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Abstract: This paper deals the stability analysis of a six-phase synchronous motor using eigenvalue criteria from its
linearized model, so that the small displacement stability during steady-state condition can be accessed. Eigenvalue
provides a simple but effective means for the stability analysis of a motor. An association between eigenvalues and motor
parameters has been established, followed by the formulation of transfer functions and plotting the root locus of system,

employing the dq0 approach in the MATLAB environment.
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1. Introduction
The area of multiphase (more than three phases) motor drives has been found to experience accelerated growth
over the last two decades. This is because of their use in different applications like electric ship propulsion,
EV/HEV vehicle propulsion, aircraft, thermal power plants to drive induce draft fans, nuclear power plants,
and higher power applications. A multiphase motor possesses several potential advantages over conventional
three-phase motors, such as reduction of space and time harmonics, lower dc link current harmonics, reduced
amplitude and increased frequency of torque pulsations, reduction of current per phase without increase in
voltage per phase, increase in power to weight ratio, and higher reliability [1-3].

As far as six-phase synchronous motors are concerned, general modelling is available in the literature
[4-8]. Analysis of a six-phase synchronous alternator with its two three-phase stator windings displaced by an
arbitrary angle was carried out by Fuchs and Rosenberg [4], where an orthogonal transformation of the phase
variables into a new set of (d — ¢) variables was employed. In the analysis, it was concluded that the advantage
of partial elimination of time dependence of the coefficients from system differential equations can be achieved
by employing orthogonal transformation. Furthermore, a phasor can be utilized for the steady-state analysis of
generator having two sets of stator windings. Consideration of the mutual leakage coupling between two sets of
three-phase stator windings in the mathematical model of a six-phase synchronous machine was presented by
Schifer] and Ong [5]. Moreover, the transformer and motor mode of power transfer during steady-state was also
examined. In their companion paper [6], formulation of the relationships of mutual leakage inductances with
winding displacement angle and pitch was carried out, applicable for different winding configurations of six-phase
and proposed a scheme of a single machine uninterruptible power supply using a six-phase synchronous machine.
Along with the presentation of modelling and simulation of a high power drives using a double star synchronous

motor, the effect of winding displacement angle on torque ripple and harmonic effect was highlighted by Terrien

*Correspondence: aieerdee@iitr.ac.in

1674



IQBAL et al./Turk J Elec Eng & Comp Sci

and Benkhoris [7]. Authors in ref. [8] briefly presented the analysis of a six-phase synchronous machine with
emphasis on its redundancy property, operation during fault conditions, machine behavior under nonsinusoidal
voltage input, and sensitivity of the design parameters.

Operation of any electrical machine during steady-state depends on many design factors that directly
affect the stability of the machine. Stability of the machine is an important factor considered by design
engineers. Among the various aspects of stability, small signal stability is an important one. It determines
the stable operation of the machine during a small disturbance. This needs a comprehensive stability analysis
of the machine to ensure a stable operation of the system. As far as stability of an AC motor is concerned, very
limited studies are available. Rogers [9] examined induction machine operation that gives a frequency dependent
oscillatory response, and analyzed its stability using the root locus technique. Stability of an induction motor fed
by a variable frequency inverter was examined in ref. [10], wherein the effect of harmonics was neglected, using
Nyquist stability criteria [11] and the root locus technique [12]. The technique of transfer function for stability
of controlled current induction motor was carried out by Cornell and Lipo [13], whereas a linearized model of
the current source inverter fed induction motor drive for stability analysis was developed by Macdonald and Sen
[14], followed by the formulation of transfer for different control strategies. Stability analysis of a double-cage
induction motor was carried out by Tan and Richard [15]; the eigenvalues were calculated using a boundary
layer model, whereas the Lyapunov’s first method by employing the placement of eigenvalues was carried out in
detail for a three-phase induction motor in ref. [16]. As far as stability of a synchronous machine is concerned,
small signal stability analysis was carried out for a reluctance-synchronous machine in ref. [17], and the variable
frequency operation of synchronous machine in ref. [18] using the Nyquist criteria technique, whereas the root
locus study of a synchronous machine was carried out in ref. [19].

The only available papers on small signal stability of multiphase motor are [20, 21]. These deal with
the stability issue for six-phase and five-phase induction motors, respectively, with no available literature as
far as multiphase synchronous motor is concerned to the best of the authors’ knowledge. Therefore, the main
purpose of the present paper is to report the small signal stability analysis of a six-phase synchronous motor,
by applying the eigenvalues criterion for small excursion behavior through the developed linearized version of
motor equations, followed by the establishment of eigenvalues association with motor parameters. Further, a
transfer function will be formulated between input and output variables, followed by the stability plots of root

locus. Analysis has been carried out using dq0 approach in the MATLAB environment.

2. Linearization of motor equations for stability analysis

While developing the linearized model of the motor, some important simplifying assumptions are made:

e Both sets of stator windings (abc and zyz) are symmetrical so as to have a perfect sinusoidal distribution

along the air-gap,
e Existence of space harmonics is neglected, ensuring the flux and mmfs are sinusoidal in space,
e Saturation and hysteresis effects are neglected,

e Skin effect is neglected, windings resistance are not dependent on frequency.

A schematic representation of stator and rotor axes is shown in Figure 1. The six stator phases of the

motor consist of two sets of star-connected three-phase windings, namely, abc and zyz, such that their magnetic
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axes are displaced by an angle £ = 30 electrical degrees (for asymmetrical winding configuration). This is
because, with an asymmetrical winding configuration, advantages of the elimination of many lower order time
harmonics such as 5th, 7th, 17th, and 19th are ensured from the contribution to the air gap flux and torque
pulsation. The rotor circuit is equipped with a field winding Fr and a damper winding Kp along the d-axis
and a damper winding K along the g-axis. By adopting the motor convention, the equations of voltage and
electromagnetic torque when written in machine variables will result in sets of nonlinear differential equations.
Nonlinearity is introduced due to the presence of the inductance term, which is the function of rotor position and
is time dependent. In order to achieve the simplified equations with constant inductance terms, reference frame
theory will be applied, and all the sets of equations will be written in rotor reference frame (Park’s equation).
The equations of voltages and flux linkage per second of a six-phase synchronous motor in Park’s variables are
stated in the Appendix [22,23], which are the function of current and flux linkage per second. It is to be noted
that either current or flux linkage per second can be selected as state variable, because they are related to each
other (as seen in Eqs. (A8)—(A16)). This choice is generally application dependent. In this paper, current has
been selected as state variable. Treating current as independent variable, the flux linkage per second is replaced
by currents and the voltage—current relation of motor can be written in matrix form. An explanation of the
nomenclature used is given in Table 1.

