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Abstract: This paper presents a new metaheuristic algorithm based on the artificial bee colony (ABC) algorithm

for multiobjective optimization problems. The proposed hybrid algorithm, an improved bee colony algorithm for

multiobjective optimization called IBMO, combines the main ideas of the simple ABC with nondominated sorting

strategy corresponding to the principal framework of multiobjective optimization such as Pareto-dominance and crowding

distance. A fixed-sized external archive to store the nondominated solutions and an improvement procedure to promote

the convergence to true Pareto front are used. The presented approach, IBMO, is compared with four representatives

of the state-of-the-art algorithms: NSGA2, SPEA2, OMOPSO, and AbYSS. IBMO and the selected algorithms from

specialized literature are applied to several multiobjective benchmark functions by considering the number of function

evaluations. Then four quality indicators are employed for performance evaluations: general distance, spread, maximum

spread, and hypervolume. The results show that the IBMO is superior to the other methods.
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1. Introduction

In the real world, many optimization problems contain more than one objectives that are generally conflicting

with each other to be either minimized or maximized at the same time. For example, the good design for a

bridge construction is represented by lower mass and higher strength. A plane design needs to optimize fuel

efficiency, weight, and cargo simultaneously. It is not possible to find a single optimal solution that can ensure

compliance with all objectives. The best solution means that it is not the worst one for each objective and it is

better than the others for one objective at least. In other words, an optimal solution is not dominated by any

other solutions in the search space. This is called a nondominated solution or Pareto optimum, while an image

formed by Pareto-optimal solutions under the space of objective functions is known as a Pareto front [1].

Definition 1. Multiobjective optimization problem (MOP) is defined as:

maximize/ minimize y = f(x) = {f1(x), f2(x), ...fM (x)}
subject to g(x) = {g1(x), g2(x), ..., gJ(x)} ≤ 0

h(x) = {h1(x), h2(x), ..., hK(x)} = 0

where x = {x1, x2, ..., xN} ∈ X

y = {y1, y2, ..., yM} ∈ Y,

(1)
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where x is set of the decision vectors, X is the parameter space, y is the objective vector, and Y is the objective

space. g(x)and h(x)are inequality and equality constraints, respectively.

Definition 2. Pareto dominance: Let u⃗ = [u1, u2, . . . , un] and v⃗ = [v1, v2, . . . , vn] be decision vectors (solu-

tions) and u⃗ dominates v⃗ is shown as u⃗ ≺ v⃗ , if and only if ∀i ∈ {1, 2, . . . , n} : ui ≤ vi
∧
∃j ∈ {1, 2, . . . , n} :ui <

vi and u ̸= v .

The algorithms based on evolutionary computation (EC) are stochastic techniques that try to solve

problems by using bio-inspired operators on a population of solutions. The population-based approaches

can easily find multiple nondominated solutions and are able to approximate the whole Pareto front in a

single run, which is an advantage for multiobjective optimization problems [2]. In the last few decades, EC

has been studied for dealing with nondeterministic multiobjective optimization problems. The multiobjective

evolutionary optimization algorithms (MOEAs) have become a very popular and fast-growing field [3–5].

Since Schaffer’s pioneering work in 1985 [6], various MOEAs have been proposed in this field to solve

several domains of science and engineering problems. Some of them are as follows: scheduling heuristics,

data mining, rule extraction, assignment and management, wireless sensor network, circuit design, bioinfor-

matics, control systems and robotics, image processing, and neural network training [7]. There are several

possible ways to classify MOEAs. Coello et al. in [8] categorize the algorithms in three groups: aggregating

function approaches, population-based approaches, and Pareto-based approaches. Aggregating function com-

bines all objectives into a single one using arithmetical operations and is the oldest mathematical approach

for multiobjective optimization. However, it has a poor selection pressure to obtain the whole Pareto front.

Population-based approaches try to diversify the search space by generating subpopulations for each objective

but they are inefficient for the concept of Pareto dominance. Pareto-based approaches use the selection process

based on the concept of Pareto optimality. The most advanced and commonly used algorithms take place in this

group. Some of them are the niched Pareto genetic algorithm [9], the nondominated sorting genetic algorithm

(NSGA) [10] and its improved version NSGA-II [11], the Pareto archive evolutionary strategy (PAES) [12], and

the strength Pareto evolutionary algorithm (SPEA) [13] and its improved version SPEA2 [14].

In recent years, one of the other popular stochastic techniques is the algorithms of swarm intelligence,

inspired by collective working behaviors of social insect colonies or animal swarms. These algorithms have

become very popular owing to the fact that they are simple to implement and produce good results at low

computational cost. The representative algorithms of swarm intelligence are particle swarm optimization (PSO),

developed by Eberhart and Kennedy in 1995 and inspired by the social behavior of bird flocking or fish schooling

[15]; ant colony optimization (ACO), developed by Dorigo in 1999 and mimicking the foraging behavior of social

ants [16]; and artificial bee colony (ABC) optimization, developed recently by Karaboğa in 2005, which simulates

the intelligence foraging behavior of honeybee swarms [17].

ACO is a preferred method for discrete optimization problems due to its nature. In consideration of

multiobjective optimization, ACO is generally applied to traveling salesman problems [18], vehicle routing

problems [19], flow-shop scheduling problems [20], and portfolio selection [21].

Research has especially focused on developing multiobjective particle swarm optimization (MOPSO)

algorithms due to their population-based nature and rapid convergence speed. A wide variety of algorithms

are proposed in the literature [22]. The first version of PSO for multiobjective optimization based on Pareto

dominance was developed by Moore and Chapman in 1999 [23]. Nondominated solutions are added to a

continuously updated list, but it needs a diversification approach. Li presented a modified PSO that makes use
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of nondominated sorting (NSPSO) for a better dominance comparison [24]. A combined population is composed

of all pbest solutions and all recently obtained solutions. The combined population is used to update the personal

best of each particle unlike a standard PSO. This method assigns the leader randomly from an external set

and also makes use of the niche count and crowding distance techniques for this selection process. Sierra and

Coello introduced OMOPSO, which is another remarkable MOPSO approach based on Pareto dominance [25].

