisting controller must force the sliding variables S = Ao2 — AH, to 0 in finite time. Primarily, a relative
degree is equal to 1 when the first derivative of variable S; is taken (Eq. (A8) of Appendix 2). By replacing s
from Eq. (2) into Eq. (A8), a direct relationship between Aoy and w,, will be achieved. The result shows the

relative degree of 1 between the oxygen excess ratio and the angular motor speed. Similarly, there is a relative
degree of 2 between the oxygen excess ratio and the compressor voltage. The closed-loop error dynamics in the
outer loop are then bounded by:

Sy € [~ @y, ®1] + [~T1m, T1 0] Wep- (43)

The system bound, similar to Sa ¢, is arbitrarily chosen as S; o = 1 x 1073. This again obtains the following
bound:

0 < Fl,m S ’Yl(tal’) S Fl, M ‘¢1(t7$)| S q)l
. (44)
3492 x 1077 <, <6.984 x 1075, &, =2.345 x 10~ 7

Detailed descriptions of the first-order derivatives S and Sy, along with the coefficients 7y (¢, z), ¢1 (¢, z), and
Yo (t, ), d2(t, x), are given in Appendix 2. In order to obtain a finite-time convergence of reaching the estimated

oxygen excess ratio to the sliding surface, the following theorem must be valid.

Theorem 2 Similar to the method in Theorem 1, the oxygen excess ratio in the outer loop converges to

equilibrium Ap, in a finite time of Ty outer , Which is expressed in the following:

T _ 2\/Cg;ter(0) Q Couter(o) _ )\min {Q} )\r%nin {P}
0,outer — o ) - 2>\max {P} .

(45)

Proof The determination of the convergence time of the outer loop can be proven in the same way as in
Theorem 1. 0O

Coefficients of super twisting in the inner and outer loops of the cascade structure are found by a trade-off
between the dynamic performance and chattering as A\ = 2, W7 =2, and Ay =4, Wy =4.

Proposition 1 The sliding mode controller in Eq. (81) guarantees that the system in Eq. (9) tracks and
converges to the reference command in finite time if the observer in Eq. (25) constructs unavailable states in
finite time. On the other hand, when the observer dynamics are fast enough to provide an accurate evaluation

of the modes, the controller stabilizes the whole closed-loop system.
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Satisfaction 1 According to Lemma 1 and the finite time convergence of observer, it is not necessary to prove
the separation principle [25,34,35]. Considering the separation principle using HOSM observers in a VSS, a
general statement is that if the observation is achieved in a finite time and the system is bounded-input bounded-
output stable, it is possible to design an observer and controller separately. This means that after a finite time,
the estimation error vanishes and, therefore, the state feedback can be implemented using the state estimates
[34,85]. Neat, it is sufficient to prove a finite time convergence of the observer (Lemma 1) and the stability of

the system in a closed loop (Section 4.1) with super twisting control separately.

4.2. Suboptimal controller

To investigate the validity and performance of the proposed cascade structure, a suboptimal controller is used
as an alternative technique. The control objective is S(z,t) = Ao2 — A§,, which again needs to become 0.
As previously stated, the control signal v = v.,, appears in the second-order derivative of the sliding variable
S(z,t) = Ao2 — A5y; therefore, the relative degree is again found as 2. A block diagram of the system under
suboptimal control is shown in Figure 3. Moreover, during a real-time application, the suboptimal controller
only requires knowledge of the sign of the sliding variable. The main advantage of this approach relies on its
robustness against some parametric uncertainties and external disturbances. This controller is used for plants

with a relative degree of 2, as in the following [27]:

Disturbance

W=Ist
: | y i
A’OZ =205 " _>xh1 /Dmtio
— g S — <,
Suboptimal == Compressor = 1 : HHL ¥
A .y ™ L Ao, e
_ U=Vcm X, =a)cp o ” " | HOSM_Observer > :
FC Model "6 /f\:
X1 = %%p 02
Y =[xy =Py
X6 =Py
Figure 3. Block diagram of the controlled system with a suboptimal controller.
u(t) = —a(t)U sign(S — BSm)
1 if (S—BSu)Su >0 - (46)

66[0,1),04(?5)_{&* if (S —BSu)Sy <0

where «o*, 3, and U are controller parameters. These must be tuned according to the following inequalities:

®+ (1 ﬁ)I‘MU’JFOO) | )