[v] =[] [4], (1)
where
[v] = [vqQ1, vD1, VQ2, VQ2, VKQ; VFR, VKD] (2)
[Z] = [ina iD17 iQZa iQQa ZKQ, iFR? ZKD] (3)
[+ é (xLl +zLm + l‘MQ) Tr1+TLM +TMD é (I‘LM + wMQ) +xLDQ
— (l"Ll +xrLm + ZMQ) r1+ ﬁ (zp1+ M +2MD) U_%mLDQ - (mLM + -'EMQ)
= (xLm +2MmQ) — TLDO w%xLDQ + (LM +2MD) ra+ & (w2 +oom +TMmQ)
2= —ﬁxLDQ - (l"LM + HCMQ) ﬁ (xLm +2Mmp) —TLDQ - (ILl +xrm + l“MQ)
ToTMQ 0 ToTMQ
P Z?WD
0 4 —MD 0
wWB TFR
p
L O wg TMD 0
—Lzr1po+ (zLm +rmp) Ezmo TMD TMD ]
wpB Wy
ﬁ (zLm +2TMD) +TLDQ —TMQ M%$MD “%a’IWD
rre +TyMD +TLM W%IMQ TMD TMD
re+ = (wL2 +@Lm +TMD) —TMQ Z-TMD Z-TMD
0 TKQ + ﬁ (zrxg+2zMm@) O 0
2 2
P TMD TMD P P TMD
wB TFR 0 TFR {TFR + wB (mLFR + xAJD)} wB TFR
ZrMp 0 ZoMp rkp + £ (zLkp +2MD) |

(4)

Developed motor electromagnetic torque is given by

Tg = 3P 1 | (ig1+ige)xmp (ip1 +iQ2 +ikp +irR) 5)
22 wp | —(ip1 +ip2)zmeliQr +ig2 +ikq)
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d-axis

Figure 1. Stator and rotor axes of six-phase motor.

Table 1. Explanation of nomenclature used.

Notation Explanation

VD1,VQ1 d — gvoltage of winding set abc

VD2,VQ2 d — gvoltage of winding set zyz

1D1,4Q1 d — gcurrent of winding set abc

1p2,1Q2 d — gcurrent of winding set zyz

VFR Field excitation voltage

iFR Field excitation current

VKQ,UKD Voltage along damper windings K¢ and Kp, respectively

TKQLKD Current along damper windings Ko and K p, respectively

71,72 Stator resistance per phase of winding sets abc and zyz, respectively
Tr1,TL2 Leakage reactance per phase of winding sets abc and zyz, respectively
Trirq:XTLid | Leakage reactance of damper windings K¢g and Kp, respectively
TLFR Leakage reactance of field winding

Tymp,Tmg | Magnetizing inductance along d — gaxes respectively

TrLM Common mutual leakage reactance between winding sets abc and zyz
TLDQ Cross mutual coupling reactance between d — gaxes of stator windings
Vo1, Vo1 Flux linkage per second along d — g axes of stator winding abc

Y2, Y02 Flux linkage per second along d — g axes of stator winding zyz
Yup,Ymg | Magnetizing flux linkage per second along d — g axes, respectively
T, 15 Motor electromagnetic torque and load torque, respectively

WR,WB Rotor speed and base speed, respectively

J Moment of inertia

The relationship between torque and rotor speed is given by Eq. (6), whereas the expression of rotor angle

(load angle) is given by Eq. (7).

P

Tg = — + T
E 2JwB+L

(6)
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The relationship between the variables fg and fE in synchronously reference frame and variables fg and fE

in rotor reference frame will be helpful in the linearization process, which is given by Eq. (8).
f,fQ cosdy —sind f,fQ ®)
i | siné,  cosdk & ’

where k =1 (for winding set abc) and 2 (for winding set zyz).

01 = dp(load angle)
0 =do—7—¢
~ is the phase difference between phases a and x voltages and ¢ is the phase shift between both winding sets
abc and zyz. Both the angles have the magnitude of 30 electrical degrees.
The procedure of linearization about small departure will be carried out by making use of the well-known

Taylor series expansion, wherein each variable x is replaced by its reference value plus a deviation (xg + Ax).

For example, consider an equation z = zy; this is written as

z0+Az = (w0 +Azx)(yo + Ay)
= ZoYo + YolAx + xoAy + AzAy

Terms in the reference level can be eliminated from both sides of equation (29 = xoyo); also the last term
(AzAy) is neglected, considering the deviations are very small, resulting in an equation between the deviations
with coefficient that can be considered constant over a limited region. Simplification incorporated in Taylor
series expansion can be quantitatively included by having the following restrictions imposed on motor equations:

(a) Under small perturbation, there is a little variation in flux levels, such that the inductances can be
regarded as constant.

(b) Under small perturbation, the terms involving the product of two (or more) deviations can be
neglected, being small with respect to other terms.