This approach utilizes the crowding factor of NSGA2 to select the leader particles. In order to fix archive

size, it incorporates evolutionary mutation operators with the concept of ε-dominance. Nebro et al .reported

a comparison of the performance of the most advanced MOPSOs in the literature [26]. They proposed a new

MOPSO that depends on limiting the velocity values of particles in a swarm, so as to obtain more effective

solutions quickly [27]. Similar to the other MOPSOs, their proposed approach also has a mutation operator

and an external set to store nondominated solutions.

On the other hand, several successful hybrid metaheuristic algorithms have been proposed for solving

MOPs in the literature such as SSPMO [28], AbYSS [29], and HMOEA [30]. Molina et al. [28] incorporated the

tabu search procedure into well-known scatter-search method for SSPMO. This approach includes two phases.

The first is the generation of an initial solution set. The algorithm makes use of various tabu searches for selecting

the best solutions for each objective. The tabu search is applied for each objective in sequence by starting at

an arbitrary point. In the second phase, the solutions selected from a reference set are combined by means

of scatter search. AbYSS is a hybrid metaheuristic based on scatter search that is adapted for multiobjective

optimization and that includes multiobjective procedures such as Pareto dominance, density estimation, and

external archive, and also makes use of evolutionary operators such as mutation and crossover. As a consequence

of experiments, Nebro et al. [29] achieved fairly competitive results with AbYSS. In HMOEA, Tang and Wang

[30] presented another competitive hybrid MOEA that combines the principles of PSO and multiple crossover

operators for updating population. A self-adaptive mechanism is used for choosing the crossover operator and

the propagating mechanism. Therefore, the diversity of the external archive is improved.

In the present study, a new multiobjective optimization algorithm within a well-constructed improvement

procedure that ensures fast-converging to the Pareto front has been developed. The proposed algorithm is

also easy to use, whereby it is based on artificial bee colony (ABC) algorithm, for which success has been

reported in several studies. The presented algorithm, called the improved bee colony algorithm for multiobjective

optimization (IBMO), utilizes the improvement procedure to promote the convergence to the Pareto front in

both phases of employed and onlooker bees. IBMO starts with a diversification method to generate the initial

swarm so that randomness can be spread over all of the search space. Furthermore, the algorithm makes use of

classical multiobjective optimization concepts such as Pareto dominance and external archive (EXA) to store

the nondominated solutions. In order to accelerate an iteration and reduce the number of function evaluation,

the EXA is used as fixed-sized. To deal with the fixing problem, IBMO employs the crowding distance strategy

of NSGA2. The crowding distance is a measure of how close a solution is to its neighbors in PF. The large

average crowding distance has a better diversity in the population. IBMO is a robust and stable hybrid approach

that incorporates the advantages of NSGA2 with ABC. Explicit diversity preservation and elitism components

of NSGA2 are applied to a modified ABC algorithm.

IBMO was compared with other popular multiobjective optimization algorithms: NSGA2, SPEA2,

OMOPSO, and AbYSS. Other algorithms and IBMO were applied to 26 benchmark functions for 25,000

and 50,000 function evaluations. Four quality indicators were employed for performance evaluations: general

distance, spread, maximum spread, and hypervolume. In consideration of the evaluations, IBMO achieves

well-distributed and quite promising results.
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2. Related works

This paper focuses on not only the ABC algorithm for solving MOPs, but also presents a local search using the

main component of NSGA2 to improve the converging of the ABC to the Pareto front. In this section, brief

explanations of the simple ABC are given and several studies based on a multiobjective ABC are examined.

3. Artificial bee colony optimization algorithm

The ABC algorithm, which is one of the most recently introduced optimization algorithms, simulates the

intelligent foraging behavior of a honey bee swarm [17]. The collective intelligence of honeybee swarms consists

of three essential components: food sources, employed foragers, and onlooker foragers.

In the model adapted by the ABC algorithm, the position of a food source represents a possible solution

to the optimization problem. The nectar amount of a food source corresponds to the quality of the associated

solution, and so it is defined as fitness of solution. The number of the employed bees is equal to the number of

solutions in the swarm, while the number of onlooker bees is equal to the number of employed bees. The core

steps of the algorithm can be summarized as in Figure 1.

Create initial food sources (swarm) with respect to equation 2. 

= + (0,1)( − )  (2) 

where  indicates a solution in the population, = {1, 2, … }  and  is the size of population 
= {1, 2, … } and  is the number of parameters (decision variables) in a solution. According to 

the selected subrange, , is the lower bound of h   parameter and  is the upper bound of 
h   parameter. 

 

Calculate fitness values of swarm with respect to equation 3.  

= {
1/ (1 + ) ≥ 0

1 + ( ) < 0
}         (3) 

where  is the fitness value of  h  solution in the population. 
  

REPEAT  

Produce new solutions  for the employed bees by using equation 4 and evaluate them 

= ø ( − )     and = +  (4) 

where  is the variance value of new parameter. ø  is a random number between [-1, 1].  

represents new solution,  is the neighbor solution selected randomly, ∈ {1,2, …, }.  is 
h  parameter of   solution represented by current employed bee.  is a random number that 

is stated in the range of [1, ]. 

Calculate the probability values  for the solutions  by equation 5. 

=
∑ = 1

     (5) 

Produce the new solutions  for the onlookers from the solutions  selected depending on 
 and evaluate them 

Apply the greedy selection process for the onlookers  

Determine the abandoned solution for the scout, if exists, and replace it with a new 
randomly produced solution xi by equation 2. 

Memorize the best food source found so far  

UNTIL  requirements are met 

Figure 1. Pseudocode of simple ABC algorithm.
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4. Several related studies based on multiobjective ABC

In single-objective optimization, the ABC has been used for numeric multiple dimensional problems. Its

success has been proven by obtaining superior or competitive performance compared to the other well-known

evolutionary and swarm-intelligence algorithms [31,32]. Although more than 30 studies about MOPSO exist

in the specialized literature, there are only a few remarkable ABC based multiobjective optimization articles

published so far [26].

Omkar et al. developed a vector evaluated ABC algorithm based MOABC (VEABC). They applied the

algorithm to solve a bi-objective optimization problem that is formulated with minimizing weight and total cost

of the composite component [33]. VEABC is a population-based approach inspired by the main ideas of Shaffer’s

VEGA. However, the proposed approach is simple to implement and well suited for a specialized bi-objective

problem. A typical disadvantage of VEGA is that it fails to keep diversity and converges more towards one of

the objectives in the case of the existence of more than two objectives after several generations.

