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Abstract: Multilateral teleoperation is an extension of bilateral/haptic teleoperation framework to multiple opera-
tors/robots and finds applications in haptic training. As in bilateral teleoperation, time delay is an important problem,
and stability and transparency, which quantifies the performance of the teleoperation system, are critical in the de-
sign of multilateral control systems. This paper proposes a novel three-channel-based multilateral control architecture
with damping injection to guarantee delay-independent L2 stability and high transparency in multilateral teleoperation
systems. The theoretical and computational analyses are verified with experiment results.
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1. Introduction
Multilateral teleoperation systems are multirobot extensions of bilateral teleoperation systems. In bilateral
teleoperation, an operator manipulates a master robot to control the motion of a slave robot with force
feedback from the slave. In multilateral teleoperation, multiple operators can control a single slave robot
or multiple slave robots with force feedback. With the advances in communication technologies and widespread
use of bilateral teleoperation systems in applications such as robotic surgery [1], robotic rehabilitation [2],
and telediagnosis [3], multilateral teleoperation systems have also started drawing attention as they can be
used in training operators for bilateral teleoperation. Since force information is often transmitted among
the robots in multilateral teleoperation, one master can use his/her force input to train a novice operator
during a teleoperation task. Due to the existence of multiple robots in an arbitrary multilateral teleoperation
setup, designing controllers that can guarantee stability and good kinesthetic performance is a difficult problem
compared with bilateral teleoperation.

Even in bilateral teleoperation, stability and transparency are important problems when time delays exist
on the communication channels among the robots. In bilateral teleoperation, it was first shown that stability
under time delay can be guaranteed through the passivity of the interconnected control system [4]. It was
shown that control system performance can be measured by the transparency/hybrid matrix which gives the
relationship between master velocity and force signals in frequency domain [5]. Transparency can be achieved in
bilateral teleoperation by the use of Lawrence four-channel architecture which makes use of four communication
channels among the master and slave robots: position measurements are exchanged among the robots with
two channels and force measurements are also exchanged with two other channels adding up to a total of four
channels [6]. These measurements are used in the master and slave controllers, and as a result, the control
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systems are strongly coupled. Due to this strong coupling, it was also shown in [6] that four-channel controllers
are unstable under time delay and cannot provide good transparency. On the other hand, two-channel-based
passivity controllers can guarantee stability under time delay but they cannot achieve high transparency. It
was shown in [6] that there is a trade-off between stability and transparency under time delay. Robust control
theory can be used to achieve this trade-off in the presence of time delay [7] but robust control approaches can
often result in complex controllers. In [8] and [9], it was shown that using local force feedback and utilizing three
instead of four channels (two for position and one for force), it is possible to get high transparency under time
delay, but stability is dependent on the environmental and operator impedance parameters and cannot always be
guaranteed. On the other hand, a damping injection method was introduced as a trade-off between transparency
and stability in four-channel teleoperation by imposing a small gain condition on the interconnection [10]. With
this method, the system response is slowed down due to damping injection but steady-state errorless position
tracking and force reflection can be achieved.

The name ”multilateral teleoperation” has been used in the literature to refer to different kinds of
multirobot teleoperation. In [11], a classification of the types of multilateral teleoperation was provided.
According to this classification, multilateral teleoperation in this paper implies dual-user–shared control, or
multiuser-shared control systems. In multilateral teleoperation, first controllers were developed by extending
the four-channel architecture to multiple robots [12]. In multilateral teleoperation, a four-channel control
architecture implies that all robots share their force and position measurements among themselves. In effect,
they can be considered n× 4 -channel controllers where n is the number of robots. Sometimes communication
among the master robots is omitted, for instance, a two-channel force–position-based robust multilateral control
architecture was proposed in [13]. In this architecture, two master robots communicate with the slave only and
receive slave position measurements and the slave robot receives master force measurements. A method based
on n-port passivity for determining the stability of multilateral teleoperation systems was presented in [14] and
[15]. Also, in [16] and [17], passivity was used to guarantee stability of multilateral teleoperation systems using
the two-channel communication architecture, meaning that only two measurements are exchanged among the
robots. In [16], a controller that transmits wave variables among the robots with two communication channels
was proposed, guaranteeing the passivity of the system, and in [17], a time domain passivity observer was utilized
on a two-channel control architecture similar to that in [13] but both of the systems suffer from steady-state
errors due to passivity constraints. In [18], a position–position-based consensus algorithm was proposed for
shared interaction on a virtual environment that can guarantee passivity. In [19], a wave-variable-based system
was proposed for a multimaster single-slave system, but this method also has large steady-state error. In [20],
an adaptive controller was proposed to guarantee nonlinear stability of a two-master two-slave system but
this method has not been applied to a multilateral haptic training scenario. In [21], a position–position-based
algorithm with damping injection was proposed for a dual-master single-slave system guaranteeing stability
in the sense of Lyapunov. However, the results demonstrated that the system has large positioning and force
reflection errors. To get better performance and still guarantee stability, for trilateral teleoperation (two masters
and one slave), a less conservative stability criterion was proposed in [22] and [23]: absolute stability for the
two-channel PP architecture. Although this criterion can be used to choose different controller gains for each
robot, it does not solve the steady-state error problem. The stability conditions can be relaxed further by taking
environmental/operator parameters into consideration [24]. A delay-independent L2 small-gain theorem was
proposed in [25] for guaranteeing stability by taking environmental parameters into consideration along with
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a four-channel-based architecture with damping injection to eliminate steady-state errors. However, it can be
shown that the transparency of the system is not ideal when there is time delay on the communication channels.