Linearization of Egs. (1), (5)—(8) yields an equation that can be written in matrix form as

AUlDQ T W1 X1 Y1 AilDQ
Avapg | = | X2 Wa Y Aiapg 9)
Avgr | Q1 Q2 S Aigr

where

(2)" =

i(AilDQ)T (Aizpg)" (AiRR)T}

A
- {Az’Ql, Nip1, Niga, Nips, Nigo, Aipg, Nigp, —2, Aé} (10)
wp

()" = [(Avipg)" (Av2pg)" (Avar)"|

= [Avg1, Avp1, Avga, Avps, Avkg, Avpgr, Avgp, AT, 0] (11)

Other elements of the matrix are explained in a later part of the section.
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A synchronous motor is usually connected to an infinite bus, where the existence of input supply of
constant magnitude and frequency is assumed. Therefore, it will be advantageous to relate the synchronously
rotating reference frame variables, where independent input supply exists, to the variables in the rotor reference
frame. This has to be taken into account with the help of Eq. (8), which is nonlinear. This equation will
be linearized before incorporating it into a set of linear set motor differential equations. Therefore, suitable

approximation is taken, cos Ady = 1 and sin Ady = Ady, such that linearization of Eq. (8) yields
Aflfhg = Tuld fipg + FRAS (12)
Linearization of inverse transformation yields
AkaDQ = (Tk)ilAfI?DQ + FPAS, (13)

where
FE and FF are the steady-state d—q operating indices in the rotor and synchronously rotating reference
frame, respectively.

cosd —sindy
= (14)
sind, cos iy,
-~ cos Oy, sin 0y,
(Ty) ™" = . (15)
—sind,  cosdy
Substitution of Egs. (12) and (13) into Eq. (9) yields
TlAv{EDQ W1 X1 Y TlAi{EDQ
TQA’UQEDQ = X2 W2 ng TQAiQEDQ s (16)
Avgrr Q1 Q2 S AiRp
which can be further arranged and written as
AvE, M)W L (M) X T (T)7Y ] T oaig,
Avspg | = (o) 'X,T1 (To) ' W,Tn (Ty)7'Y, AZ:QEDQ (17)
Avgr T, QT S Aigr
The above equation can be expressed in following form:
Epz = Fz + u, (18)
where
T ) T ‘B T . T
@' = |(Aifh)" (Aifng)" (Kirn)'] )
= |AiB, AEL, ALy, AiBy, Nikg, Aipg, Aigp, 225, Aa]
T E T E T T
(" = [(Auhe)" (Aukhy)" (Avar)"] 0)

[Avgh AvE, A’US‘Q, AvE, Avkg, Avpgr, Avkp, AT, O}
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(1) "' WpT () 'X,pT (1) 'Y
E= (T2)71X2PT1 (T2)71W2PT2 (T2)71Y2P (21)
Q1pT1 Qa2pTo Sp

(T1)71W1KT1 (Tl)ileKT2 (T1)71Y1K
F=— (TQ)_ngKT1 (T2)_1W2KT2 (TQ)_1Y2K (22)
QixTh Q2T Sk

In Eq. (18), coefficient matrix E is associated with the derivative part with the elements having subscript p.
Similarly, the coefficient matrix F' whose elements have subscript K are associated with the remaining terms

of the linearized motor equation. Elements of the matrices £ and F' are defined as

1 (rp1+xom +2mq) O
Wip=(—) (23)
wB’ | 0 (xr1 +xom +2mb)
1 (rr2 +xrm +2mqQ) O

Won — (— 24
P (wB) [ 0 (xr2 +xom +xMbD) (24)

1 (xmqQ +rm) —TLpQ
Xip=(— (25)

we' | zLpo (xmp +TLM)
1 (»TMQ +xrm) TLDQ
Xop = (—) (26)
wB —TLDQ (xmp +xLM)
g 0 _

0 x?m)

1 TFR
Qip = Q2p = (w*) 0 TyD (27)

0 0
. 0 O -
v ( 1 ) [ zmo O 0 0 (rr1+2m+2MmQ)ipio — (®mg + Tom) ip2o | (28)
s’ |0 zvp Tmp 0 (xp1i+xom +2mp)igio+ (Typ + Toa)ig2o
v ( 1 ) [ zvmg O 0 0 (rre2+2im+2MmqQ)ip2 — (®mo + Tom) ipio | (20)
op = (— ) .
wp' | 0 tyup Tmp 0 (zr2+zom +2mp)ige + (Tpp + TLm)iQio |
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[ (xLxg+2Mmg) O 0 0 — (®pm@ip10 + TmQip2o) ]
+ 2 2 . .
1 0 e 0 TUL (ig10 + iQ20)
Sp = (@) 0 TMD (rzxp +2mp) O arp (1Qio + ig20) (30)
2
0 0 0 ~2en
L0 0 0 0 —wp ]
_Tl (xr1 +xom +2MbD)
Wik = (31)
_—(er+$LM“+$MQ) 71
_T2 (xLe+2Lm +2MmD)
Wy, = (32)
_"@E2+$LM"+$MQ) ro
Xy = TLDQ (xLm +zMmD) (33)
—(zm +2MmQ) TLDQ
TLDQ (Z’LM + xMD)
Xop = 34
2k |: 7(1'LM+1'MQ) —TLDQ ( )
0 0
ik = Q2k = 0 0
0 0
(p (ip10 + iD20 + PFRO) — M@ (iD10 + iD20)) f@s  (TmD (iQio + 1Q20) — Tamq (1Q10 + iQ20)) fos
(35)
v 0 zmp Tump (Zriipio +Tmp (ipio + ip20 + iFRo))
1K = ) ) .
—xmqg O 0 —(zr1i910 + M@ (iQ10 +iQ20))
(=riipio + (o1 + 2om + Tvp) iQio — LpQip20 + (b + Trar) iQ20 + Vpio (36)
(riigio+ (xr1 +2om + 2mo) ip1o + (Taro + L) ip20 — VQ10
v 0 xmp Tmp (Tr2ia20 +Tmp (ip10 + ip20 + iFR0))
2K = ) ) )
—zmg O 0 — (zr1ig10 + 2mq (igio + igQ20))
(=r2ip2o + (L2 + v + Tvp) Q20 + TLpQinio + (b + Tram) iQio + Vp2o (37)
(roigao + (L2 + om + TmqQ) ip2o + (Xng + TLar) inp1o — VQ20
Ko 0 0 00
xT
0 ren (22) 0 0 0
Sk=10 0 rrd 0 0 o (38)
-2 (1p10 +ip20) fos  mp (iQio +iQ20) fos Tmbp (igio +ig20) fos 0 fossas
0 0 0 wp O
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where

s45 = —ip10 (@mp (ip10 + ip20 + iFR0) — Tao (ip10 + iD20)) + 9010 (0D (D10 + iD20) — Tar (iQ10 + i020))

—ip2 (xymp (ip10 + ip20 + irR0) — Mm@ (ip10 + iD20)) + 9020 (aD (210 + 1Q20) — T (@10 + 1020))

fQS = 3P/4WB

Variables with additional subscript ‘0’ (ip10, ¢p20, iFRO, iQ10, tQ20) Show its value during steady-state oper-

ating condition. Eq. (18) may be written in the fundamental form:

pxr = Az + Bu, (39)

where
A=(E)'F (40)
B=(E)™" (41)

It has to be noted that in the developed linearized motor model, the effect of mutual leakage reactance has
been considered. Results discussed in the following section are only for the asymmetrical motor (practical case

where £ = 30 electrical degrees).