Hedayatzadeh et al. (2010) introduced a new MOABC with a grid-based method to sustain the diversity

in a fixed-sized external archive [34]. In order to update the external archive, the ε-dominance method is used.

The employee and onlooker bees fly for improving the solutions by means of neighbor of archive and food source,

respectively. Finally the scout bees generate new solutions instead of expired solutions.

Zou et al. proposed two new algorithms based on ABC to deal with MOPs, NSABC and its improved

version MOABC [35]. In contrast to the nature of the original ABC, NSABC combines the nondominated

sorting strategy of NSGA2 with only the onlooker bee phase of the ABC. In addition to NSABC, Zou’s MOABC

includes a comprehensive learning method for improving the diversity of the swarm. Taking into account the

outcomes of diversity and convergence metrics obtained from benchmark test problems, it can be seen from

the standard deviation values that MOABC is better. However, the proposed algorithms do not have a stable

running characteristic in multiple runs.

Zhang et al. presented the multihive artificial bee colony for constraint multiobjective optimization

(MHABC-CMO) [36]. The proposed approach is based on two concepts. The first is the principle of nondomi-

nated sorting but it also uses multiple swarms. The second is the symbiosis theory, which includes procedures

of solution exchange among swarms and information sharing within swarms for coevolution. This approach also

uses a self-adaptive penalty method to deal with constraints.

Largo et al. proposed a new hybrid multiobjective algorithm (MO-ABC/DE) that combines the ABC

with a differential evolution (DE) algorithm for unconstrained MOPs [37]. The algorithm makes use of Pareto

dominance and crowding distance, which are well-known multiobjective procedures. In this method, the ABC

is used as the main framework of the algorithm and the DE is used for improving the obtained solutions in both

employed and onlooker bee phases. The researchers reported that their methods were not the best among the

other compared algorithms. However, it gives a promising result for constrained problems as a future work.

Ŕıos et al. [38] implemented two multiobjective swarm algorithms, multiobjective artificial bee colony

(MOABC) and multiobjective gravitational search algorithm (MOGSA), for meta-schedulers. Multiobjective

properties such as the optimization of execution time and cost per experiment are improved. These algorithms

are compared with the nondominated sorting genetic algorithm II (NSGA II).

5. Description of the proposed algorithm

The proposed algorithm, IBMO, consists of the adaptation of a single-objective ABC algorithm to multiobjective

optimization by means of the nondominated sorting strategy of NSGA2 and the well-known principal concepts
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of Pareto-based multiobjective optimization. Moreover, a method is proposed to promote the convergence of

the obtained solutions towards the true Pareto front. The main steps of IBMO are given in Figure 2. In this

section, the execution of the algorithm is discussed in detail.

THE MAIN STEPS OF IBMO ALGORITM 

00 Set the control parameters of the algorithm such as:  

NP: the number of colony size (employed + onlooker bees) 

thereby SN = NP / 2 –  it is size of swarm 

maxFes 

or MNC: 

maximum number of function evaluations or cycle as 

termination criterion,  

nEXA: size of external archive (EXA) 

limit: A step value for improvement method. 
 

01 Generate an initial swarm positions ( , = 1 … )  with respect to diversification 

method detailed in Figure 3. 

02 Evaluate an initial swarm  

03 Store the nondominated solutions in EXA from initial swarm 

04 REPEAT 

05  Set newGeneratedFoods set as an empty set 

06  for each employed bee {  

07   Select a neighbor solution from the Foods set randomly  

08   Determine the parameter to change randomly but also depend on frequency 

values explained in Figure 4. 

09   Produce new solution  by using Eq. (4) 

10   Improve the new produced solution by using the method in Figure 5. 

11   Add the improved solution into newGeneratedFoods set 

12  } // end of for each 

13  Update EXA via newGeneratedFoods 

14  Calculate the probabilities with respect to crowdings of EXA 

15  Reset newGeneratedFoods set 

16  for each onlooker bee { 

17   Select a neighbor solution from the EXA correspond with probabilities  

18   Determine a parameter to change randomly as in Figure 4. 

19   Produce new solution  by using Eq. (4) 

20   Improve the new produced solution by using the method in Figure 5. 

21   Add the improved solution into newGeneratedFoods set 

22  } // end of for each 

23  Update EXA and Foods List 

24 UNTIL requirements are met 

Figure 2. Pseudocode of IBMO algorithm.

Step #00 – Initialization: The control parameters of the algorithm are set. These parameters are the

constant values that are used to construct the required data structure in accordance with the analogy of bio-

inspired algorithm. These are the size of colony (NP), the size of external archive (nEXA), maximum number

of function evaluations (maxFes), maximum number of cycles (MNC ), and a step value for the improvement

method (limit). The proposed bee colony is composed of equal numbers of employed and onlooker bees.
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Therefore, NP has to be defined at the beginning of a run. It is a problem-independent value due to the

complexity of search space, the number of variables, and objectives. The external archive dependent on crowding

distance is used to store the nondominated solutions found so far, which is a crucial factor for elitism. However,

its size, nEXA, should be limited for accelerating the convergence of the swarm. maxFes andMNC are employed

as the termination metric of the algorithm. Finally, limit specifies how many times the improvement method is

applied to a solution.

Step #01 – The first generation of the population with a diversification method: The

algorithm starts with a diversification technique used in [24,30,39] to generate the initial food sources (initial

solutions). It works for obtaining a well-distributed population. Each parameter of a solution is divided into

equal sized subranges as shown in Figure 3. A subrange is assigned inversely proportional to frequency count.

Then the parameter values are generated randomly with respect to Eq. (2) for its selected range. The frequency

count is incremented by one. This process is repeated for each parameter of a new solution to be generated.

The more frequency count of a range, the less selection probability of the related range and vice versa.

For example; 

The number of subranges is 4 and 

CONSTR benchmark function includes two decision variables: 
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Figure 3. Diversification method.

Step #02 – Evaluation: All new generated solutions in the population are evaluated in this step. The

fitness values of each objective are separately calculated with Eq. (3) suited to the nature of a single-objective

ABC algorithm.

Step #03: Nondominated solutions are extracted from the current population and stored in the external

archive by using the fitness of the solutions in the concept of Pareto dominance.

Step #04: The main loop of the algorithm starts and goes on until the termination conditions are

satisfied. The criteria can be the number of cycles or function evaluations.