There still exists a need for a multilateral control system that can achieve better transparency under time
delay while guaranteeing stability. In this paper, the three-channel architecture in [8] is extended to multilateral
teleoperation. Furthermore, by proposing a scalable L2 stability analysis method for this architecture and
introducing damping injection, delay-independent stability of the three-channel multilateral control architecture
is guaranteed. This paper focuses on the application to trilateral haptic training systems which typically are
dual-user single-slave systems. However, the method can easily be scaled to N robot systems. The claims of the
paper were verified with analytical stability and transparency comparisons as well as experiment results.

The contributions of the paper can be summarized as follows: 1- Three-channel architecture is extended
to multilateral systems, 2- Three-channel controllers are modified with damping injection to guarantee delay-
independent stability of three-channel multilateral systems under constant time delay, 3- Delay-independent L2

input–output stability analysis for three-channel-based multilateral teleoperation systems is proposed, 4- The
use of inverse hybrid matrices is proposed to compare the transparency of the proposed three-channel controllers
with some of the existing controllers under constant time delay.

The paper is organized as follows: in Section 2, the theory of multilateral teleoperation is explained,
conventional and proposed multilateral teleoperation architectures are discussed. In Section 3, stability analysis
of the proposed architecture under time delay is presented. In Section 4, the transparency of the proposed
method is demonstrated and compared with existing architectures in the literature. In Section 5, experiment
results comparing the proposed method with conventional methods are provided. Section 6 concludes the paper.

2. Multilateral teleoperation

In multilateral teleoperation, teleoperation is performed through haptic agreement among multiple operators.
This can be especially useful in a cooperative teleoperation scenario or in haptic training for teleoperation.
Haptic training can have applications in robotic surgery, driver/pilot training, aircraft/vehicle simulators, or
any system utilizing teleoperation. In most haptic training scenarios, trilateral teleoperation would be adequate
as there would be need for two master robots and operators, one being the instructor and the other being the
trainee, and one slave robot to be operated.

For multilateral teleoperation, the basic setup that is assumed throughout this paper can be seen in Figure
1a; there are two master robots, linear motors in their simplest form whose shafts are moved independently by
their respective master operators through the application of force, and there is an identical slave robot which will
perform a motion that is the result of the agreement among masters. The goal in multilateral haptic training
can also be seen in Figure 1b from the equivalent physical representation of the trilateral system. Although the
master operators control separate master motor shafts, ideally, they should feel like they are holding a single
shaft, the slave shaft, and be able to manipulate it together. The operators should also be able to feel the
forces applied on the shaft by the other operator as well as the environment. Obviously, the robots in a given
teleoperation scenario are spatially separated from each other. Thus, this rigid mechanical coupling should be
realized by a distributed-network-based controller. The physical task in this case should be transformed into
control system performance goals: the masters should feel like moving the same shaft without any slip, and
the forces applied by the environment and the other master should be transmitted to them exactly. The first
goal can be achieved by making sure that each robot is tracking the same trajectory at any given time, and the
second goal can be described by the law of action and reaction: the sum of all the forces acting on the robot
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Figure 1. Trilateral haptic training system with linear motors and equivalent physical representation.

shafts should always be equal to zero. These control system goals can be mathematically summarized as [12]:

Fm1(t) + Fm2(t) + Fs(t) = 0, (1)

xm1(t) = xm2(t) = xs(t), (2)

where Fm1(t) , Fm2(t) , and Fs(t) are scalar force measurements from the masters and the slave, and xm1 , xm2 ,
and xs are the position measurements of each robot, and t is time. To achieve these control goals, Lawrence
architecture [6, 8] can be used to design multilateral controllers.

