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Abstract:This paper deals with the design of an adaptive sliding mode with a time delay control based on convolutions

(ASMTDCC) approach for a voltage source converter (VSC) high voltage direct current (HVDC) transmission system

for power flow reference tracking over a wide range of operating conditions considering parameter variations and external

disturbances. For this purpose, the model of a VSC-HVDC transmission system connecting two asynchronous electrical

grids is developed. The problem of designing an ASMTDCC feedback scheme, via a control strategy, is addressed seeking

a better performance. For ensuring robust behavior and reducing chattering, the ASMTDCC scheme is realized based

on time delay approximation and sliding mode techniques. Theoretical developments and results are illustrated through

simulation results.

Key words: High voltage direct current transmission system, power flow, sliding mode control, time delay control,

convolution, Lyapunov function

1. Introduction

Explicitly, the most common arguments put forward by the supporters of high voltage direct current (HVDC)

rather than high voltage alternative current (HVAC) transmission systems, in addition to the environmental

and economical merits are as follows [1–4]: cheaper in long-haul bulk power transmission, asynchronous link,

accurate control of power flow both magnitude and direction, fault isolation, and improved link stability.

The HVDC transmission system was proposed with the application of modern electrical transmission

systems [5]. Its various capabilities have been discussed in many papers in areas of power flow control [6–

8], transient stability improvement, and oscillation damping control [9,10]. Furthermore, in the literature,

the HVDC transmission system has been applied in a vast variety of control system investigations, including

PI control [11–14], H∞ approach method [15], linearization control [11], sliding mode control [16,17], back-

stepping design [18,19], flatness theory-based control [20], and passivity theory-based control [21,22]. All the

aforementioned methods, including linear and nonlinear controllers, guarantee asymptotic stability of the closed-

loop system. In the literature some intelligent controllers are also proposed [14,17], which have the problem

of iteration-based results. Furthermore, the time delay control strategies have demonstrated better robustness

and disturbance rejection properties [23–25].

To the best of the authors’ knowledge, the ASMTDCC technique for controlling the operation of the VSC-

∗Correspondence: hamache81@yahoo.fr
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HVDC transmission system, under parameter uncertainties and disturbances, has not been studied according to

the literature published so far. Thus, the main contribution of this paper is to verify the dynamic performance

of the ASMTDCC as a control solution for the VSC-HVDC transmission system in power flow reference

tracking, to meet the inherent uncertain parameters, unmodeled dynamics, and unknown disturbances [16]. The

ASMTDCC’s capability towards providing a stabilized performance over a wide range of operating conditions

and perturbations is discussed.

In line with the above discussion, this paper addresses the problem of ASMTDCC controller design based

on the direct Lyapunov stability theory and convolution-based time delay approximation technique for power

flow control. The controller is able to track reference signals precisely and is robust against model uncertainties

and external disturbances.

The paper is organized as follows: the model of the transmission system is built in section 2. The

calculation of current references for AC subsystem is presented in section 3. In section 4, based on Lyapunov

theory and convolution-based time delay approximation, the ASMTDCC law is deduced considering the VSC-

HVDC AC subsystem dynamics. Section 5 presents simulation results for exhibiting the controller performances

and verifying its robustness. Finally, section 6 concludes the paper.

2. Mathematical model of the VSC-HVDC transmission system

This section introduces the state-space model of a VSC-HVDC system established in the synchronous d-q frame,

which allows for a decoupled control on the real and the reactive powers, with the high-frequency pulse width

modulation (PWM) characteristics of the power electronics. Only the balanced condition is considered in this

paper, i.e. the three phases have identical parameters and their voltages and currents have the same amplitude

while phase-shifted 120◦ between themselves.

A typical VSC-HVDC transmission link consists of two converter stations [1,2,11,16]. One station operates

as the rectifier station whereas the other operates as the inverter station as shown in Figure 1.