Step #05: Although a single-objective ABC algorithm uses a greedy selection mechanism between the

old and new generated solution, the proposed multiobjective ABC algorithm keeps all solutions in another

set, newGeneratedFoods, in order to increase the selection pressure towards the Pareto front by using the

nondominated sorting procedure of NSGA2.

Step #06 – 12 Employed bee phase: In the nature of the ABC model, the employed bees are

responsible for bringing nectar to the hive and sharing information about food sources with other bees in the

hive. For each food source, there exists one employed bee. Here a food source means a separate solution. An

employed bee determines a food source (solution) neighboring itself randomly. The neighbor solution is selected

from the Foods set in this phase and a new solution is generated neighboring the existing solution by using Eq.

(4). The newly generated solution is formed by changing one parameter of the current solution. The selected

parameter index is assigned inversely proportional with frequency count to increase the selection probability of

all parameters in the solutions like frequency approach used in the diversification method. The outline of this

method is shown in Figure 4.
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00 if delta equals to zero; set = ( − . , . )  otherwise continue 

01 Set =  

02 Set =  

03 Set _  = 0  

04 REPEAT  

05   Set _  =  _  + 1 

06   Set = + � _    

07  if  dominates ; break  

FUNCTION GetParam2Change  

00 Calculate reverse frequencies of the parameters, reverseFrequency 

01 Generate a random value between [ 1, reverseFrequency ] 

02 if sum of reverseFrequency  equals to zero, set param = 1 and  go to line 7 

03 While value > reverseFrequency[ param ] { 

04  Set value = value - reverseFrequency[ param ] 

05  Set param = param + 1 

06 } // end of while 

07 Increase the frequency of param by one 

END 

Figure 4. Pseudocode of determining the parameter to change.

The phase of improvement begins after calculating the new solution vi by using Eq. (4). A greedy

selection process is applied to the solution vi , which makes use of the constrained dominance method used in

NSGAII. With the aim of promoting convergence speed towards the true Pareto front, the obtained delta value

in Eq. (4) is added to jth parameter of vi until the new solution is better than the old one or the number of

iterations exceeds the parameter value of limit. In the case that delta equals zero, it is randomly regenerated

between [–0.5, 0.5]. This process provides an accelerated convergence effect within the selected parameter.

However, a small number of iterations such as 5 is adequate and it is a crucial factor to prevent a great number

of function evaluations. The pseudocode of the proposed improvement method is shown in Figure 5.

00 if delta equals to zero; set = (− . , . ) otherwise continue 

01 Set =  

02 Set =  

03 Set _  = 0  

04 REPEAT   

05   Set _  =  _  + 1 

06   Set = + * _    

07  if  dominates  ; break  

08  Set =  

09 UNTIL _  <   

10 Store  into newGeneratedFoods 

Figure 5. Pseudocode of improvement method.

The new solution is added to the newGeneratedFoods list after the improvement so that the cardinality

of this list becomes equal to population size at the end of the employed bee phase.

Step #13 – Updating external archive: The external archive is used for guaranteeing a well-

distributed Pareto front by retaining the nondominated solutions found during the search process so that the

algorithm can approximate the whole Pareto front. However, it gets hard to control if the new obtained

solution will be stored or not in terms of Pareto dominance so long as the cardinality of the archive extends.

Therefore, an updating mechanism is needed to limit the archive size without losing diversity. Two commonly

used techniques for this purpose in the literature are an adaptive grid strategy formed by hypercubes of PAES

[12] and the crowding distance strategy of NSGAII [11]. In IBMO, the external archive is updated by a strategy

dependent on crowding distance and the newGeneratedFoods list. According to this strategy, all solutions in

newGeneratedFoods are handled as a new solution in sequence. If this new solution is dominated by the archive,

it is discarded to the restList. Otherwise, the solution is stored. Moreover, other solutions dominated by the new
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solution are removed if it exists. When the archive reaches maximum capacity, the solution that has the highest

crowding distance value in the archive is removed and the new solution is stored for satisfying the diversity.

Step #14 – Calculating the selection probabilities: In this step, a cumulative sum array is

calculated to use in the onlooker bee phase. The cumulative sum array determines the range of selection

probabilities for each nondominated solution in a roulette wheel. If the current problem discussed here is a

constrained optimization problem, there may not be any nondominated solution in the external archive for

early iterations of running. If not, the best solutions in the population so far are selected as the nondominated

solutions. In the situation of an empty external archive, the constraint values of the solutions in the Foods

set are used. Otherwise, crowding distance values of the nondominated solutions in the EXA are deployed for

obtaining the cumulative sum array. In this way, the algorithm can focus on the whole Pareto front as well

as converging fast owing to the increment of selection probabilities for the leader solutions that satisfy the

constraints better or in a less crowded position.

An outline of the algorithm of IBMO can be seen in Figure 6 schematically.
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NO 

YES 
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Figure 6. The outline of the presented IBMO algorithm.

Step #15: After the employed bee phase, the nondominated solutions in the newGeneratedFoods set

are used to update EXA and rest of the solutions are transferred to restList. Then it is reinitialized for using

in the onlooker bee phase.

Step #16–22 Onlooker bee phase: In the nature of the ABC model, onlooker bees obtain knowledge

about the quality of food sources by means of following the dance of employed bees. Then they choose a source

considering this knowledge. In the essential ABC algorithm, the roulette wheel method is used and the neighbor

solution is selected from Foods with respect to the probabilities calculated as dependent on fitness values. As

distinct from a native ABC, IBMO selects neighbor solutions from the external archive instead of Foods set
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and selection probabilities are calculated as mentioned above in step #14. The determination of the parameter

to be changed, the generation of new solutions, and the improvement procedures are applied similarly to the

employed bee phase.

Step #23–24: At the end of the onlooker bee phase, new solutions are obtained and stored in the

newGeneratedFoods set. By means of this set, the external archive is updated in the same way as in step

#13. Then the Foods set is reconstructed for the next iteration by using EXA and restList. During the search

process, the best solutions are held in EXA and the rest of the solutions are discarded into restList. Primarily,

the nondominated solutions in EXA are chosen to fill the Foods set in accordance with the concept of Pareto

dominance. If the size of EXA is greater than the size of the Foods set, then the solutions are only selected from

the archive randomly. Otherwise, after all members of external archive are added to the Foods set definitely,

the solutions in restList are arranged according to Pareto dominance. The fitness of every solution is assigned a

value equal to their nondominated level. The rest of the members of the population are chosen from subsequent

nondominated front according to their ranking order. Finally, restList is reinitialized so as to use in the next

iteration. This approach increases the selection pressure towards the true Pareto front.