Figure 2 shows the block diagram representation of a multilateral system with three robots (trilateral)
using a modified Lawrence architecture. In this architecture, channels are used to represent the signal flow among
the robots. Two-, three-, or four-channel controllers can be represented with appropriate choice of Lawrence
channel parameters. Dynamics of each robot together with the control input can be written in frequency domain
as:

Zmivmi = Fmi + Fci, (3)

Zsvs = Fcs − Fs, (4)

where i denotes the number of the master, Zmi = mmis and Zs = mss are the master and slave robot
impedances which are motor shafts masses, vmi and vs are the master and slave velocities, Fmi and Fs are
the master and slave force inputs from the operators and environment, Fci and Fcs are the master and slave
robot control inputs. Here, the human and environment are represented by the following linear time invariant
(LTI) dynamics:

Fm1 = F ∗
h1 − Zh1vm1, (5)

Fm2 = F ∗
h2 − Zh2vm2, (6)

Fs = F ∗
e + Zevs, (7)
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Figure 2. Lawrence architecture for trilateral teleoperation.

where Zhi are the human impedances where the subscript i identifies the master, Ze is the environment
impedance, and F ∗

h1 , F ∗
h2 , and F ∗

e are the exogenous force inputs by the masters and the environment which
are independent of the states of the teleoperation system. Also, environment and human impedances can be
modelled as:

Zhi =
kzmi

s
+ bzmi +mzmis, (8)

Ze =
kze
s

+ bze +mzes, (9)
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which are LTI mass-spring-damper models. According to the modified Lawrence architecture in Figure 2, any
Lawrence-architecture multilateral controller can be written as:

Fc1 = −Cm1
5 vm1 − Cm1

4 e−T13sFs + Cm1
2 e−T13svs + Cm1

1 e−T12svm2 + Cm1
3 e−T12sFm2 − Cm1

6 Fm1 , (10)

Fc2 = −Cm2
5 vm2 − Cm2

4 e−T23sFs + Cm2
2 e−T23svs + Cm2

1 e−T21svm1 + Cm2
3 e−T21sFm1 − Cm2

6 Fm2 , (11)

Fcs = −Cs
5vs + Cs

4e
−T32sFm2 + Cs

2e
−T32svm2 + Cs

1e
−T31svm1 + Cs

3e
−T31sFm1 + Cs

6Fs, (12)

where C5 terms are local position controllers, C6 terms are local force compensators, C1 and C2 are posi-
tion/velocity (used interchangeably) channel transfer functions among the robots, C3 and C4 are the force
channel transfer functions/feedback compensators among the robots, and e−Tijs are the time delays on the
channels from robot j to robot i. For four-channel teleoperation, these values are typically chosen as [12]:

C1 = C2 =
C5

2
=

Cp

s
=

kp
s

+ kv, (13)

C3 = C4 = 1, (14)

C6 = 0, (15)

where Cp = kp+kvs is a PD position controller with the PD coefficients kp and kv . Although this architecture
is capable of achieving transparency in the absence of time delays, it was shown in [25] that it cannot preserve
the stability or the transparency of the teleoperation system under time delays. A two-channel position–position
(PP) controller was proposed in [23] and [26] for guaranteeing absolute stability/passivity of the system under
time delays. However, this two-channel architecture is not transparent: the controller has large steady-state
errors and low-force reflection bandwidth. Figure 3a shows four-channel, and Figure 3b shows two-channel
PP architecture information flows for trilateral teleoperation. In the figure, M1 , M2 , and S nodes represent
masters 1 and 2 and slave robots, respectively, and X and F values are the transmitted position and force
values among robots.
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Figure 3. Information flow in 4-channel- and 2-channel-based architectures.

As a solution, a modification to the four-channel algorithm was proposed in [25] by changing the position
controllers as follows:

C1 = C2 =
Cp

s
=

kp
s

+ kv, (16)

C5 =
2Cp

s
+ b, (17)
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where the channel position controllers Cp are PD controllers and the local controllers are selected as PD+D
controllers with additional local damping injection terms b to stabilize the system. It was shown that the
transparency and stability are improved with this controller.

In this paper, it is shown that the four-channel architecture with damping injection is not ideal in terms
of transparency under time delay. By utilizing the idea proposed in [8] for bilateral teleoperation, a novel
three-channel control architecture for multilateral teleoperation systems is proposed. In [8], it was shown that
the use of three-channel architecture is equivalent to the four-channel controller in terms of transparency under
no time delay, but unlike the four-channel architecture, it can achieve delayed transparency under time delay.
With transparency analyses, it was shown that the multilateral three-channel architecture is also superior to
two-channel and four-channel architectures in multilateral teleoperation. In [8], the authors also provided the
environmental conditions under which the bilateral system would be stable. In this paper, it was also shown, with
the inclusion of damping injection, that the stability of a three-channel control system (bilateral or multilateral)
can be guaranteed for different environmental parameters.