 

 

 

 

 

 

 

2
C  

1
C  

dcR  dcL  

sR  sL  rL  
rR  

rV  
sV  

1CU

 

2CU  

50Hz

 

60Hz  

ri  si  

dci  

PWM PWM 

    Control system Commands Measures 

1
V

2
V

,s sP Q  ,r rP Q  
2 2
,P Q

1 1
,P Q  dcP  

Figure 1. Schematic diagram of the HVDC system.

The real and reactive powers supplied by the sending grid are denoted by Ps and Qs , respectively, while

the corresponding powers entering the receiving grid arePr and Qr .

The mathematical model developed in this paper is based upon a rotating d− q frame.
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During the transformation of the abc to the d − q frames, a phase-locked loop (PLL) plays a key role.

This system is naturally decoupled into two subsystems: the first one is the AC subsystem representing fast

dynamics and the second one is the DC subsystem, which represents slow dynamics [16,17].

2.1. AC subsystem

Figure 2 represents the single phase equivalent circuit of the two AC sides of the VSC-HVDC transmission

system, which represent the so-called AC subsystem. Rs , Ls , and is are the resistance, inductance, and

current on the rectifier AC side and Rr , Lr , and ir are the resistance, inductance, and current on the inverter

AC side, respectively. V1 and Vs are the voltage of the rectifier AC side and the voltage of the sending grid

side, respectively. The voltages V2 and Vr correspond to the inverter AC side and the receiving grid side,

respectively.
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Figure 2. Single phase equivalent circuit HVDC’s AC subsystem.

By applying Kirchhoff’s voltage law to the circuits of Figure 2, one can write the following differential

equations:

Ls
disph
dt

+ Rs isph = −V1ph + Vsph (1)

Lr
dirph
dt

+ Rr irph = V2ph − Vrph, (2)

where ph = a, b and c is any phase of the three-phase system.

Considering a balanced three-phase system rotating at a pulsation ω1 and a rotating frame d1 − q1

initially oriented on angle θ1 = ω1 t , as in Figure 3, the d-q equations of the rectifier side are obtained by

transforming equation Eq. (1) using Park’s transformation [16] as follows:
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Figure 3. Rotating frames for d-q transformation.
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disd
dt = − Rs

Ls
isd + ω1 isq − 1

Ls
V1d + Vsd

Ls

disq
dt = − Rs

Ls
isq − ω1 isd − 1

Ls
V1q +

Vsq

Ls

(3)

Similarly, the d− q equations of inverter side in a rotating frame at a pulsation ω2 initially oriented on angle

θ2 = ω2 t are as follows: 
dird
dt = − Rr

Lr
ird + ω2 irq + 1

Lr
V2d − Vrd

Lr

dirq
dt = − Rr

Lr
irq − ω2 ird + 1

Lr
V2q − Vrq

Lr

, (4)

where isd , isq , V1d , V1q , Vsd , Vsq and ird , irq , V2d , V2q , Vrd , Vrq are the d − q axis currents and voltages

on the rectifier and inverter AC sides, respectively.

Here ω1 and ω2 refer to the pulsations of the rectifier and inverter AC sides, respectively.

The AC subsystem’s global mathematical model and state space representation that indicates the rela-

tionships among the different system’s variables are consequently expressed in the form below:

Ẋ = AX+BU+W, (5)

where X , U , and W refer, respectively, to the state variables vector, the control signals vector, and the

residual terms vector, which represents the d − q components of the system steady state power flow without

the VSC-HVDC device, in d− q reference frame.

X =

[
isd isq ird irq

]T
, U =

[
V1d V1q V2d V2q

]T
and W =

[
Vsd

Ls

Vsq

Ls
−Vrd

Lr
−Vrq

Lr

]T
.

The matrices A and B are printed out as

A =



−Rs

Ls
ω1 0 0

−ω1 −Rs

Ls
0 0

0 0 −Rr

Lr
ω2

0 0 −ω2 −Rr

Lr


and B =



− 1
Ls

0 0 0

0 − 1
Ls

0 0

0 0 1
Lr

0

0 0 0 1
Lr


.