6. Experimental results

A brief definition of test problems used for comparing the performance of IBMO with NSGAII, SPEA2,

OMOPSO, and AbYSS is given first. Then the four performance indices used in this study are explained,

and the parameter settings of IBMO and the other four algorithms are described. The experimental results,

including the median and interquartile ranges of all indices, are given and analyzed for all test problems and

algorithms. All algorithms have been run on a personal computer with an Intel core i7-2600 3.40 Ghz CPU, 10

GB memory, and Windows operating system.

7. Test problems

For general performance testing, the use of artificially constructed test functions is appropriate since they have

many advantages, such as easy implementation, easy visualization, and known optima in advance. However,

several benchmark functions exist in the literature that are designed differently. For the veracity of the

comparisons, 26 test functions composed of constrained and unconstrained functions from the literature are

used in this study.

The test functions can be handled in four categories: the first is bi-objective unconstrained problems:

Schaffer [6], Fonseca [40], Kursawe [41], and Zitzler–Deb–Thiele’s (ZDT) test suite [42]. The second is bi-

objective constrained problems: Constr [11], Srinivas [10], Osyczka2 [43], Golinski [44], Tanaka [45], and Binh2

[46]. The third category of problems is Deb et al.’s DTLZ test suite [47], where problems are scalable to any

number of objectives. This benchmark suite includes nine test problems of which the first seven are shown in

the appendix section. Due to their side constraints and high dimensionality, DTLZ8 and DTLZ9 are disregarded

here. Finally, the last selected test problem category is composed of the Viennet test suite [48] and Tamaki [49].

Viennet1, 2, and 3 are test problems with three objectives without constraints. Viennet4 has three objectives

and three constraints. Viennet’s test problem has a discrete set of Pareto fronts. Tamaki has three objectives

and one constraint. The formulations of all test problems are included in Appendix B.

8. Performance indices

In order to quantify the performance of multiobjective optimization algorithms, two essential concepts are

dictated by Pareto optimality: convergence and diversity. The first concept (convergence) means the distance
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between the obtained nondominated front and true Pareto front. This is crucial for determining the accuracy

of the solutions obtained by an algorithm. The second one (diversity) demonstrates the distribution of the

solutions found within Pareto-optimal solutions. It identifies to what extent the solutions of an algorithm show

a consistent distribution in the different areas of the true Pareto front. In order to measure these two criteria,

many methods for solving MOPs have been presented [11,13,50]. In this paper, four performance indices that

are commonly used are chosen and their brief explanations are given below.

• General Distance (GD): General distance is a well-known convergence metric used for determining

how far obtained nondominated solutions are from true Pareto optimal solutions on average. The ideal

case is that metric value equals zero. The GD metric is mathematically expressed as follows [51]:

GD =

√
nEXA∑
i=1

d2i

nEXA
, (2)

where nEXA is the cardinality of the obtained nondominated solution set, and di is the Euclidean

distance between the ith solution in the external archive and the nearest member of the true Pareto front.

• Spread (SP): The spread metric is used for measuring the distribution of nondominated solutions found

along the true Pareto optimal front. It is based on computing the distance between two consecutive

solutions that are nearest neighbors themselves on the normalized objective space. It is desired that SP

converges to zero. The SP metric can be defined as follows [24]:

SP =

∑n
i=1 d (ei, S) +

∑
X∈S∗ |d (X,S)| − d̄∑n

i=1 d (ei, S) + |S∗| .d̄
, (3)

where S is the nondominated solution set obtained by an algorithm, S∗ is the true Pareto optimal solution

set known in advance, (e1, . . . , en) are n extreme solutions in S∗ , n is the number of objectives, and

d (X,S) = ∥f (X)− f (Y )∥2 (4)

d̄ =
1

|S∗|
∑

X∈S∗

d (X,S) (5)

d (X,S) is minimum distance of solution X to true Pareto front, and d̄ is the mean distance.

• Maximum Spread (MS): Maximum spread is another diversity metric proposed in [52]. This metric

especially shows how well the algorithm can find the extreme solutions. It is defined as follows:

MS=

√√√√ 1

n

n∑
l=1

δl and δl =

(
(fmax

l , Fmax
l )−

(
fmin
l , Fmin

l

)
Fmax
l − Fmin

l

)2

, (6)

where fmax
l is maximum and fmin

l is minimum of the lth objective in the external archive, and Fmax
l

is maximum and Fmin
l is minimum of the lth objective in the true Pareto optimal front. In the case of

fmin
l ≥ Fmax

l , it assumes that δl equals zero. It is desired that MS converges to one for the true Pareto

front being completely covered by the obtained nondominated solutions.
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• Hypervolume (HV): Hypervolume is a popular indicator suggested by Zitzler and Thiele for perfor-

mance assessments; it is also known as S-metric or Lebesgue measure [53]. The obtained nondominated

solution set is the points in objective space, and the hypervolume metric calculates the size of the region

dominated by the solutions in this set. A larger hypervolume means a better set of trade-offs than a

smaller one. For this reason, normalized objective function values are used. For example, hypervolume in

three dimensions can be seen in Figure 7. The nondominated solutions, Q = {a, b, c, d}, are marked by

circles. The HV metric is calculated with Eq. (7).

HV=volume

 |Q|∪
i=1

vi

 (7)

Figure 7. Hypervolume in three dimensions.

9. Parameter settings

All algorithms have been run for both 25,000 and 50,000 function evaluations. We have executed 100 independent

runs for each problem. The median and interquartile range (IQR) of each problem are used as measures of

location (or central tendency) and statistical dispersion, respectively. The best result for each test problem

has a gray background. If more than one algorithm has the same best median value, then the one with the

smaller IQR is assumed to be the best. The size of bee colony, NP, is 100; thereby population size becomes

50, which is created randomly by diversification method in the initial phase. The size of external archive EXA

is determined as 100 for bi-objective problems and 400 for problems with three objectives for all considered

algorithms. Finally, the limit parameter is assigned to 5 as the number of steps for the improvement method.

Unlike other algorithms, the proposed IBMO has an advantage of employing fewer control parameters. These

parameter values are also shown in Table 1.

Table 1. The outline of the presented IBMO algorithm.