3. Stability analysis with eigenvalues

An effective but simple means of stability analysis under small disturbance is provided by the eigenvalues of a

system characteristic equation, given by

det (A — A1) =0, (42)

where I is the identity matrix and Aare the roots of the characteristic equation.

FEigenvalues may be either real or complex; when complex, they occur as conjugate pairs signifying a
mode of oscillation of the state variables. The system is said to be stable if all the real and/or real component
of eigenvalues are negative. This is because a negative real part represents a damped oscillation to a finite
value of system response and the roots with positive real parts lead to an infinite output response, indicating an
unstable system. Thus the sign of real parts of the roots of a system characteristic equation (location of roots
in s-plan) can be used for the determination of motor absolute stability.

The state equation (39) of a six-phase synchronous motor is described by nine state variables. Therefore,
nine eigenvalues will be obtained, out of which there will be three complex conjugate pairs and the remaining
will be real. The dependency of eigenvalues on motor parameters are difficult to relate analytically [20,24];
therefore, this dependency has been established by calculating the eigenvalues by varying the motor parameters
with each parameter varied at a time within a certain interval, keeping the other parameters constant at its
normal value. Calculations of motor eigenvalues have been carried out for the motor operating at the load
torque of 50%, maintaining the phase voltage of 160 V at power factor of 0.88 (lagging). The motor parameters

are given in Table 2.
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Table 2. Parameter of 3.7 kW, 36 slots, 6-poles six-phase synchronous motor.

TMQ = 3.91120 1 =TLg = 0.1758Q T = 0.18192
M D — 6.173282 TLDQ = 0 ro = 0.21092
TLKQ = 0.66097¢) LM — 0.00165202 TKQ = 2.535()
TLKD — 1.55002 TFR = 0.056%2 TKD — 140.0Q2
TLFR — 0.240292

3.1. Change in stator parameters

Variations in eigenvalues with the change in stator parameters are tabulated in Table 3a for the change in
stator resistance rg and in Table 3b for the change in stator leakage reactance zps (assuming that stator
resistance and leakage reactance are the same for both the winding sets abc and zyz, i.e. rg = r1 = ro and
xrs = xp1 = Tr2). The complex conjugate pairs, which are affected by the change in stator parameters, are
termed ‘Stator eigenvalue’ I and II, as shown in the Tables, where other eigenvalues almost remain unchanged.
As the value of stator resistance of both winding sets abc and zyz is increased, the real part of both stator
eigenvalue I and II is becoming more negative, resulting in the system being more stable and lowering the time
constant. The pattern of the variation in the real part of stator eigenvalue I and II was found to be reversed
and become less negative, as far as the variation in leakage reactance zyg is concerned, hence taking the system
towards instability. It has to be noted that for both the variation in stator parameters rg, xpgs, there is no
change in the imaginary part of stator eigenvalue I and small variation in stator eigenvalue IT (close to base

speed wp), indicating that the damped frequency of oscillation will be at base frequency, approximately.

Table 3a. Variation in eigenvalue with the change in stator resistance.

;/easdi;lfazi:fizor Stator eigenvalue I | Stator eigenvalue II | Rotor eigenvalue ?eal elgenvIz}lue T
0.1538 -91.6 £ j 104.7 —14.3 +j 100.3 —11.5 £+ j 58.2 -9135.9, | —-698.5, | —16.3
0.1629 -97.0 £ j 104.7 -15.2 £+ j 100.0 -11.4 £ j 58.2 -9136.0, | -699.1, | —16.3
0.1719 -102.4 + j 104.7 -16.1 £+ j 99.7 -11.3 £ j 58.2 -9136.2, | —-699.7, | —16.3
0.1810* -107.8 +j 104.7 -16.9 +£j 99.4 -11.2 £ j 58.2 -9136.3, | -700.3, | —16.4
0.1901 -113.2 + j 104.7 -17.8 £j 99.1 -11.1 £ j 58.3 -9136.5, | -701.0, | —16.4
0.1991 -118.6 =+ j 104.7 ~18.7 £ j 98.8 -11.0 £ j 58.3 -9136.7, | -701.6, | —16.4
0.2081 -124.0 + j 104.7 -19.6 +£j 98.5 -10.9 £+ j 58.3 -9136.8, | -702.2, | —16.5
Table 3b. Variation in eigenvalue with the change in stator reactance.
Value of Real eigenvalue
stator leakage | Stator eigenvalue I | Stator eigenvalue II | Rotor eigenvalue
reactance, rpg I 1I 111
0.1406 -134.8 + j 104.7 -17.9 £+ j 100.3 -11.3 £ j 58.6 -9192.3, | -717.0, | -17.3
0.1582 -119.8 + j 104.7 -17.7 £j 99.2 -11.3 £ j 584 -9163.4, | -708.5, | —16.8
0.1758* -107.8 +j 104.7 -16.9 +£j 99.4 -11.2 £+ j 58.2 -9136.3, | -700.3, | —16.4
0.1934 -98.0 £ j 104.7 -16.5 £ j 99.6 -11.2 £j 58.1 -9110.9, | -692.3, | -16.0
0.2110 -89.8 £ j 104.7 -16.1 £j 99.8 -11.2 £j 57.9 -9086.8, | —684.6, | —15.6

3.2. Change in field parameters

Variations in the motor eigenvalues for the change in parameters of the field circuit, i.e. field resistance rpg,

and field leakage reactance xpppr, are tabulated in Tables 4a and 4b, respectively. The real eigenvalues are
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associated with the offset current decay in rotor circuits and therefore associated with inverse of the effective
time constant. The time constant of the field winding circuit has the largest value and therefore gives rise to
the smallest real eigenvalue. It has been confirmed by noting the variation in the smallest real eigenvalue with
the variation in field circuit parameters. As the field circuit resistance rpp is increased (or decreased) up to
20% of its normal value, variation in the real eigenvalue III is noted. This value becomes more negative (or
less negative), moving the system towards more stable region, i.e. field offset current will decay more rapidly.
This pattern of variation in real eigenvalue I1I was found to be reversed by having the variation in field leakage
reactance zppr by the same percentage of amount, i.e. field offset current will decay less rapidly and the

system moves towards instability.