Note that the determinant of B is given by det(B) = 1
/
(Ls Lr)

2 ̸= 0, which means that matrix B is invertible.

2.2. DC subsystem

Figure 4 represents a schematic diagram of the DC subsystem (DC link), where Rdc , Ldc , and idc are its

resistance, inductance, and current, respectively [11–18]. P1 and P2 refer to real powers on both sides of the

converters, as shown in Figure 4.
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Figure 4. Schematic diagram of the DC link with powers repartition.

PC2 refers to the stored power in capacitor C2 and P3 represents power losses relative to resistance Rdc

and capacitor C1 . By applying the principle of real power balance on both sides of the rectifiers, one has

P1 − P3 − PC2 − P2 = 0 (6)

From Eq. (6), PC2 can be expressed as

PC2 = P1 − P2 − P3 (7)

If Ploss refers to power losses between sending and receiving grid sides, then its expression can be given by

Ploss = (Ps − P1) + (P2 − Pr) + P3 (8)

Using Eq. (7), Eq. (8) can be rewritten as

PC2 = (Ps − Pr)− Ploss (9)

The stored power PC2 can be replaced in Eq. (8) by its expression Eq. (9) [21],

PC2 =
C

2

dU2
C2

dt
(10)

Thus, the dynamics of inverter side DC square voltage U2
C2 is given as

C

2

dU2
C2

dt
= (Ps − Pr) − Ploss (11)

In Eq. (11), the term ∆P = Ps − Pr represents the DC link control and Ploss is considered as a disturbance

that is assumed to be unknown.

Since the dynamics of the DC link is linear and relatively slow, a conventional PI controller can be used

to regulate DC voltage UC2 to its rated value UC2ref and reject external disturbances Ploss [6–16], as shown

in Figure 5.
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Figure 5. DC voltage control scheme.
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3. Control objectives and calculation of current references

After developing the system’s mathematical model in state space, a control law formulation is necessary for

mainly controlling the active and reactive powers to their set points and governing the DC voltage to its rated

value.

The voltage drop and the power losses in the DC link are taken into account with regards to the power

flow direction (flow from station 1 to station 2 or vice versa).

The reference values of active and reactive powers supplied to both AC sides of the VSC-HVDC system

are given by Eq. (12) [6–16]. 
Psref = Vsd isdref + Vsq isqref

Qsref = Vsq isdref − Vsd isqref

Prref = Vrd irdref + Vrq irqref

Qrref = Vrq irdref − Vrd irqref

(12)

Consequently, with known desired active and reactive power references to be transmitted in the AC receiving

line, irdref and irqref are obtained as follows:{
irdref = (Vrd Prref + Vrq Qrref )

/ (
V 2
rd + V 2

rq

)
irqref = (Vrq Prref − Vrd Qrref )

/ (
V 2
rd + V 2

rq

) (13)

Similarly to AC receiving line currents, isdref and isqref are obtained as follows:{
isdref = (Vsd Psref + Vsq Qsref )

/ (
V 2
sd + V 2

sq

)
isqref = (Vsq Psref − Vsd Qsref )

/ (
V 2
sd + V 2

sq

) (14)

The current references are lumped in the reference state variables vector Xref = [isdref isqdref irdref irqref ]
T
.

The calculation of current references vector Xref in the d− q frame is illustrated in Figure 6.
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Figure 6. Current references calculation.

4. Designing the ASMTDCC of the VSC-HVDC transmission system

As indicated in section 3, this paper mainly focuses on the inner-loop control of the VSC-HVDC transmission

system. In this section a centralized globally asymptotically stabilizing control for the system is presented.

We intend to develop a state feedback control that forces the system to track a nonconstant reference current
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Xref (t) in the presence of plant uncertainties and external disturbances that unavoidably affect the state space

model Eq. (5) [6–16].

If ∆A , ∆B , and ∆W are the uncertainties of the system then,
A = An +∆A

B = Bn +∆B

W = Wn +∆W

, (15)

where subscript ‘n ’ denotes the nominal parts.

