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Abstract: A novel procedure for solving plane wave incident on arbitrary bump or cavity geometries on a perfectly

conducting ground plane is introduced. The method is presented with examples for transverse-magnetic polarization

compared to various other solution methods. The proposed method can be easily generalized to other similar problems.
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1. Introduction

Discontinuity problems on a ground plane can be considered as a popular research topic and can be applied

to many real life problems like ground penetrating radar applications, propagation modeling over the earth,

etc. These problems have been studied by many authors; solution methods include eigenfunction and analytical

solutions for canonical discontinuities [1–9], method of moments (MoM) solutions [10–12], and various other

methods [13–18]. A decomposition method involving perturbated fields excited by perturbated current densities

[19–21] is calculated by MoM. The method includes an uncomplicated formulation and it can be simply

generalized to other problems. It is applied to the problem of targets above [19,20] and below [21] sinusoidal

surfaces. However, the application of this method to the bump or indent problem is not trivial. For the bump

or indent case, the considered target has an intersection between two regions. The method assumes that impact

of the discontinuity on the ground plane current density is rapidly fading away from the discontinuity and can

be taken into account by frequency domain integral equations involving free space Green’s functions like other

objects in the calculation domain. Throughout this paper, the e−jωt time-harmonic factor is assumed and

suppressed.

In the case of a bump on a perfectly conducting half space, half space Green’s functions can be used to

obtain a solution with MoM [22]. For an indent problem, dual integral equation solutions are required in order

to overcome the nonuniqueness of the solution in the case of cavity resonances [23], which have considerably

complex formulations compared to the bump problem.

In the next section, problems will be described with the proposed solution method for transverse-magnetic

(TM) polarization. In the following section, solutions will be verified by comparison with the various reference

results for circular and triangular bump geometries on a perfectly conducting plane. Afterwards, circular,

elliptical, rectangular, and triangular cavity geometries in a ground plane will be investigated.
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2. Statement of the problem

Scattering problems are two-dimensional arbitrary discontinuities on an infinite perfectly conducting ground

plane, as depicted on Figure 1.

Figure 1. Scattering geometries: (a) bump, (b) indent.

Here S2 is the bump or cavity cross-section surface, S3 is the surface that will be absent when the

discontinuity is present, and S1 is the infinite perfectly conducting plane lying on the x axis. A TM polarized

plane wave

E⃗i=ejk(x cosφi+y sinφi)ẑ (1)

is incident on discontinuity with arbitrary cross-section with the incidence angle φi . Here, k is the free space

wavenumber. The source of the incident plane wave field is sufficiently far away from the scatterers such that no

additional image charges exist. The scattered field due to this incident field must satisfy the radiation condition.

The discontinuity surface is regular such that the fields and their derivatives are continuous on the boundaries.

If the discontinuity is absent, the calculation domain is free space for y > 0 and perfectly conducting for y < 0.

The total field is then

E⃗I =

{
E⃗i+E⃗r

(
J⃗1

)
y > 0

0 y ≤ 0
(2)

Here, J⃗1 is the surface current density on an infinite perfectly conducting half space when illuminated by a

plane wave. According to the boundary condition for the tangential electric field on the ground plane, current

density on the ground plane can be calculated easily by

J⃗1= 2ŷ×H⃗i=
2

η
sinφiejkx cosφi

ẑ , onS1 . (3)

Here, η is the intrinsic impedance of free space and H⃗i is the magnetic field component of the incident plane

wave on the ground plane.

In the presence of the discontinuity there will be three different kinds of field components, E⃗p1 , E⃗p2 ,

and E⃗S . E⃗p1 is the first type of perturbated field corresponding to the effect of discontinuity on the ground

plane; E⃗p2 is the second type of perturbated field due to the current density on the vanished region, as a result

of the discontinuity (x1<x < x2), shown in Figure 2; and E⃗S is the field scattered from the discontinuity. The

total fields on surfaces S1 and S2 are
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Figure 2. Demonstration of the vanished ground plane region.