LA
U>—,a"€[l,400)N [ LU

L,
Finally, the parameters of the suboptimal controller in Eq. (47) are selected as =0.9,U =1, and o* = 1.
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5. Simulation results

In order to verify the performance of the proposed configuration, including 2 individual controllers (used in the
cascade and also the suboptimal) in combination with the proposed finite-time observer, several simulations are
carried out. Since the temperature and humidity are assumed to be constant, a separate controller is designed to
keep them unchanged to validate those assumptions. Meanwhile, the bounds of the estimation error dynamics
are overestimated due to consideration of the worst-case design during the state variations within set M in Eq.
(16). Meanwhile, the parameters of the output injection law in Egs. (27)—(30) are manually tuned. All of the
simulations are performed in Table 6 with the set configuration and parameters of the output injection law.
The load current is stepped up from 100 A to 150 A at t = 20 s, after 35 s. It is again stepped down to 120 A,
and, finally, at time t = 80 s, the current is stepped up from 120 A to 190 A (Figure 4).

Table 6. Output injectors and parameter settings according to the relative degrees.

Relative degree | Type of controller Parameter tunings
r=1 Super twisting algorithm AM=3,a1=3
ro = 2 Suboptimal algorithm Bo=05Us=01,a0 =1
. . . n = 2, )\3_’0 = ].59, )\3,1 = 335,
r3 =3 Quasi-continuous algorithm
Az2 = 9550, a3z = 1500
200
180 [—Stack current
160
=
= 140
" 120
100
80
0 20 40 60 80 100 120
Time (s)

Figure 4. Load current variation profile.

5.1. Observer analysis for estimation of the oxygen excess ratio

In the observer analysis, the voltage driving the DC motor of the compressor is maintained constant at 150 V.
The goal of the observer design is to estimate an unmeasurable state of the PEMFC, i.e. the oxygen excess ratio,
which is expressed from Egs. (10) through (12). Actual and estimated values of the oxygen excess ratio are
illustrated in Figure 5. It is seen that the important variable to improve the efficiency of the PEMFC is precisely
estimated. To verify the tracking ability of the observer, the oxygen excess ratio is estimated using the HOSM
observer, which is depicted in Figure 5. Since the error band is narrow, the outcome of the estimation is found
satisfactory. Figure 5 also shows that the estimator follows the oxygen excess ratio with an acceptable lag. The
observer converges to the correct amount of the oxygen excess ratio in a finite time, i.e. after approximately 3
s. It is seen that the proposed observer is capable to estimate some important states of the PEMFC and the
oxygen excess ratio in finite time. Furthermore, a sliding-mode technique is developed in the observer design.

This also produces an output injection with a high switching frequency and zero mean value.

270



RAKHTALA et al./Turk J Elec Eng & Comp Sci

. \
- W—w > \
i 1

: s 3 - pEstimated| .

| ] !

| 8 |

g I

o .

! ) e |

: 4 >O>><_ o) /, 1 T

\3\5 - 3 y 5 2o Real
< : ‘7 /,"" """"""" __-}\02 Estimated
5 3 '/ _ d
» . .
3 1,27
2 2.50
L v
g
g’ |

1.5

10 20 40 60 80 100 120
Time (s)

Figure 5. Estimation of the oxygen excess ratio signal.

5.2. OQutput feedback control system

An optimum value of A5, = 2.05 [4,5] is assumed as a reference. It can be assured that the system works at its
maximum net power for each load variation. To verify the performance of the proposed control structure, some

simulations are carried out. The following results are achieved from different implementations of the closed-loop
System.

In TEST 1, since the relative degree equals 2, a suboptimal controller is implemented as in Figure 6a.

-=-A, controlled with suboptimal s | 7\02 controlled with cascade

— A, Reference 25 ! —2Xo, Reference

N
n

Oxygen excess ratio
D
~

Oxygen excess ratio

—
3]

0 20 40 60 80 100 120 20 40 . 60 80 100 120
Time (s) Time (s)
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" 2.5 \
|
[
A - B
: g — | e e Ao, with observer in closed loop
- | .
: % L '__2 5 i |—Ag, without observer |
1 g0 Bl R
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Figure 6. a) Oxygen excess ratio control via the suboptimal controller, b) cascade structure, and ¢) oxygen excess ratio

control with an observer and without an observer.
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In TEST 2, a cascade structure with a super twisting controller is implemented. The dynamic behavior
of the oxygen excess ratio under different load conditions is also depicted in Figure 6b. It can be observed that
this variable follows the reference well enough with satisfactory tracking performance.