If d is an external disturbance, then all the uncertainties can be lumped as follows:

D = ∆AX+∆BU+∆W+d (16)

Let the following reasonable assumptions hold for the system:

1. all the state variables of the system are measurable or estimated,

2. the lumped uncertainty D is bounded, i.e. there exist four positive upper bounds D̄i such that

|Di| < D̄i, (17)

i = 1 , ..., 4

Using Eqs. (15) and (16), the expression Eq. (5) can be rewritten as

Ẋ = An X+Bn U+Wn +D (18)

For the system Eq. (18), we define the sliding surface as the tracking error by [26]

S=X − Xref (19)

Combining Eqs. (18) and (20) and assuming that Xref is differentiable, Ṡ is given by

Ṡ = An X + Bn U + Wn +D − Ẋref (20)

To bring out an error term, the term An Xref can be added and subtracted to the above equation, which leads

to

Ṡ = AS+
(
Bn U+Wn +D+An Xref − Ẋref

)
(21)

Now a control action U can be chosen such that the term between brackets in Eq. (21) is zero at any instant

of time [23]. This makes the error decay at the rate dictated by the state matrix An . Since this decay rate is

not practical in general, a much faster one is desired. Thus a new control action

µ = U + KS (22)

is defined to adjust the error dynamics, where K is a feedback gain matrix [23]. The error dynamics now takes

the form

Ṡ = (An − Bn K) S+p, (23)
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where vector p is expressed as follows:

p = Bn µ + Wn +An Xref − Ẋref +D (24)

The proposed control law is chosen as follows:

µ = B− 1
n

(
−Wn − An Xref + Ẋref − D̂ − Lsign(S)

)
, (25)

where D̂ is the estimated of D .L and sign(S) are given as follows:

L = diag
(
l1 l2 l3 l

4

)
, li > 0 for i = 1 , ..., 4 and

sign(S) = [sign(s1) sign(s2) sign(s3) sign(s4)]
T
.

Here x 7→ sign(x) refers to the sign function.

The error dynamic behavior in the time interval [t− L, t] , where L is a delay time, is governed by Eq.

(23) and its response at present time t is given as follows [23]:

S(t) = Φ(t, t− L)S(t− L)+

t∫
t−L

Φ(t− τ, t− L)p(τ) dτ, (26)

which involves a state transition matrix Φ expressed as [22]

Φ(t1, t2) = e(An − Bn K) (t1 − t2) (27)

If An , Bn , Wn , µ , S , Xref , Ẋref , and K are specified along the time interval [t − L , t] , the unknown

function D(t) can be estimated through rearranging Eq. (26) as

t∫
t−L

Φ(t − τ, t − L)D(τ) dτ = S(t) − Φ(t, t − L)S(t − L)

−
t∫

t−L

Φ(t − τ, t − L)
(
Bn µ + Wn +An Xref − Ẋref

)
dτ

(28)

For a small time delay L , D(t) does not change significantly during the time interval [t − L , t] , and so it can

be approximated by D̂(t) as follows [23]:

t∫
t−L

Φ(t − τ , t − L)D(τ) dτ =

 t∫
t−L

Φ(t − τ , t − L) dτ

 D̂(t) (29)

and thus

D̂(t) =

 t∫
t−L

Φ(t − τ , t − L) dτ

− 1 t∫
t−L

Φ(t − τ , t − L)D(τ) dτ (30)

Once the unknown vector D(t) is estimated, the control action can be calculated by Eq. (25) as in [23–25].
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Note that the proposed control law, when implemented digitally, suggests a delay time L much larger

than the sampling period T [23].

As the time delay L is small enough but not zero, it is assumed that the estimated vector D̂(t) at present

time is closer to the value of D(t) and so an estimation error εcould exist.