The idea in three-channel bilateral teleoperation is to compensate the effect of the external forces acting
on a given robot (master or slave) by using local force feedback channels, and realizing pure position control on
one of the robots. Thus, position information is sent from one robot to the position-controlled robot, and the
position-controlled robot sends both force and position information to the other robot. The position-controlled
robot can either be the master or the slave. In the case of multilateral or even trilateral teleoperation, due
to the number of robots and possible communication strategies, there are multiple combinations that could be
called three-channel architectures.

Figure 4 shows the feasible ones. Figures 4a–4c show a class of controllers that is termed the 2FP1P
architecture, in which one robot is position-controlled and the other two robots are position/force-controlled. In
Figures 4a–4c, the cases where the position-controlled robot is the slave, master 2, and master 1, respectively,
are shown. Figures 4d–4f show the 2P1FPa class where two robots are position-controlled and the third robot
is force/position-controlled. Figures 4d–4f also show the cases where the force/position controlled robot is the
slave, master 1, and master 2, respectively. Note that in both of these classes, all the robots communicate with
each other. The third class presented is called 2P1FPb. Here, two robots are position-controlled, and the third
one is position/force-controlled, but the difference is that the position controlled robots do not communicate
with each other, they communicate only with the third robot. Among these, only 2P1FPb enables a simple
decomposition into input–output form that yields a solution for stability under time delay. Therefore, this paper
will be focusing on the 2P1FPb architecture, and the information flow in Figure 4g will be chosen without loss of
generality, which assumes that the slave robot is position/force-controlled and masters are position-controlled.
This proposed architecture has the following channel selections with damping injection in the case of trilateral
teleoperation:

Cs
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Figure 4. Possible three-channel communication architectures.

Here, Cm1
6 and Cm2

6 , which are local force feedback channels of master 1 and master 2, are utilized for pure
position control in master robots. Also, the master robots do not receive force information from the slave,
and position or force information from each other. The slave robot on the other hand receives position and
force information from both robots. All the local position controllers C5 include damping injection terms bmi

and bs . This architecture can also be easily scaled to N robots, where 1 robot (master or the slave) will
be force/position-controlled and all the other robots are position-controlled. Next, stability analysis for this
architecture is provided.

3. Stability analysis

In our analysis, it is assumed that human and environment exogenous input signals are in L2 space. Signals f(t)

in this space satisfy:
∫∞
0

|f(t)|2 dt < ∞ and the L2 norm of the signal is given as ||f ||2 =
(∫∞

0
|f(t)|2 dt

)1/2

.

The extended L2 space L2e is the space of signals which satisfy
∫ T

0
|f(t)|2 dt < ∞ , where T is finite. Assuming

L2e(U) as input and L2e(Y ) as output signal spaces and an input–output mapping S , S is finite-gain L2 -
stable if it has a gain γ2 which is finite for all T ≥ 0 and if it is bounded as: ||S(u)||2 ≤ γ2||u||2 + β , where
β is a constant. A multivariable closed loop system in input–output form can be seen in Figure 5 and has the
equations:
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u1 = y2, u2 = E − y1, (23)

y1 = S1(u1), y2 = S2(u2). (24)

Here, S1 and S2 are MIMO subsystems. According to the small gain theorem, the input–output connected
system will be L2 input–output-stable if both S1 and S2 have finite gains γ2(S1) and γ2(S2) , respectively and
are stable, and also if the small gain condition is satisfied:

γ2(S1) · γ2(S2) < 1. (25)

This condition means that closed loop system has a small loop gain and is L2 -stable. In order to prove the L2

stability of our proposed multilateral teleoperation system, the system has to be transformed into single-loop
form as in Figure 5. Eqs. (5)–(9), (10)–(12), as well as (18)–(22) are used for modeling the environment and
the operators and the system are transformed into input–output form as in Figure 5 and Eqs. (26) and (27).