E⃗i+E⃗r
(
J⃗1

)
+E⃗p1

(
J⃗p
1

)
+E⃗S

(
J⃗2

)
+E⃗p2

(
J⃗3

)
= 0 . (4)

Here, J⃗2 is the electrical current density on the cylindrical discontinuity, J⃗p
1 is the induced perturbated current

density on S1 due to the discontinuity, and J⃗3 is the current density vanished due to the presence of the

discontinuity, which is the negative of J⃗1 :

J⃗3= −J⃗1 onS3. (5)

On S1 , E⃗
i + E⃗r is zero according to Eq. (2), so Eq. (4) becomes

E⃗p1
(
J⃗p
1

)
+E⃗S

(
J⃗2

)
= −E⃗p2

(
J⃗3

)
. (6)

At this point, formulations for bump and indent problems deviate. For the cavity problem, owing to Eq. (2),

the scatterer cross-section will be in the region y < 0 where there is not any incident or reflected fields when

the cavity was absent. On the other hand, for the bump geometry, the scatterer cross-section will be in the

region y > 0 where incident and the reflected fields exist. Thus, for the bump problem, the fields on S2 satisfy

E⃗p1
(
J⃗p
1

)
+E⃗S

(
J⃗2

)
= −E⃗i−E⃗r

(
J⃗1

)
−E⃗p2

(
J⃗3

)
(7)

and for the indent problem fields on S2 satisfy

E⃗p1
(
J⃗p
1

)
+E⃗S

(
J⃗2

)
= −E⃗p2

(
J⃗3

)
(8)

After applying point matching with pulse basis functions, for the bump problem, an equation set in matrix form

is obtained as [
Znm Zlm

Znh Zlh

][
Jp
n

J2
l

]
= −

[
Ep2

m

Ei
h+Er

h+Ep2
h

]
(9)

and in the case of an indent in the form of[
Znm Zlm

Znh Zlh

][
Jp
n

J2
l

]
= −

 Ep2
m

Ep2
h

 . (10)

Here, the impedance matrix elements are

Zio=
kη

4

∫
Ci

H
(2)
0

(
k
∣∣∣r⃗o−(

r⃗i+l
′
Îi

)∣∣∣) dl
′
, i = n.l, o = m,h (11)
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where Ci indicates the ith source segment, r⃗i is the center of the source segment, Îi is the unit vector tangent

to the source segment, r⃗o is the center of the oth observation segment, l
′
is the parametric integration variable

defined on the corresponding source segment, and H
(2)
0 (·) is the Hankel function of the second kind of order

zero. Using Eq. (3), the perturbated field excited by vanished current J⃗3 is

Ep2
m,h = kη

4

x2∫
x1

J3

(
x

′
)
H

(2)
0

[
k
√
(xm,h−x′)

2
+y2m,h

]
dx

′

= k
2 sinφ

i
x2∫
x1

ejkx
′
cosφi

H
(2)
0

[
k
√
(xm,h−x′)

2
+y2m,h

]
dx

′
,

(12)

and

Ei
h+Er

h= 2jejkxh cosφi

sin
(
kyh sinφ

i
)
. (13)

Jp
n and J2

l currents can be calculated by solving the matrix equations of Eq. (9) or (10). Here, the energy is

bounded on the intersection points x1 and x2 . Calculation of the integrals on Eqs. (11) and (12) can be done

numerically by adaptive Lobatto rule [24]. The scattered field is calculated after solving the currents by

ES=Ep1 (Jp)+ES
(
J2

)
(14)

As a result, the scattered electric field can be calculated from

ES=
jkη

4

√
2j

πkr
e−jkr

[
N1∑
n=1

Jp
n∆ne

jk(xn cosφo+yn sinφo)+

N2∑
l=1

J2
l ∆le

jk(xl cosφ
o+yl sinφo)

]
. (15)

Here, φo is the observation angle, and r is the distance measured from the origin to the observation point.