ε = D(t) − D̂(t) (31)

However, it is reasonable to assume that the approximation error is bounded [23–25]. Hence, there exist four

positive constants ε̄i such that

|εi| ≤ ε̄i, i = 1 , ..., 4 (32)

Theorem If the control law defined by Eq. (25) with the estimation law Eq. (30) are applied to the VSC-HVDC

system described by Eq. (18) under the condition Eq. (32) and properly chosen design matrices K and L , then

the following important properties can be guaranteed:

1. all signals in the closed-loop system remain bounded,

2. the tracking error S(t) converges to zero in a finite time given by Eq. (43).

Proof The Lyapunov function candidate, which must be positive definite and radially unbounded, is chosen

as follows:

V =
1

2

4∑
i=1

s2i =
1

2
ST S (33)

Using Eqs. (23), (24), and (31) and replacing µ by its expression Eq. (25), one obtains the time derivative of

S as follows:

Ṡ = (An −Bn K) S+
(
D − D̂ − Lsign(S)

)
= (An − Bn K) S+ (ε − Lsign(S))

(34)

Thus, the time derivative of V is given as follows:

V̇ = ST Ṡ = ST (An − Bn K) S+ST (ε − Lsign(S)) (35)

It is worth noting that the matrix K should be calculated by pole assignment method so as all eigenvalues of

the matrix An − Bn K have real parts negative. In this case, the term ST (An − Bn K) S is negative; thus

Eq. (35) gives the right to write:

V̇ ≤ ST (ε − Lsign(S)) (36)

The inequality Eq. (36) can be rewritten as

V̇ ≤
4∑

i=1

(si εi − li |si|) (37)

If the following condition li ≥ ε̄i holds then V̇ will be negative definite. Indeed,

V̇ ≤ −α
4∑

i=1

|si|, (38)

where α = min
i=1 ··· 4

{li − ε̄i} is a positive constant.
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Therefore, S(t) converges asymptotically to zero and all signals are bounded. This means that by a

suitable choice of state feedback matrix gain K and switching matrix L , control objectives will be achieved

(i.e. lim
t→∞

S(t) = 0, then lim
t→∞

X(t) = Xref ).

Using Eqs. (38) and (33) and the fact that

√
4∑

i=1

s2i ≤
4∑

i=1

|si| , one can write

V̇ ≤ −
√
2α

√
V (39)

Multiplying inequality Eq. (39) by dt
2
√
V
, replacing V̇ by dV

dt and integrating both sides of resulting inequality

over the interval [0 ; t] yields

V (t)∫
V (0)

dV

2
√
V

≤ − α√
2

t∫
0

dt (40)

Thus √
V (t) −

√
V (0) ≤ − α√

2
t (41)

Since V (t) is a decreasing function (i.e.
√
V (0) ≥

√
V (t)), Eq. (41) conducts to

α√
2
t ≤

√
V (0) (42)

Eq. (42) implies that S(t) converges to zero in finite time and reaches this value at most after t̄ units of time.

t̄ =

√
2

α

√
V (0) (43)

Hence, the proof is achieved completely.

According to Eq. (43), a large α results in a shorter time t̄ . Hence, the designer should select matrices

L and K in accordance with the convergence time t̄ to be small and the control input µ not being very large

in terms of energy. Once the control vector µ is obtained, the real control action can be calculated using Eqs.

(22) and (25).

U = B− 1
n

(
−Wn − An Xref + Ẋref − D̂ − Lsign(S)

)
− KS (44)

To show the effectiveness and superiority of the proposed ASMTDCC technique, its performances should be

compared to those of conventional sliding mode control (SMC) as proposed in [16,17]. Likewise, to ensure sta-

bility while designing the SMC controller, an appropriate positive definite Lyapunov energy function candidate

as Eq. (33) V = 1
2 S

T S > 0 is chosen; thus V̇ = ST Ṡ . To ensure that V̇ < 0, Ṡ is selected among the set

of formula listed in [16,17] with mandatory positive definite tuning matrix gains K1 (switching gain) and K2

(vanishing gain). If Ṡ = −K1 sign(S) − K2 S then in its centralized form and considering nominal model the

SMC law can be given as follows [16]:

U = B− 1
n

(
−Wn − An Xref + Ẋref − K1 sign(S) − K2 S

)
(45)

2158



HAMACHE et al./Turk J Elec Eng & Comp Sci

The main difference between the two controllers based on sliding modes is that the ASMTDCC includes the

estimation lumped disturbance D̂ , which cancels the lumped plant uncertainties and disturbances D with

relatively low gains, while the SMC uses only tuned gains, which should be relatively higher, to realize the

disturbance rejection.