According to the graphs, it is found that the suboptimal controller produces a faster time response with
respect to the cascade structure. However, the error band in the cascade structure using the super twisting
controller is found as smaller and narrower with respect to the suboptimal controller. From the simulation
results, it can be stated that the suboptimal controller presents good dynamic behavior. This controller reduces
the rise time and settling time of tuning the oxygen excess ratio during the transient step changes of the current

with respect to the cascade structure (Table 7).

Table 7. Time domain performance specifications.

Controller type | Rise time (ms) | Settling time (ms) (3%) | Output deviations
Cascade 3950 5130 +2.5x 1074
Suboptimal 61 1220 +3x 1073

In the meantime, the performance of the proposed observer can be compared with that of the actual
states in [11]. The result in Figure 6¢ shows that without using the observer, the system tracks the reference
value of A\p2 in about 3 s, whereas in the closed-loop implementation, using the observer significantly reduces
the tracking time to 0.4 s.

However, this produces a control input with a high switching voltage, which is undesired for the motor of
the compressor (Figure 7a). Furthermore, a large variation in the control input is undesired in the control
applications. In contrast to the suboptimal controller, the cascade implementation of the super twisting
controller provides a smooth voltage input in Figure 7b. Sliding surface variations S(t) during the control
procedure are also illustrated in Figures 8a and 8b when suboptimal control and the cascade structure are of
interest, respectively. For a small error signal, surface S(t¢) reaches a value close to 0, which means that the
oxygen excess ratio follows the reference command. Meanwhile, system trajectories are plotted in the phase
plane in terms of S(t) and S(t) for the suboptimal control system. Those S(t) and S(t) values for the super

twisting controller in the cascade structure are also plotted in Figures 9a and 9b, respectively. The phase
portrait of the system S(t) — S(t) presents a nonuniform characteristic of the super twisting controller. Those

results confirm that both S(t) and S(t) converge to 0 via the super twisting and suboptimal controller.

200 IIHIIH\HIIHHH\HHHHIII\HHHHHH\II\HIIHHI\H
o
2 150} i
g 100 H ~ 300
O 00 H > b —Vcm cascade
= sl ~ 250
E | 5
2 of 9 200
E LT ——
2 50} H & 100
—
= -100} k=
g H 5 50
O 150 5

| =
-200 _
0 20 40 60 80 100 120 o 05 20 40 60 30 100 120
Time (s) Time (s)

Figure 7. Control effort of the a) suboptimal control and b) cascade structure.
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Figure 9. Phase portrait S(t) and S(t) of the a) suboptimal controller and b) cascade structure.

To verify the system tracking performance, the closed-loop system undergoes a further test in an optimal
oxygen excess ratio range of 2.05-2.5. Accordingly, a square wave with an amplitude of between 2.05 and 2.5 is
applied to the system. Results are shown in Figures 10a and 10b for the suboptimal control system and another
controller in the cascade structure, respectively. The results confirm that the controller in the cascade structure
provides better tracking performance when it presents less variation in the steady state with respect to the

suboptimal controller. Nonetheless, the suboptimal controller converges faster than the cascade structure.

6. Conclusion
In this paper, a proper MIMO nonlinear observer, based on high-order sliding mode, was applied in a PEMFC.
The observer was shown to be convergent in finite time without the need for transformation. It is based on
an analysis of the structural properties of the observability matrix of the system. The estimated oxygen excess
ratio was controlled in a closed-loop system using 2 distinct approaches of cascade and suboptimal structures.
These approaches showed improvement in the transient response.

In the cascade structure, it could be observed that the oxygen excess ratio satisfactorily tracked the
reference. In addition, the error band in the cascade scheme with super twisting was narrower. In comparison,
the proposed suboptimal application provided faster convergence to the sliding surface. Use of the proposed

control schemes gains the following benefits:

1. It enhances the dynamic characteristics; the use of an observer-based feedback controller reduces the rise

time and settling time for the oxygen excess ratio during the transient load variation.

2. During the estimation of the state, instrumentation noise has less affect in the system with respect to the

case when states are measured.
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Figure 10. Tracking results of the suboptimal and cascade structures.

Due to the close relation between the current study and practical implementation, a hardware control is

promising but complex.