Table 4a. Variation in eigenvalue with the change in field circuit resistance.

X:Zlizfaifciei’i}g Stator eigenvalue I | Stator eigenvalue II | Rotor eigenvalue ?eal elgen\ﬁlue T

0.0448 -107.8 £j 104.7 -17.1 £ j 100.0 -11.0 £ 58.2 -9136.3, | —700.3, | -13.0
0.0504 -107.8 £ j 104.7 -17.0 £ 99.7 -11.1 £+ j 58.2 -9136.3, | —700.3, | —14.7
0.0560* -107.8 £j 104.7 -16.9 £j99.4 -11.2 + j 58.2 -9136.3, | —700.3, | -16.4
0.0616 -107.8 £ j 104.7 -16.8 +£j 99.1 -11.4 4+ j 58.3 -9136.4, | —700.3, | —-18.1
0.0672 -107.8 £j 104.7 -16.7 £j 98.8 -11.5 £ j 58.3 -9136.4, | -700.3, | -19.8

Table 4b. Variation in eigenvalue with the change in field circuit reactance.

Value of Real eigenvalue

field leakage Stator eigenvalue I | Stator eigenvalue II | Rotor eigenvalue

reactance, T rRr 1 1I IIT
0.1922 -107.8 + j 104.7 -19.5 +j 98.0 -11.3 +j 59.0 -9158.5, | —700.3, | —19.1
0.2162 -107.8 + j 104.7 -18.1 +j 99.7 ~11.3 +j 58.6 -9146.5, | —-700.3, | —17.6
0.24021* -107.8 + j 104.7 -16.9 +j 994 -11.2 4+ j 58.2 -9136.3, | —700.3, | -16.4
0.2642 -107.8 + j 104.7 -15.9 +3j 99.9 -11.2 +j 58.0 -9127.6, | —700.3, | —15.3
0.2883 -107.8 + j 104.7 -15.0 £+ j 100.3 -11.2 +j 57.7 -9119.9, | -700.3, | -14.4

3.3. Change in damper winding parameters

The time constant of the damper winding Kp has a smaller value (1.76 X 10_48’1) than the other rotor circuit;
therefore, it will give rise to the largest real eigenvalue. This has been confirmed by having the variation in
real eigenvalue I by changing the damper winding resistance rxp and leakage reactance xpxp, as tabulated
in Table 5a and Table 5b, respectively. The value of real eigenvalue I becomes more negative for the change in
resistance rxp from lower to higher (20% of normal) value. Therefore, the system will become more stable.
However, the system moves towards instability for the variation in leakage reactance zpxp from lower to higher
value. It can be noted that other eigenvalues almost remain unaffected while changing the above parameters.
The time constant of damper winding K¢ was found to be 2.87 X 1073s~!. This value is higher than the time
constant of damper winding Kp but lower than the field circuit Fr. Therefore, it causes the variation in real
eigenvalue IT with the change in resistance rx ¢ and leakage reactance zr kg, as tabulated in Tables 6a and
6b, respectively. Variation in the parameter of this damper winding also shows the same pattern of variation

in eigenvalue II as discussed in the above cases.
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Table 5a. Variation in eigenvalue with the change in damper winding K D resistance.

Value of

damper winding

Stator eigenvalue 1

Stator eigenvalue 11

Rotor eigenvalue

Real eigenvalue

resistance, rgp 1 11 11T

112.56 -107.8 + j 104.7 -16.9 £j 994 -11.2 £+ j 58.2 -7309.7, | —700.3, | -16.4

126.63 -107.8 £ j 104.7 -16.9 £j 994 -11.2 £ j 58.6 -8223.0, | —700.3, | -16.4

140.70* -107.8 +j 104.7 -16.9 +£j 99.4 -11.2 £+ j 58.2 -9136.3, | —700.3, | -16.4

154.77 -107.8 £ j 104.7 -16.9 £j 994 —11.2 £ j 58.2 -10050.0, | =700.3, | —16.4

168.84 -107.8 + j 104.7 -16.9 £j 99.4 -11.2 £+ j 58.2 -10963.0, | —700.3, | —16.4
Table 5b. Variation in eigenvalue with the change in damper winding KD reactance.

Value of Real eigenvalue

damper leakage | Stator eigenvalue I | Stator eigenvalue II | Rotor eigenvalue

reactance, Tk p I 11 IIT

1.2397 -107.8 4+ j 104.7 -16.9 £ j 99.4 -11.2 £ j 58.2 -11309.0, | -700.3, | —16.4

1.3946 -107.8 £ j 104.7 -16.9 £j 99.4 -11.2 £ j 58.2 -10107.0, | —=700.3, | -16.4

1.5496* -107.8 4+ j 104.7 -16.9 £ j 99.4 -11.2 £ j 58.2 -9136.3, | -700.3, | -16.4

1.7045 -107.8 £ j 104.7 -16.9 £ j 994 -11.2 £ j 58.2 -8335.7, | —700.3, | -16.4

1.8595 -107.8 4+ j 104.7 -16.9 £j 99.4 -11.2 £ j 58.2 -7664.0, | -700.3, | -16.4
Table 6a. Variation in eigenvalue with the change in damper winding K@ resistance.