In this paper, subsystems S1 and S2 in Figure 5 represent the local dynamics of the robots and the
input–output connection is representative of the interconnection between the masters and slave. The subsystem
S1 contains the dynamics of the master robots and S2 the slave robot. Due to the selection of 2P1FPb
architecture, it becomes possible to combine the dynamics of master robots in S1 as their dynamics are coupled
only through the slave dynamics. According to the proposed three-channel architecture, the master systems are
two single-input single-output systems, and the slave is a 2-input 2-output system. Since the dynamics for the
masters are decoupled, they can be combined in the 2×2 S1 subsystem and the slave dynamics is encapsulated
by S2 , then we have:

S1 =

 −Zm1
e−T31s+Cpe

−T31s

mm1
s2+bm1s+Cp

0

0
−Zm2

e−T32s+Cpe
−T32s

mm1s
2+bm2s+Cp

 , (26)

S2 =

 Cpe
−T13s

mss2+bss+2Cp+Zs

Cpe
−T13s

mss2+bss+2Cp+Zs

Cpe
−T23s

mss2+bss+2Cp+Zs

Cpe
−T23s

mss2+bss+2Cp+Zs

 . (27)

Also, E = F ∗
m1e

−T31s+ F ∗
m2e

−T32s − F ∗
s is an L2 signal by definition. The L2 -induced gain of a subsystem is

the H∞ norm:

γ2(S) = sup
w>0

σmax(S(jw)), (28)

σmax(S(jw)) =
√

λmax{S∗(jw)S(jw)}, (29)

where S∗(jw) is the conjugate transpose and λ are eigenvalues of S(jw) . We have for the first subsystem:
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σmax(S1(jw)) = max
{√

(
−Zm1

e−T31s + Cpe−T31s

mm1s
2 + bm1s+ Cp

)(
−Zm1

e−T31s + Cpe−T31s

mm1s
2 + bm1s+ Cp

)∗, (30)

√
(
−Zm2

e−T32s + Cpe−T32s

mm2s
2 + bm2s+ Cp

)(
−Zm2

e−T32s + Cpe−T32s

mm2s
2 + bm2s+ Cp

)∗
}

and for the second subsystem:

σmax(S2(jw)) =√
2CpC∗

pe
−T13seT13s

(mss2 + bss+ 2Cp + Zs)(mss2 + bss+ 2Cp + Zs)∗
+

2CpC∗
pe

−T23seT23s

(mss2 + bss+ 2Cp + Zs)(mss2 + bss+ 2Cp + Zs)∗

=

√
4CpC∗

p

(mss2 + bss+ 2Cp + Zs)(mss2 + bss+ 2Cp + Zs)∗
(31)

The small gain condition and L2 stability conditions are satisfied if the individual subsystem gains can be
designed to satisfy:

γ2(S1), γ2(S1) < 1, (32)

sup
w>0

σmax(S1(jw)) < 1, sup
w>0

σmax(S2(jw)) < 1. (33)

This gives us the following constraints for the first subsystem and therefore the master robots as a function of
frequency ω :

((kp − kzmi)
2 + 2(kp − kzmi)mzmiω

2 + (kv − bzmi)
2ω2 + (mzmiω

2)2)/(k2p − 2kpmmiω
2 +

(kv + bmi)
2ω2 + (mmiω

2)2) < 1, ∀ω > 0 (34)

and the following constraint for the slave robot:

2(k2p + k2vω
2)/((2kp + kze)

2 − 2(2kp + kze)(ms +mze)ω
2 + (bs + bze + 2kv)

2ω2 +

((ms +mze)ω
2)2) < 1/2, ∀ω > 0. (35)

Controller parameters that can guarantee stability under all environmental impedance parameters can be
determined by satisfying these constraints. Stability constraint in Eq. (34), for the master systems, can
be divided into simpler inequalities by collecting the coefficients of the constant terms in the numerator and
denominator and comparing them:

(kp − kzmi)
2 < k2p, (36)

k2p − 2kpkzmi + k2zmi < k2p, (37)

k2zmi < 2kpkzmi, (38)

kzmi

2
< kp. (39)
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Collecting and comparing the coefficients of the ω2 terms while omitting the negative kzmi term in the
numerator:

(kv − bzmi)
2 + 2kpmzmi < (kv + bmi)

2 − 2kpmmi, (40)

k2v + b2zmi − 2kvbzmi + 2kpmzmi < k2v + 2kvbmi + b2mi − 2kpmmi, (41)

b2zmi − 2kvbzmi + 2kpmzmi < 2kvbmi + b2mi − 2kpmmi, (42)

b2zmi + 2kp(mmi +mzi) < b2mi + 2kvbmi. (43)

Comparing the coefficients of ω4 terms in the numerator and denominator:

mzmi ≤ mmi. (44)

By collecting the terms in a similar way for the slave in Eq. (35), it can be clearly seen that the condition is
satisfied if the coefficients of the ω2 terms in the numerator and denominator satisfy:

(bs + bze + 2kv)
2 − (4kp + 2kze)(ms +mze) > 4k2v, (45)

b2s + b2ze + 4k2v + 2bsbze + 4bskv + 4kvbze − (4kp + 2kze)(ms +mze) > 4k2v. (46)