Appendix 1. Proof of Lemma 1.

Define the output and state observation errors:

. N R
E=1y—y=[e16282€3€363] , ez =% —x = [emlememe“emse%]T . (A1)

The output error £ = § — ypossesses the same relative degree sr;1 =1, ro = 2, and r3 = 3 with respect

to v1, vy, and w3.
. T . PO . . _ .
€r =8 — & = [€1,€0,€04€0,Ca5€as] = €x =T — 2= f(Z)— f(z)+ 9(Z)u,2=h(Z) — h(z) (A2)
Let us derive the expression for the successive derivatives of the output observation error & = § — y up
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to the order n, which yields:

fer 1 [ k(@) — hi(2) 1
€2 ha(Z) — ho(x) . ) ) 1
€ LYy ha(2) — Ly, ha(x) “ Lf(w)h 1(&) = L, () vy
=] b | - ha(®) — L2, hala)
€ | hs(2) — hs(x) ) 2 | = ‘f(j) Fx)2 + 1 v |. (A3)
_3 3 As €3 LY 5 ha(#) — L} 4 ha() v
e3 Liayhs (2) Lf(z)h3($)
e L ayha(@) = Ly ha ()

If e, =% —x=x=37—e,, the above equations allow for constructing diffeomorphic mappings [24] in

the following:

€1 i @11(63;, QAI‘) ] i hl(.’f?) — I’Ll(i‘ — ex) ]
€2 @Ql(em, ﬁ?) hg(i) — hg(.f? — em)
””’ e By (e, 2) ha(&) — ha( — ey)
(.5.3 @32(6I, f) L}(i)hg(i') — L;(I)hg(f — ex)
L €3 i B @33(693, (f?) | L L?(i)hg(i') — L?(r)hg(ﬁ? — ez) ]

If e, = 0, then all components of vector & are identically 0 irrespectively of Z, i.e. ®(0, &) = 0. For the
details of the proof, see [36]. Lemma 1 is guaranteed provided that the mapping ®(e, , ) is locally bijective
in the neighborhood of e, = 0. The bijectivity of the mapping will be defined as det J(0, &) # 0,VZ using the

Jacobean matrix J(e,, ) = M [36]. The Jacobean matrix is expressed as:
F 0@ (en, 7)) /Des T [ O(—h1(& —e;))/0es -
O(Da1 (€4, 2))/Des O(=ha(& — €3))/Oeq
Yo gy = A@(en, @) _ | O(Palen®)/Oes | O(—Lj(sc,h2( =) [ Oes A5
€0 t) = "0, = | 0(@nlen,a))/0e, |~ 8(hu—%»m% 49
O(®32(es, 7))/ Oes o(—L (x) —ez) /aex
O(®33(es,2))/O€s
| ( 33(e 33))/ e | i a(—L f@ er) /861
O @ulen®) () i — )
Oe, - Oz Oey, (A6)
The replacement of = & — e, in the above equation, and equating e, = 0 and 9(& —e,)/de, = —1,

yields J(ez, %), _q = Osq(2). This confirms the nonsingularity of J(es,2)|, _o = Osq(2), as stated in
Assumption 1. Therefore, the observer in Eq. (18) with the observability matrix in Eq. (21) reconstructs the
state of the system in Eq. (9) in finite time. It is seen that the observer input v; is selected in such a way that

the vector € is steered to 0 in finite time.
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pendix 2. Sliding variable and its time derivatives

e Inner loop:

52 = wcp - wzp = SQ = ¢2(tu (E) + ’72(t7.'L‘) Vem
s k

Y2 (t; .’17) =30 Jep (ncm Jcpécm)
T ke

Pa(t,x) = m(_ncmmkvxl
— (Ao + A1y + Ago + Arom1 + Azo(21)? + Agixa + A112271 + Ag2(22)?))

e Outer loop:

S1=Xo2 = Aoy = o1(t, x) + 71 (t, 7)wep
X0g,in (14 Q%im) " Kamout(d2— i B0z Tst 25 REnoTat _p

Wo2, reacted

Sl = ).\02 —)\*02 ==

T
Kom,out Bo1 (Tatm——2Ltm)

XOZ,in Mep

’yl - WO2,reacted 1+Qatm,

The detailed calculation of ¢; is similar to that of ¢5. Therefore, the detailed calculation of ¢, is ignored

to avoid complexity.

[4]

[10]

[11]
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