Value of Real eigenvalue

damper leakage | Stator eigenvalue I | Stator eigenvalue II | Rotor eigenvalue

reactance, TrxqQ I 1I 111

4.0568 -107.8 4+ j 104.7 -16.8 £ j 98.8 —14.4 +j 58.5 -9136.3, | —-552.0, | -16.3

4.5639 -107.8 £ j 104.7 -16.9 £j 99.1 -12.6 £ j 58.4 -9136.3, | -626.6, | —16.3

5.071* -107.8 4+ j 104.7 -16.9 £j 99.4 -11.2 £+ j 58.2 -9136.3, | —700.3, | —-16.4

5.5781 -107.8 £ j 104.7 -17.0 £j 99.6 -10.1 £j 58.1 -9136.3, | -773.6, | —16.4

6.0852 -107.8 4+ j 104.7 -17.0 £j 99.8 -9.2 £j58.1 -9136.3, | —846.5, | -16.4
Table 6b. Variation in eigenvalue with the change in damper winding K@ reactance.

Value of Real eigenvalue

damper leakage | Stator eigenvalue I | Stator eigenvalue II | Rotor eigenvalue

reactance, TrxqQ I 1I II1

0.5288 -107.8 4+ j 104.7 -16.9 £j 994 -11.2 +j 58.1 -9136.3, | —856.0, | —-16.4

0.5949 -107.8 &+ j 104.7 -16.9 £j 99.4 -11.2 £ j 58.2 -9136.3, | -770.6, | —16.4

0.6610* -107.8 &£ j 104.7 -16.9 £j 994 -11.2 £+ j 58.2 -9136.3, | —700.3, | —-16.4

0.7271 -107.8 &+ j 104.7 -17.0 £j 99.4 -11.3 £j 58.3 -9136.3, | -641.5, | -16.4

0.7932 -107.8 &£ j 104.7 -17.0 £j 994 -11.3 £ j 58.2 -9136.3, | -591.5, | -16.4

3.4. Change in moment of inertia

The remaining eigenvalue has been termed the ‘rotor eigenvalue’ of the synchronous motor. It indicates the

oscillatory behavior of the motor, particularly referred to as hunting or swing mode, i.e. the primary mode of

oscillation of the rotor with respect to electrical angular velocity, in an electromechanical system. Oscillatory
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behavior of the rotor is affected by the variation in moment of inertia, as tabulated in Table 7. It is to be
noted that the frequency of rotor oscillation is decreased by varying the value of moment of inertia Jfrom lower
to higher (20% of normal) value. Moreover, it also tends to move the system towards instability as the real

component of eigenvalue is becoming less negative.

Table 7. Variation in eigenvalue with the change in moment of inertia.

(\);ail;lgr(t)ifatrlgment Stator eigenvalue I | Stator eigenvalue II | Rotor eigenvalue ? cal elgen\ﬁlue T

0.4224 -107.8 +j 104.7 —17.4 +j 98.8 -13.7 £ j 65.6 -9136.3, | —694.5, | —16.3
0.4752 -107.8 + j 104.7 -17.1 £j 99.2 -12.4 +j 61.6 -9136.3, | 697.8, | -16.4
0.5280* -107.8 +j 104.7 -16.9 +£j 994 -11.2 £ j 58.2 -9136.3, | —700.3, | —16.4
0.7271 -107.8 =+ j 104.7 -16.8 £ j 99.6 -10.3 £ j 554 -9136.3, | —702.4, | —-16.4
0.7932 -107.8 +j 104.7 -16.7 £j 99.7 -9.6 +j 53.0 -9136.3, | -704.2, | -16.4

Note: ‘*’ indicates the normal value.

3.5. Effect of load variation

The effect of load variation in eigenvalues is graphically presented in Figure 2. The solid line indicates the
real component and the dashed line indicates the imaginary component of eigenvalue. The real components
of both stator eigenvalue I and II are found to be numerically constant with the imaginary component almost
equal to base speed wpg, i.e. stator eigenvalues are almost unaffected by the variation in load. The motor
was found to become unstable at the load of 1.7 times the rated load/torque. This has been depicted by the
rotor eigenvalue, where the real component is becoming positive, associated with the increase in oscillation in
the rotor circuit, shown by the imaginary component in Figure 2c. The real eigenvalues remain negative with

increase and decrease in its magnitude for real eigenvalue II and III, respectively.
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Figure 2. Effect of load variation on motor’s eigenvalues.
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3.6. Effect of frequency/speed variation

Frequency and voltage can be individually varied to study the stability of the motor. Practically, this practice
is not adopted. In fact, in variable speed systems, the amplitude of applied voltages is varied in proportion
with the frequency in order to avoid saturation. Therefore, in this section, stability of the motor has been
observed for the change in frequency and voltage of the same ratio. The effect on motor eigenvalues with the
change in frequency/speed is shown graphically in Figure 3. With change in the eigenvalue, both real and
imaginary components were found to have almost the same variation patterns for both stator eigenvalue I and
II. The real component of rotor eigenvalue was also found to be almost the same, irrespective with the change
in frequency. However, for lower values of frequency (less than 20 Hz), the imaginary component was found to
increase, showing a larger frequency of oscillation in the rotor circuit, whereas the magnitude of real eigenvalue
IT was found to increase at lower frequency operation. The motor at very low frequency operation is becoming
unstable. This is because the real eigenvalue III under very low frequency operation is becoming positive, as
shown in Figure 3f. This result is the same as discussed by the authors in [9,11-13] for the operation of a

three-phase motor at very low frequency.
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Figure 3. Effect of frequency variation on motor’s eigenvalues.

4. Formulation of transfer function

The linearized equations of a system are more often used for the analysis and design of controllers, like a speed
controller for a variable speed drive system, which needs the formulation of transfer function. This is because the
transfer function when written from linearized system equations yields a relation between the output variable
to be controlled to the input variable. Moreover, it also facilitates the study of small displacement behavior
of the system about a steady-state operating point rather than to use the detailed nonlinear equations [24,25].

Consequently, the different control theory approach can be applied like plotting of root locus, Bode plot, and
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Nyquist plot. Hence, this greatly simplifies the control analysis of a system, applicable for motor operation.

In this section, the formulation of a transfer function will be outlined, wherein the linearized equations of
a six-phase synchronous motor will be utilized. As an illustration, transfers function of the change in reactive
power w.r.t. the change in field excitation, i.e. %ﬁs) is derived in a simplified manner, followed by the
plotting of root locus for stability analysis.