Parameter Value
maxFes 25,000 and 50,000
NP 100
SN 50

nEXA
100 for biobjective problems
400 for problems with more than 2 objectives

limit 5

The proposed algorithm IBMO is implemented in MATLAB and compared with four state-of-the-art

algorithms: NSGAII, SPEA2, AbYSS, and OMOPSO. The applications are implemented in Java using the

jMetal framework, which can be downloaded from http://jmetal.sourceforge.net. For each algorithm, suggested

parameter settings of the original authors have been used.
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Due to the fact that obtained values are generated by stochastic algorithms, statistical reliability analyses

are employed to control the results for promoting the confidence of applied processes. For this purpose, first a

Kolmogorov–Smirnov test is performed to detect if obtained data have a normal distribution or not. In the case

of normal distribution one-way ANOVA is used (for parametric statistical tests), otherwise the Kruskal–Wallis

test (for nonparametric statistical tests). The confidence level 0.05 is used for all statistical tests. Multiple

comparisons are performed with the aid of SPSS. Successful tests are marked with “+” symbols in the last

column in all the tables; conversely, “−” means that no statistical confidence was found (P-value >0.05).

10. Results and discussion

The proposed algorithm IBMO is compared with two standard and well-known algorithms, NSGA2 and SPEA2,

and two up-to-date algorithms, OMOPSO and AbYSS. These algorithms and the parameter settings used in

the experiments are explained in detail in the previous sections.

The computational results of performance indices (GD, SP, MS, and HV) for 25,000 function evaluations

are shown in Tables 2, 3, 4, and 5, respectively, according to all five algorithms: IBMO, OMOPSO, AbYSS,

NSGA2, and SPEA2. In addition, the metric results after 50,000 function evaluations are given in Appendix A.

As shown in Table 2, the proposed IBMO obtains the lowest GD metric value for nine out of the 26 test

problems and with statistical confidence in almost all problems. A low GD metric value of an algorithm on a

problem is significant for accuracy of the obtained Pareto front. A well-distributed front is remarkable when

approximating to the true Pareto front. IBMO specifically has a better performance (except for significantly

two problems: Osycka2 and Golinsky), for the first two groups of problems, which consist of unconstrained

and constrained bi-objective problems. Fuerthermore, IBMO achieves good results on the problems with more

than two objectives in the last two groups. The IBMO is superior to the other algorithms for DTLZ3, DTLZ7,

Viennet, Viennet2, and Tamaki. Concerning the remaining problems, IBMO obtains competitive results with

especially AbYSS, which is a well-developed hybrid algorithm.

With respect to the spread metric in Table 3, IBMO achieves quite competitive results compared with

other state-of-the-art algorithms on all MOPs. It outperforms the other algorithms on four problems. It should

be noted that it is necessary to evaluate the diversification with accuracy of the obtained Pareto front. In this

respect, IBMO has generally better GD values with competitive SP values. This case can be seen graphically

in Figures 8–12. As shown in Figure 8, IBMO obtains the true Pareto front definitely on constrained and

unconstrained MOPs. In addition, the next figures for DTLZ1, DTLZ3, DTLZ4, and DTLZ7 are related MOPs

with more than two objectives, respectively. For DTLZ1 seen in Figure 9, IBMO obtains the true Pareto optimal

surface almost completely, while OMOPSO and SPEA2 are far from the true Pareto optimal front, and NSGAII

and AbYSS have an insufficient distribution along the Pareto front. For DTLZ3 seen in Figure 10, IBMO

has the closest front to the true Pareto front and better diversification among the others. For DTLZ4 seen in

Figure 11, SPEA2 has the best spreadout with an acceptable accuracy, which is clear from related GD and SP

tables. Although IBMO, OMOPSO, SPEA2, and partially NSGA2 obtain the four discrete areas of the Pareto

front on DTLZ7, AbYSS is not successful as seen in Figure 12. The algorithms achieve better outcomes for

different MOPs. However, it is clear that IBMO has the best surfaces with AbYSS among these five algorithms.

The performance of IBMO on these problems is quite good owing to the fact that the proposed improvement

method stimulates the selection pressure to bounds of the Pareto surface. A good diversification is obtained by

the crowding distance technique on the external archive.

The results of the MS metric are given in Table 4. The MS measures the range of extreme values on

the Pareto front for obtained solutions. The values between zero and one are desired to be one. According to
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Figure 8. Pareto fronts obtained by IBMO on several biobjective MOPs.
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Figure 9. Nondominated solutions obtained by IBMO, AbySS, OMOPSO, NSGAII, and SPEA2 with true Pareto front

on problem DTLZ1.

the calculated MS values, IBMO obtains extreme values for all MOPs except Binh2 and DTLZ6. However, all

other algorithms do not adequately get close to one value either.

Hypervolume indicator encapsulates a spreadout measure of the obtained solutions along the Pareto front

as well as the closeness of the solutions to the Pareto front. In other words, it tries to give a measure in a single

value by combining the concepts of GD and SP. Based on the computational results of the HV metric shown in

Table 5, IBMO obtains the best values for ten problems. All algorithms except OMOPSO cannot produce an

acceptable front for DTLZ3 and DTLZ6 problems according to this metric. As to remaining MOPs, IBMO has

the competitive outcomes.
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SAĞ and ÇUNKAŞ/Turk J Elec Eng & Comp Sci

 

0

5

10

0
2

4

6

0

5

10

f1
f2

0

10

20
0

5
10

15

0

5

10

15

f1

f2

f3

0

100

200

0

50

100

0

50

100

150

f1f2

0

5

10

0
5

10

0

5

10

15

f1

f2

f3

0

500

1000

0
500

1000

0

200

400

600

f1
f2

0

0.5

1

0
0.5

1

0

0.5

1

f1

f2

f3

DTLZ3 -OMOPSO DTLZ3 - NSGAII 

DTLZ3 -IBMO DTLZ13- AbYSS  

DTLZ3 –SPEA2 DTLZ3 – True Pareto Front 

f2  
f2  

f2  

f2  f2  

Figure 10. Nondominated solutions obtained by IBMO, AbySS, OMOPSO, NSGAII, and SPEA2 with true Pareto

front on problem DTLZ3.