Lastly, scattering width is defined as:

σ = lim
r→∞

[
2πr

∣∣∣∣ES

Ei

∣∣∣∣2
]

(16)

3. Numerical results

In order to show the validity of the method, the bistatic scattering width of a semicircular bump with ka =

2 π and normal incidence (φi = 90 ◦) in Figure 3a is compared with the series solution result [25]. In Figure

3b monostatic results (φi, φo = 90 ◦) are represented for varying ka. In these cases the perturbation current

calculation domain length is chosen as l = 5 λ + 2a, where a is the bump radius.
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Figure 3. Scattering width of the circular bump normalized by wavelength: (a) with respect to observation angle,

(b) ka.

As can be seen in Figure 3a, the results are in near excellent agreement, except for near grazing angles.

Similarly, results versus ka are in very good agreement, except for low frequencies, where l is not wide enough

for the perturbation current to decay, as is expected.

Afterwards the convergence of the solution with the change of the strip width l is investigated, and results

are shown in Figure 4a as mean error ratio of current and error ratio for far-field results at observation angle

(φo = 90 ◦), compared to the reference MoM solution for ka = π in the vicinity of normal (φi = 90 ◦) plane

wave incidence. Both results converge to the numerical error level while l/λ approaches 2.5. At this point it

should be noted that proper selection of l is not only dependent on wavelength but also on bump size. Results

presented in Figure 4a are calculated at 300 MHz and a semicircular bump with radius of 1 m. Mean error ratio

for current density is calculated as:
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Figure 4. (a) Convergence of the solution with strip length, (b) current distribution comparison for l/λ = 5.

Error = E

[∣∣Jdec−JMoM
∣∣

|JMoM |

]
(17)
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and the far-field error is calculated as:

Error =

∣∣Edec−EMoM
∣∣

|EMoM |
. (18)

Here, Jdec and JMoM are current densities on the circular bump calculated by decomposition method and

MoM, respectively; Edec and EMoM are scattered field calculated by two methods; and E[·] is the mean value

operator.

Monostatic scattering width of a triangular bump, shown in Figure 5a versus observation angle, is

presented in Figure 5b for the MoM solution. The bump has a base width of 8 λ and a height of 2 λ .
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Figure 5. (a) Triangular bump geometry, (b) calculation results.

Results are almost identical except around 20◦ and 160◦ . Peaks around 60◦ and 120◦ correspond to

reflections from the flat surfaces of the bump.

Backscattered scattering cross length for semicircular cavity in a perfectly conducting ground plane

with ka = 4 π is shown in Figure 6 with the result from [4]. Reference and calculated results are nearly

indistinguishable, and it is thought that errors made during data extraction from the reference article may have

caused the small deviations seen.
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Figure 6. Calculation result for semicircular cavity.
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Next, the semielliptical cavity in a ground plane geometry depicted in Figure 7a is investigated for

different eccentricity values. The backscattered normalized field versus ka is compared with results of [5] in

Figure 7b. Again the results agree very well, except for minor offset error along the ka axis, which is due to

data extraction artifacts and low frequency deviations explained for the case in Figure 3b.
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Figure 7. (a) Semielliptical cavity geometry, (b) calculation results.

Lastly, rectangular and triangular cavity geometries shown in Figure 8a are examined and simulation

results are compared with reference publications [14] and [15] in Figure 8b. For the rectangular geometry, a

and b values are 0.6 λ and 0.8 λ , respectively, and for the triangular geometry a and b are 0.75 λ and

1.65 λ .

0 10 20 30 40 50 60 70 80 90
−30

−25

−20

−15

−10

−5

0

5

10

15

20

Angle from y axis (Degrees)

Sc
at

te
ri

n
g 

w
id

th
 σ
/λ

 (
d

B
)

 

 

Decomposition method (Rect. Cavity)

Reference result (Rect. Cavity)

Decomposition method (Triang. Cavity)

Reference result (Triang. Cavity)

Figure 8. (a) Rectangular and triangular cavities, (b) calculation results.

4. Conclusion

A new numerical solution method for solving electromagnetic scattering from discontinuities on an infinite

perfectly conducting ground plane is presented for TM polarization. Calculation results for various validation
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cases show very good agreement with proper choice of truncation widths. The solution procedure is simple,

based on the solution of a single type of integral equation, and can be generalized to various other problems.

In the future both lossy structures and ground planes with roughness will be examined.
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