The state equations of a linear dynamic system are

&= Az + Bu (43)
y = Cx + Du, (44)
where
x is state vector defined by Eq. (19)
u is input vector defined by Eq. (20)
y is a output variable (or a set of output variables)
A is a matrix defined by Eq. (39)
C and D matrices are defined below.
Solving Eq. (43) for x, considering the initial condition to be zero and substituting the result in Eq. (44)
yields
Y (s) = |C(sI = A~ B+ D] U(s) (45)
Therefore, the transfer function is
Y (S) —1
G(s) = — |[C(sI1- A B+ D] 16
()= =[cer-27 B+ (46)
For the purpose to derive the transfer function of AAng:()s) , the linearized expression for reactive power is given
by
AQ(s) = 051&%1 + iglAvgl - UglAigl - ZglAUgl + ”52Ai52 + ing”gz - ngAi(gQ - ing”gz
= Cz+ Du,
(47)
where
C= [_vgh U517 _Ug% 71527 07 07 07 07 O] (48)
D = [ipy, —igr: iD2s ~igs, 0. 0, 0,0, 0] (49)

Therefore, the transfer function will be in following form:

AQ (s) :K(S_Zl)(S_ZQ)...(S_Zm)
AEpg (s) (s=p1)(s—p2)...(s—pn)’

(50)

where the values of gain K, zeros (21, 22, ...%m), and poles (pi1, pe,...pn) were calculated for the motor

operation at 50% of rated load. These values are shown in Table 8. Root locus of the transfer function, given
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by Eq. (50) can be drawn by the well-known procedure [25] and is shown in Figure 4. It also shows that the
system is stable for all values of gain K, as all the poles are lying in the negative half of s-plan. Necessary
steps used to perform the small signal stability analysis of a six-phase synchronous motor are shown in the form
of a flowchart in Figure 5. Steps have to be followed for different combinations of input and output variables,
while formulating the transfer function to study the stability of a six-phase synchronous motor under small

disturbance.
: AQ(s)
Table 8. Zeros and poles of the transfer function ABrn(s)
Zeros Poles
z1 = —91.64 j 104.7 | p1 = —91.6+ j 104.7
zo = —91.6— j 104.7 | po = —91.6— j 104.7
z3 =—1.3+j103.5 | p3 = —14.34+ j 100.3
z4g=—-—13—3j103.5 | py =—14.3—j 100.3
z5 = —11.34+ j 54.7 | ps = —11.5+ j 58.3
z¢ = —11.3— j54.7 | pg = —11.5— j 58.3
z7 = —9508.4 pr = —9135.9
zg = —698.1 ps = —698.5
Gain K = 619.6 po = —16.3
Root Locus
0 ’{ﬂ 02966 0935 087 04  0d5
1500 {10 905 ‘ |
1000 | ~~ ]
! 0QgQ k
—\
i 0 le+004, _ 8e+003 6e+003  de+003 3 .\:
5 /
~1000 | ' "/ |
~1500 {7 ‘ 1
u/ | o09ss” | 0935 \087 074 45
-12000 -10000 -8000 -6000 -4000 -2000 0
Real Axis

Figure 4. Root locus for the transfer function AQ(s)/AErr(s).

5. Conclusion

A linearized mathematical model of a six-phase synchronous motor has been developed, where the mutual leakage
between both the stator winding sets abc and zyz, was considered, by employing the dq0 approach. This results
in a set of linear differential equations describing the dynamic behavior of small displacement/excursion about
a steady-state operating point, so that the basic linear control system theory can be applied to evaluate the
eigenvalues. An eigenvalue criterion was used to study the stability of a six-phase synchronous motor. An
association between the eigenvalues and motor parameters has been established by calculating the eigenvalue at
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Figure 5. Steps to perform stability analysis of six-phase synchronous motor.
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an operating point by changing the motor parameter. It was found that the two eigenvalues (stator eigenvalue I

and IT) are almost unaffected by the variation in rotor parameter and load. The other complex conjugate pair is

affected by the variation in moment of inertia J and load. It actually indicates “settling out” rotor oscillation

of the synchronous motor during hunting or swing mode. The remaining three real eigenvalues signify the offset

currents decay in rotor circuit hence associated with their effective time constant.

The developed linearized model can be easily used to formulate the transfer function between input and

output variables, where different stability plots (like root locus, Nyquist plot, Bode plot) can be easily drawn,

thus greatly simplifying the control analysis of a system applicable for a six-phase synchronous motor.

[6]

[7]

References

Singh GK. Multiphase induction machine drive research - a survey. Electric Power Systems Research 2002; 61:
139-147.

Levi E. Multiphase electric machines for variable-speed applications. IEEE T Ind Electron 2008; 55: 1893-1909.
Klingshrin EA. High phase order induction motor - part-I: description and theoretical consideration.IEEE T Power
App Syst 1983; 102: 47-53.

Fuch EF, Rosenberg LT. Analysis of an alternator with two displaced stator windings. IEEET Power App Syst
1974; 93: 1776-1786.

Schifer] RF, Ong CM. Six phase synchronous machine with ac and dc stator connection, part-I1. IEEE T Power App
Syst 1983; 102, 2685-2693.

Schiferl RF, Ong CM. Harmonic studies and a proposed uninterruptible power supply scheme, part-II. IEEE T
Power App Syst 1983; 102: 2694-2701.

Terrien F, Benkhoris MF. Analysis of double star motor drives for electric propulsion. IEEE 1999Conference
publication no. 468; 1-3 September 1999; Canterbury, UK.

Abuismais I, Arshad WM, Kanerva S. Analysis of VSI-DTC fed six phase synchronous machines.In: IEEE 2008
Power Electronics and Motor control conference (EPE-PEMC); 1-3 September 2008;Poznan, Poland.

Rogers GJ. Linearized analysis of induction motor transients. IEE Proceedings 1965; 112: 1917-1926.
Fallside FI, Wortley AT. Steady-state oscillation and stabilization of variable frequency inverterfed induction motor
drives. IEE Proceedings 1969; 116: 991-999.