As aforementioned, results for the GD, SP, MS, and HV metrics after 50,000 function evaluations are

given in Tables 6, 7, 8, and 9 in Appendix A, respectively. With regard to these outcomes, it can be reported

again that IBMO has superior or competitive performance compared to the state-of-the-art techniques. At

the end of the study in Appendix B, definitions of the test problems are given in Tables 10, 11, 12, and 13,

respectively.
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Figure 11. Nondominated solutions obtained by IBMO, AbySS, OMOPSO, NSGAII, and SPEA2 with true Pareto

front on problem DTLZ4.

11. Conclusion

A new technique called the IBMO algorithm for solving multiobjective optimization problems is presented in

this paper. ABC and the nondominated sorting strategy of NSGA2 are combined and a new improvement

procedure is proposed to promote the convergence to the Pareto front in both phases of employed and onlooker

bees. The crowding operator to improve the distribution of nondominated solutions and a fixed-sized external

archive are used. Moreover, a diversification method is used to generate the initial population that disperses to

search space in a better way.
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Figure 12. Nondominated solutions obtained by IBMO, AbySS, OMOPSO, NSGAII, and SPEA2 with true Pareto

front on problem DTLZ7.

The proposed IBMO is compared with four state-of-the-art multiobjective optimization algorithms:

NSGAII, SPEA2, AbYSS, and OMOPSO. In order to evaluate the performance of the algorithms, 26 test

problems with two and three objectives are selected from the specialized literature. The dispersion of solutions

and their proximity to the Pareto front are tested by using four different quality indicators.

IBMO is an effective and stable-running hybrid method compared to other algorithms. Its main advan-

tages are its ease of use, few parameters that need to be adjusted, and well-constructed improvement procedure

that ensures fast converging. According to experiments done with test functions, it can be concluded that IBMO

has highly competitive performance and its results are better than the others for many of the test functions.

IBMO is a suitable technique to solve MOPs as well as the best multiobjective approaches.
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Appendix B

Table 10. Definition of Viennet family and Tamaki test problems

Problem D Variable Bounds Objective Functions

Scha"er 1 [ -103 , 103 ] 1 ( ) = 2

2 ( ) = ( − 2)2

Fonseca 3 [ -4 , 4 ] 1 ( ) = 1 − ( − ∑ ( −
1

√3
)

3

= 1

2

)    2 ( ) = 1 − ( − ∑ ( +
1

√3
)

3

= 1

2

)

Kursawe 3 [ -5 , 5 ] 1 ( ) = ∑ ( − 10 (− 0.2√ 2 + + 1
2 ))− 1

= 1    2 ( ) = ∑ (| |0.8 + 5 sin 3 )= 1

ZDT1 30 [ 0 , 1 ]
1 ( ) = 1 2 ( ) = ( )(1 − √ 1 / ( ))

( ) = 1 + 9 ∑
= 2

/ ( − 1)

ZDT2 30 [ 0 , 1 ]
1 ( ) = 1 2 ( ) = ( ) ( 1 − ( 1 / ( ))

2
)

( ) = 1 + 9 ∑
= 2

/ ( − 1)

ZDT3 30 [ 0 , 1 ]

1 ( ) = 1 2 ( ) = ( ) ( 1 − √ 1

( )
−

( 1 / ( )) (10 ))  

( ) = 1 + 9 ∑
= 2

/ ( − 1)

ZTD4 10
1 ∈ [0 , 1]
∈ [− 5 , 5]
= 2, …,

1 ( ) = 1 2 ( ) = ( )(1 − √ 1 / ( ))  

( ) = 1 + 10  ( − 1) + ∑ [ 2 − 10 (4 )]
= 2

ZDT6 10 [ 0 , 1 ]

1 ( ) = 1 − (− 4 1 ) 6 (6 1 ) 2 ( ) = ( ) ( 1 − ( 1 / ( ))
2

)  

( ) = 1 + 9 [∑
= 2

/ ( − 1)]

0.25

5
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Table 11. Definition of Viennet family and Tamaki test problems

Problem D Variable Bounds Objective Functions

Constr 2 1 ∈ [0.1 , 1]
2 ∈ [0 , 5]

1 ( ) = 1

2 ( ) = (1 + 2 )/ 1

1 ( ) = 2 + 9 1 ≥ 6
2 ( ) = − 2 + 9 1 ≥ 1

Srinivas 2 1 , 2
∈ [− 20 , 20 ]

1 ( ) = 2 + ( 1 − 2)2 + ( 2 − 1)2

2 ( ) = 9 1 − ( 2 − 1)2

1 ( ) = 1
2 + 2

2 ≤ 225
2 ( ) = 1 − 3 2 + 10 ≤ 0

Osyczka2 6

1 , 2 ∈ [0 , 10 ]
3 ,  5 ∈ [1 , 5]

4 ∈ [0 , 6]
6 ∈ [1 , 10 ]

1 ( ) = − [25 ( 1 − 2)2 + ( 2 − 2)2 + ( 3 − 1)2 + ( 4 − 4)2 + ( 5 − 1)2 ]

2 ( ) = 1
2 + 2

2 + 3
2 + 4

2 + 5
2 + 6

2

1 ( ) = 1 + 2 − 2 ≥ 0
2 ( ) = 6 − 1 − 2 ≥ 0
3 ( ) = 2 − 2 + 1 ≥ 0
4 ( ) = 2 − 1 + 3 2 ≥ 0
5 ( ) = 4 − ( 3 − 3)2 − 4 ≥ 0
6 ( ) = ( 5 − 3)2 + 6 − 4 ≥ 0

Golinski 7

1 ∈ [2.6 , 3.6]
2 ∈ [0.7 , 0.8]
3 ∈ [17 , 28 ]

4 ∈ [7.3 , 8.3]
5 ∈ [7. 3 , 8.3]
6 ∈ [2.9 , 3.9]
7 ∈ [5.0 , 5.5]

1 ( ) = 0.7854 1 2
2 (10 3

2 / 3 + 14 .933 3 − 43 .0934 ) −
  1.508 1 ( 6

2 + 7
2 ) + 7.477 ( 6

3 + 7
3 ) + 0.7854 ( 4 6

2 + 5 7
2 ) 

2 ( ) = √ (745 4 / 2 3 )2 + 1.69 × 10 7 / 0.1 6
2

1 ( ) =
1.0

( 1 2
2

3 )
−

1
27

≤ 0

2 ( ) =
1.0

( 1 2
2

3
2 )

−
1

397 .5
≤ 0

3 ( ) = 4
3

( 2 3
2

6
4 )