Assuming that the environmental damping coefficient bze is 0 (worst case condition) we have:

b2s + 4bskv > (4kp + 2kze)(ms +mze). (47)

Together these constraints can be used to determine controller coefficients and can be summarized as:

kp ≥ kzmi/2, mmi ≥ mmzi, (48)

b2mi + 2kvbmi > b2zmi + 2(mmi +mzi)kp, b2s + 4kvbs > 2(2kp + kze)(ms +mze). (49)

It should be noted that these terms are conservative, as several simplifying assumptions and omissions have
been made in the derivation. Furthermore, the individual subsystems are forced to satisfy the constraints in
Eqs. (34) and (35), which adds to the conservatism. In actuality, one of the subsystems can have a larger
gain but the product of the gains of the subsystems can still have a gain smaller than one. This implies that
the obtained control parameters are not the boundary conditions for stability and hence provide a degree of
robustness for variations in the parameters. Furthermore, in this paper, the damping coefficients bm1 , bm2 ,
and bs will be chosen identical for transparency purposes, adding to the robustness of the system. mmi terms
can be adjusted with disturbance observers [25] if the robot has a smaller mass than that of the operator hand.
The position controller gains should be selected greater than half the maximum master stiffness. With this
controller, the system can be made L2 -stable independent of time delay for all environment parameters. In the
next section, the transparency of the system under time delay will be discussed.

4. Transparency analysis

In order to quantify the performance of a teleoperation system, hybrid matrices are often utilized [5]. In bilateral
teleoperation, the hybrid matrix is a two by two matrix that gives the relationship between master and slave
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velocities/positions and master and slave forces in frequency domain. The hybrid matrix H and the ideal
transparency conditions are given by:

[
Fm

−ẋs

]
=

[
h11 h12

h21 h22

]
︸ ︷︷ ︸

H

[
ẋm

−Fm

]
, Hideal =

[
0 −1
−1 0

]
︸ ︷︷ ︸, (50)

where Fm , Fs , xm , and xs are the master and slave forces and master and slave positions, respectively. These
conditions are ideal and cannot be exactly attained due to controller bandwidth constraints, but the more these
relations are approximated, the better the transparency becomes. In the case of multilateral teleoperation, due
to the constraint in Eq. (1), the hybrid matrices become singular and cannot be employed. Some papers have
utilized impedance matrices [27]; however, these matrices do not provide an intuitive understanding for the
performance of the multilateral teleoperation system as defined by Eqs. (1) and (2). Therefore, in order to
visualize these equations, the use of inverse hybrid matrices is proposed. The inverse hybrid matrices G and
the ideal transparency conditions are given as:

ẋm1

ẋm2

−Fs

 =

g11 g12 g13
g21 g22 g23
g31 g32 g33


︸ ︷︷ ︸

G

Fm1

Fm2

−ẋs

 , Gideal =

 0 0 −1
0 0 −1
−1 −1 0

 . (51)

By plugging in the selected channel parameters in the robot dynamics in Eqs. (5)–(12), the elements of the
inverse hybrid matrices under time delay for various Lawrence (two-, three-, or four-channel)-based multilateral
architectures can be solved. The inverse hybrid matrix elements are found as:

g11 = D−1(−Zcm2(Cm1
6 Cs

6 − Cm1
4 Cs

3e
−s(T13+T31))− Cm1

1 (Cm2
3 Cs

6e
−T21s − Cm2

4 Cs
3e

−s(T23+T31))e−T12s

−Cs
2(C

m2
4 Cm1

6 e−T23s − Cm2
3 Cm1

4 e−s(T13+T21))e−T32s), (52)

g12 = D−1(Cm1
4 (Zcm2Cs

4 + Cm2
6 Cs

2)e
−s(T13+T32) − Cs

6(C
m1
3 Zcm2 + Cm1

1 Cm2
6 )e−T12s

+Cm2
4 (Cm1

1 Cs
4 − Cm1

3 Cs
2)e

−s(T12+T23+T32)), (53)

g13 = D−1(−Zcm2(Cm1
2 Cs

6 + Cm1
4 Zcs)e−T13s − Cm1

1 (Cm2
4 Zcs + Cm2

2 Cs
6)e

−s(T12+T23)

−Cs
2(C

m1
2 Cm2

4 − Cm2
2 Cm1

4 )e−s(T13+T23+T32)), (54)

g21 = D−1(Cm2
4 (Zcm1Cs

3 + Cm1
6 Cs

1)e
−s(T23+T31) − Cs

6(C
m2
1 Cm1

6 + Cm2
3 Zcm1)e−T21s

+Cm1
4 (Cm2

1 Cs
3 − Cm2

3 Cs
1)e

−s(T13+T21+T31)), (55)