Lipo TA, Krause PC. Stability analysis of a rectifier-inverter induction motor drive. IEEE T Power App Syst 1969;
88: 55-66.

Nelson RH, Lipo TA. Krause PC. Stability analysis of a symmetrical induction machine. IEEET Power App Syst
1969; 88: 1710-1717.

Cornell EP, Lipo TA. Modeling and design of controlled current induction motor drivesystems. IEEE T Power App
Syst 1977; 13: 321-330.

Macdonald ML, Sen PC. Control loop study of induction motor drives using DQ model. IEEET Ind El Con In 1979;
26: 237-243.

Tan OT, Richards GG. Decoupled boundary layer model of induction machines. IEE Proceedings1986; 133: 255-262.

Ahmed MM, Tanfig JA, Goodman CJ, Lockwood M. Electrical instability in a voltage sourceinverter fed induction
motor drive. IEE Proceedings 1986; 133: 299-307.

Lipo TA, Krause PC. Stability analysis of a reflectance-synchronous machine. IEEE T Power App Syst 1967;
86:825-834.

Lipo TA, Krause PC. Stability analysis for variable frequency operation of synchronousmachines. IEEE T Power
App Syst 1968; 87: 227-234.

1691


http://dx.doi.org/10.1016/S0378-7796(02)00007-X
http://dx.doi.org/10.1016/S0378-7796(02)00007-X
http://dx.doi.org/10.1109/TIE.2008.918488

[19]
[20]

21]
[22]
23]
24]
25)
[26]

[27]

[28]

1692

IQBAL et al./Turk J Elec Eng & Comp Sci

Stapleton CA. Root-locus study of synchronous-machine regulation. IEE Proceedings 1964; 111:761-768.

Singh GK, Pant V, Singh YP. Stability analysis of a multiphase (six-phase) induction machine.Computers and
Electrical Engineering 2003; 29: 727-756.

Duran MJ, Salas F, Arahal MR. Bifurcation analysis of five-phase induction motor drives withthird harmonic
injection. IEEE T Ind Electron 2008; 55: 2006-2014.

Singh GK. A six-phase synchronous generator for stand-alone renewable energy generation: experimental analysis.
Energy 2011; 36: 1768-1775.

Singh GK. Modeling and analysis of six-phase synchronous generator for stand-alone renewable energy generation.
Energy 2011; 36: 5621-5631.

Krause PC, Wasynczuk O, Sudhoff SD. Analysis of Electrical Machinery and Drive Systems. 2nd Ed. Piscataway,
NJ, USA: IEEE Press, 2004.

D’Azzo JJ, Houpis C. Linear Control System Analysis and Design with MATLAB. New York, NY, USA: McGraw-
Hill, 1995.

Alger PL. Induction Machines. New York, NY, USA; Gordon and Breach, 1970.

Aghamohammadi MR, Pourgholi M. Experience with SSSFR test for synchronous generator model identification us-

ing Hook-Jeeves optimization method. International Journal of Systems Applications, Engineering and Development
2008; 2: 122-127.

Jones CV. The Unified Theory of Electric Machines. London, UK: Butterworths, 1967.


http://dx.doi.org/10.1016/S0045-7906(03)00003-X
http://dx.doi.org/10.1016/S0045-7906(03)00003-X
http://dx.doi.org/10.1109/TIE.2008.918470
http://dx.doi.org/10.1109/TIE.2008.918470
http://dx.doi.org/10.1016/j.energy.2010.12.052
http://dx.doi.org/10.1016/j.energy.2010.12.052
http://dx.doi.org/10.1016/j.energy.2011.07.005
http://dx.doi.org/10.1016/j.energy.2011.07.005

IQBAL et al./Turk J Elec Eng & Comp Sci

A. Appendix
A.1. Voltage equation:

 w
UQ1:7"12Q1+£¢D1+%¢Q1
. WR p
Up1 =T1%D1 — ngl + Ei/}m
. WR p
vQ2 = r2iQ2 + gwm + @1/}@2
. WR
UD2:T2ZD2_?¢Q2+§'¢D2
B B
o
UKQ—TKQZKQ+;1/)KQ
B

. p
VKD=TKDIKkD+—YKD
wpB

TMD

VFR=

. D
<7"FRZFR+1/1FR> ;
TFR wp

where p denotes the differentiation function with respect to time.

A.1.1. Flux linkage per second:

Vo1 = xr1ig1 + xom (o1 +i02) — TLpQip2 + Ymo
Yp1 =2r1ip1 + zom (ip1 + ip2) + TLpoio2 + Ymbp
Yoe=tr2iga+rrm (iQ1+igQ2) +TrpQipi+¥mq
Ype=zr2ip2+arm ({p1+ip2) —TrpQiQi+¥ambp
VEKQ=TLKQIKQ+YVMQ
YK D=ZLKDIKQ+VMD

YFR=TLFRIFRTYMD,

where
Yr=rmq(ig Hgeting)

Yup=2mp(ip;+Hipe+ikp+irR)

(A8)
(A9)
(A10)
(A11)
(A12)
(A13)

(A14)

(A15)

(A16)

Parameters of the rotor circuit are referred to one of the stator windings (abc windings). These voltage

and flux linkage equations suggest the equivalent circuit as shown in Figure 6, where Lyjsand Lypg are known
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as common mutual leakage inductance and cross mutual coupling inductance between d and g-axis of stator
respectively given by:

TLM=Z Lagz €08 (§) +T Lqy cos (§+27/3) +x 14, cos (§—27/3) (A17)

TLDQ=%Lag S (§) +T ey sin (§427/3) +x 14 sin (§—27/3) (A18)

The common mutual leakage reactance x,, signifies the mutual coupling due to leakage flux between
two sets of three-phase stator windings (abc and xyz) occupying the same slot. It has an important effect on
the harmonic coupling of both sets of stator windings, but negligible effect on transient except some changes in
voltage harmonic distortion [22,23]. The value of common mutual leakage reactance x;,, depends on the winding
pitch and displacement angle between two stator winding sets (abc and zyz). An explanation in detail along
with a technique for finding the slot reactance is given in [26]. Standard test procedures for the determination

of machine parameters are given in [27,28].
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