5. Simulation and discussion

In this section, the performances of the proposed control scheme, in terms of response to power flow vari-

ation and DC voltage regulation, are illustrated by numerical simulations given in Figures 7–9, for a 4-min

run. The performance of the presented controller is compared with that of the conventional SMC con-

troller with the following parameters [16,17]: K1 = 102 × blockdiag (1.5 1.5 1.5 1.5) and K2 =

103 × blockdiag (1.5 1.5 1.5 1.5).
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Figure 7. System responses without uncertainties (test 1).

For ASMTDCC, dashed black, solid red, and solid blue thick lines refer to references, sending side, and

receiving side responses, respectively. For the SMC controller, solid green and solid magenta thin lines refer to

sending side and receiving side responses, respectively.

Meanwhile, the proposed controller has been tested in three cases: nominal operation without uncertain-

ties (test 1), operation considering parameter variations (test 2), and operation under external disturbances

(test 3).

The parameter values used to simulate the VSC-HVDC model are selected as follows:

Voltage base Vb = 400 kV rms , Power base Sb = 1000MVA ,

Source voltages: Vs = Vr = 1 p.u , AC lines: Zs = Zr = 0.001 + 0.012 p.u ,

DC line: Zdc = 0.05 + 0.10 p.u ,1 /(C1 ω1) = 1 /(C2 ω2) = 0.15 p.u
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Figure 8. System responses with 30% of parameter uncertainties (test 2).
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Figure 9. System responses with 30% voltage drops (test 3).
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Note that all the design parameters in the ASMTDCC systems are chosen to achieve a satisfactory tran-

sient control performance considering the requirement of stability. L = 102 × blockdiag (2.3 1.1 2.1 0.9),

dominant poles of An − Bn K are p1 , 2 = − 248 ± j 253.

For outer loop DC voltage PI controller, the parameters are kp = 10 and ki = 75.

The simulation results of the control scheme with the proposed ASMTDCC method are depicted in

Figures 7–9, which show clearly that the proposed controller works well. Indeed, one can see that the proposed

controller has diminished the interaction between active and reactive powers and that the DC-link voltages are

controlled to their standard boundary. Moreover, it is obvious that the speed of the response and transient

conditions are further improved in comparison with the conventional SMC controller, whose responses are

dependent on model uncertainties, external disturbances, and reference variations. The proposed controller

seems to be robust against parameter variations and insensitive to external disturbances. In addition, the

proposed controller ensures chattering-free control by selecting switching gains sufficiently small in comparison

with those of traditional sliding mode control as in [16,17].

It is also shown that in disturbed case in Figures 8 and 9, the performances of the system controlled

by the proposed ASMTDCC, with finite time convergence, are significantly better than those obtained by the

conventional SMC controller, with asymptotic convergence.

6. Conclusion

In this paper, a robust ASMTDCC is developed for power flow control of a power system based on the

VSC-HVDC transmission system. The model of VSC-HVDC transmission system, which has been developed

in state space, is linear; however, it is assumed that the system is perturbed by inherent uncertainty and

external disturbances. Based on time delay estimation with convolution, the unknown disturbance term of

equivalent control in the AC subsystem can be estimated and relaxes thereby the usual dynamics modeling

requirement. The designed controller is able to stabilize the error trajectories of the system to origin in a given

finite time rather than infinite horizon. The finite time stability, robustness, and disturbance rejection of the

proposed controller are mathematically proved. Numerical simulations validate the theoretical results using an

asynchronous two-bus test system. Simulation results show the superiority of the VSC-HVDC transmission

system equipped with the proposed controller over the conventional SMC controller in convergence time and

robustness.
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