−
1

1.93
≤ 0

4 ( ) = 5
3

( 2 3 7
4 )

−
1

1.93
≤ 0

5 ( ) = 2 3 − 40 ≤ 0
6 ( ) = 1 / 2 − 12 ≤ 0
7 ( ) = 5 − 1 / 2 ≤ 0
8 ( ) = 1.9 − 4 + 1.5 6 ≤ 0
9 ( ) = 1.9 − 5 + 1.1 7 ≤ 0
10 ( ) = 2 ( ) ≤ 1300

= 745 5 / 2 3
= 1.575 × 10 8

11 ( ) =
√ 2 +

0.1 7
3 ≤ 1100

Tanaka 2 1 , 2 ∈ [0 , ]

1 ( ) = 1

2 ( ) = 2

1 ( ) = 1
2 + 2

2 − 1 − 0.1 cos (16arctan ( 1

2
) ) ≥ 0

2 ( ) = ( 1 − 0.5)2 + ( 2 − 0.5)2 ≤ 0.5

Binh2 2 1 � [0 , 5]
2 ∈ [0 , 3]

1 ( ) = 4 1
2 + 4 2

2
2 ( ) = ( 1 − 5)2 + ( 2 − 5)2

1 ( ) = ( 1 − 0.5)2 + 2
2 − 25 ≤ 0

2 ( ) = ( 1 − 8)2 + ( 2 − 3)2 − 7.7 ≥ 0

6
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Table 12. Definition of DTLZ test problems.

Problem D Variable Bounds Objective Functions

DTLZ1 7
∈ [0 , 1]

= 1, …,

1 ( ) = 0.5 1 2 (1 + ( ))

2 ( ) = 0.5 1 (1 − 2 )(1 + ( ))

3 ( ) = 0.5(1 − 1 )(1 + ( ))

( ) = 100 [5 + ∑ (( − 0.5)2 − cos(20 ( − 0.5)))
= 3

]

DTLZ2 12
∈ [0 , 1]

= 1, …,

1 ( ) = (1 + ( )) cos(0.5 1 ) cos(0.5 2 )

2 ( ) = (1 + ( )) cos(0.5 1 ) sin(0.5 2 )

3 ( ) = (1 + ( )) sin(0.5 1 )

( ) = ∑ ( − 0.5)2

= 3

DTLZ3 12 ∈ [0 , 1]

= 1, …,

1 ( ) = (1 + ( )) cos(0.5 1 ) cos(0.5 2 )

2 ( ) = (1 + ( )) cos(0.5 1 ) sin(0.5 2 )

3 ( ) = (1 + ( )) sin(0.5 1 )

( ) = 100 [10 + ∑ (( − 0.5)2 − cos(20 ( − 0.5)))
= 3

]

DTLZ4 12 ∈ [0 , 1]

= 1, …,

1 ( ) = (1 + ( )) cos(0.5 1
100 ) cos(0.5 2

100 )

2 ( ) = (1 + ( )) cos(0.5 1
100 ) sin(0.5 2

100 )

3 ( ) = (1 + ( )) sin(0.5 1
100 )

( ) = ∑ ( − 0.5)2

= 3

DTLZ5 12 ∈ [0 , 1]

= 1, …,

1 ( ) = (1 + ( )) cos(0.5 1 ) cos(0.5 2 )

2 ( ) = (1 + ( )) cos(0.5 1 ) sin(0.5 2 )

3 ( ) = (1 + ( )) sin(0.5 1 )

( ) = ∑ ( − 0.5)2

= 3

= (1 + 2 ( ))/ ( 4(1 + ( )))

DTLZ6 12 ∈ [0 , 1]

= 1, …,

1 ( ) = (1 + ( )) cos(0.5 1 ) cos(0.5 2 )

2 ( ) = (1 + ( )) cos(0.5 1 ) sin(0.5 2 )

3 ( ) = (1 + ( )) sin(0.5 1 )

( ) = ∑ 0.1

= 3

= (1 + 2 ( ))/ ( 4(1 + ( )))

DTLZ7 22 ∈ [0 , 1]

= 1, …,

1 ( ) = 1

2 ( ) = 2

3 ( ) = (1 + ( ))h( )

( ) = 1 + 9 ∑ / 20
= 3

h( ) = 3 − ∑ . (1 + sin(3 ))/
2

= 1
(1 + ( ))

7
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Table 13. Definition of Viennet family and Tamaki test problems.

Problem D Variable Bounds Objective Functions

Viennet 2 1 , 2 ∈ [− 2 , 2]
1 ( ) = 1

2 + ( 2 − 1)2

2 ( ) = 1
2 + ( 2 + 1)2 + 1

3 ( ) = ( 1 − 1)2 + 2
2 + 2

Viennet2 2 1 , 2 ∈ [− 4 , 4]
1 ( ) = ( 1 − 2)2 / 2 + ( 2 + 1)2 / 13 + 3

2 ( ) = ( 1 + 2 − 3)2 / 36 + (2 2 − 1 )2 / 8 − 17

3 ( ) = ( 1 + 2 2 − 1)2 / 175 + (2 2
2 − 1 )2 / 17 − 13

Viennet3 2 1 , 2 ∈ [− 3 , 3]
1 ( ) = ( 1

2 + 2
2 )/ 2 + sin( 1

2 + 2
2 )

2 ( ) = (3 1 − 2 2 + 4)2 / 8 + ( 1 − 2 + 1)2 / 27 − 15

3 ( ) = 1/ ( 1
2 + 2

2 + 1) − 1.1 (− 1
2 − 2

2 )

Viennet4 2 1 , 2 ∈ [− 4 , 4]

1 ( ) = ( 1 − 2)2 / 2 + ( 2 + 1)2 / 13 + 3

2 ( ) = ( 1 + 2 − 3)2 / 175 + (2 2 − 1 )2 / 17 − 13

3 ( ) = (3 1 + 2 2 + 4)2 / 8 + ( 1 − 2 + 1)2 / 27 + 15

1 ( ) = 4 1 + 2 − 4 < 0

2 ( ) = 1 + 1 > 0

3 ( ) = 1 − 2 − 2 < 0

Tamaki 3 1 , 2 , 3 ∈ [0 , 1]

1 ( ) = 1

2 ( ) = 2

3 ( ) = 3

( ) = 1
2 + 2

2 + 3
2 − 1 ≤ 0

8
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