(56)
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g22 = D−1(−Zcm1(Cm2
6 Cs

6 − Cm2
4 Cs

4e
−s(T23+T32))− Cm2

1 (Cm1
3 Cs

6e
−T12s − Cm1

4 Cs
4e

−s(T13+T32))e−T21s

−Cs
1(C

m1
4 Cm2

6 e−T13s − Cm1
3 Cm2

4 e−s(T12+T23))e−T31s), (57)

g23 = D−1(−Zcm1(Cm2
2 Cs

6 + Cm2
4 Zcs)e−T23s − Cm2

1 (Cm1
4 Zcs + Cm1

2 Cs
6)e

−s(T13+T21)

−Cs
1(C

m2
2 Cm1

4 − Cm1
2 Cm2

4 )e−s(T13+T23+T31)), (58)

g31 = D−1(−Zcm2(Cm1
6 Cs

1 + Cs
3Z

cm1)e−T31s − Cs
2(C

m2
3 Zcm1 + Cm2

1 Cm1
6 )e−s(T21+T32)

−Cm1
1 (Cm2

3 Cs
1 − Cm2

1 Cs
3)e

−s(T12+T21+T31)), (59)

g32 = D−1(−Zcm1(Cm2
6 Cs

2 + Cs
4Z

cm2)e−T32s − Cs
1(C

m1
3 Zcm2 + Cm1

1 Cm2
6 )e−s(T12+T31)

−Cm2
1 (Cm1

3 Cs
2 − Cm1

1 Cs
4)e

−s(T12+T21+T32)), (60)

g33 = D−1(Zcm1Zcm2Zcs − Cm1
2 Cs

1Z
cm2e−s(T13+T31) − Cm1

1 (Cm2
2 Cs

1e
−s(T23+T31) + Cm2

1 Zcse−sT21)e−T12s

−Cs
2(C

m2
1 Cm1

2 e−s(T13+T21) + Cm2
2 Zcm1e−sT23)e−T32s), (61)

D = Cm1
4 Cs

1Z
cm2e−s(T13+T31) + Cm2

4 Cs
2Z

cm1e−s(T23+T32) + Cs
6(Z

cm2Zcm1 − Cm1
1 Cm2

1 )e−s(T12+T21)

+Cm1
1 Cm2

4 Cs
1e

−s(T12+T23+T31) + Cm2
1 Cm1

4 Cs
2e

−s(T13+T21+T32), (62)

where

Zcm1 = Cm1
5 + Zm1, Z

cm2 = Cm2
5 + Zm2, Z

cs = Cm2
5 + Zs. (63)

The frequency response of these elements are plotted for performance analysis. Figure 6 shows the
frequency domain magnitude plots of the inverse hybrid matrix elements for the two-channel, four-channel, and
the proposed three-channel (2P1FPa, Figure 4g) trilateral architectures with 0.2-s time delay on each channel,
with similar parameters of kp = 900, kv = 60, bmi = bs = 20,mmi = ms = 0.2 . These plots give an intuitive
transparency comparison between these architectures. The magnitude plots show that while the three-channel
architecture can achieve the ideal 0 value for all frequencies (g11 , g12 , g21 , and g22 ), the four-channel and
two-channel architectures cannot due to time delay. On the other hand, g13 , g23 , g31 , and g32 values should
be ideally equal to one (0dB). The bode magnitude plots for these elements show that two-channel and four-
channel architectures suffer from large and fast variations in magnitude along the frequency domain due to time
delay, whereas the proposed three-channel architecture is unaffected by this. g31 and g32 channels show the
force reflection relationship in the system more specifically, and perfect force reflection is achieved in the whole
frequency range. It can be seen that the two-channel PP architecture response crosses the bandwidth threshold
of –3 dB at 3.887 rads/s and while showing large variations, is mostly below the threshold value. While the
four-channel architecture response also oscillates and crosses the –3 dB line, mostly it is above the –3 dB line
and as frequency increases, it settles to 0 dB. Neither of these responses are ideal in terms of transparency. In
g13 and g23 , position relations are given, and the three-channel system has a second order system response.
The bandwidth and damping ratio of this response can be designed by adjusting the kp , kv , and bmi, bs terms
in the controller. The bandwidth for the position response of the two-channel architecture is seen to be at 192.4
rads/s. The two-channel and four-channel architectures have similar responses to their force responses with
large variations over the frequency range. A method to increase the bandwidth of the position channels was
proposed by Lawrence [6] in the form of acceleration information exchange among the robots, but that approach
has been omitted due to difficulties in implementation. Finally, the g33 element shows the impedance felt by
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the user during teleoperation. It can be seen that all the controllers behave similarly in this regard. For low
frequencies, while moving the robot, the user feels a constant damping determined by the damping injection
terms that stabilize the system. As a result, the larger the damping is, the slower the system will be. This is a
trade-off between stability and transparency under time delay. It should be noted that all other three-channel
controllers in Figure 4, except a, b, and c, have similar responses but they have been omitted for brevity.
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Figure 6. Transparency plots.

5. Experiment results

Validity of the analytical and computational results was confirmed with experiments. The trilateral teleoperation
system was composed of three linear BLDC motors Dunkermotoren STA1116 as seen in Figure 7. The motors
were connected to a computer through two DAQ cards (PCIe-6321, National Instruments, Austin, TX, USA),
and the computer runs the control algorithm in real time in MATLAB Simulink with a sampling time of 1 ms.
High-resolution hall sensors integrated to the motors are utilized for position measurement and disturbance
observers are utilized for disturbance compensation and force estimation [28, 29]. Two-channel, four-channel,
and the proposed three-channel architecture (Figure 4g) have been implemented as control laws. The proposed
controller was tested with time delays up to 0.5 s among each robot and the system was stable as expected
due to the delay-independent stability of the proposed controller. However, as in any teleoperation system, the
transparency deteriorates as a result of the increase in time delay, and the system response becomes slower.
This paper presents the case where all of the time delays are identical and 0.2 s.

In the experiments, as can be seen in Figure 7, two operators move two master motors’ shafts and
the slave motor follows their motion and then contacts a wooden surface. This period without contact with
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Slave

Master 1

Master 2

Free motion

Operator 1

Operator

Environment

Contact

Figure 7. Trilateral teleoperation experiment setup.

the environment is called free-motion. During contact period, the master operators apply varying amounts
of force on the master motors. Then the operators move the shafts backwards, the free motion and contact
is repeated once more. The goal in these experiments was to see that positions track each other under all
circumstances and the sum of the force measurements is 0. The impedance of the motors used in the experiment
setup is Zm1(s) = Zm2(s) = Zs(s) = mm1s = mm2s = mss = 0.2s as the shaft masses are 0.2 kg. The
motor dynamics can simply be modeled by a mass with the use of disturbance observers [25]. Furthermore
since high-frequency current control at 15 kHz is performed by the motor drivers, the electrical dynamics
is negligible. By using the human impedance assumption of 48/s + 4.5 + 0.2s [25, 30] and wooden surface
stiffness assumption of kze = 10000N/m [25], the controller parameters of the three-channel controller were
selected as kp = 900N/m, kv = 60Ns/m, bmi = bs = 20Ns/m according to Eqs. (48) and (49). Four-channel
teleoperation architecture is also utilized with the same controller gains. Two-channel controller also has the
same PD gains but does not utilize damping injection. It should be noted that the human and environmental
impedances have been used as design guidelines and are not assumed to be exact. The damping injection
terms selected here are greater than actual boundary stability conditions as explained in Section 3 and provide
robustness to variations. A more exact robust stability analysis can be performed as in [25] to a varying set of
environment/human impedances, but is not the focus of this paper.

The experiment results show that, while all controllers can guarantee stable teleoperation under time
delay, two-channel controllers (Figure 8) have large steady-state errors during contact (8–16 s, 23–30 s). Free-
motion position tracking is acceptable. Four-channel controller (Figure 9) eliminates steady-state errors during
contact seen in two-channel control but has overshooting behavior in both position and force reflection during
contact (6–16 s, 23–33 s), which feels like a fictitious recoil motion to the operators and deteriorates transparency.
On the other hand, three-channel controller (Figure 9) achieves position tracking and force reflection even during
contact (8–20 s, 32–50 s) without overshoot, allowing phase lag between masters and the slave and satisfying
delayed transparency conditions [9]. It can also be seen in Figure 10 that the force response also has higher
frequency components consistent with the transparency and bandwidth analysis provided in Figure 6.
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Figure 8. Performance of two-channel multilateral teleoperation with 200 ms delay between each robot.
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Figure 9. Performance of four-channel multilateral teleoperation with 200 ms delay between each robot.

It can be seen that the proposed three-channel architecture can achieve stable teleoperation under time
delay. The proposed controller has zero steady-state error in position tracking during contact just like the
four-channel controller. However, transient behavior of the three-channel architecture is superior to the four-
channel architecture as there is no overshoot during contact. The two-channel architecture, on the other hand,
is characterized by the large steady-state error during contact. All architectures can achieve force reflection;
however, the proposed three-channel controller responses also show higher frequency components during contact.
These results confirm the validity of the proposed method and analysis provided in the previous sections.

6. Conclusion
This paper extended the three-channel control architecture to multilateral systems and proposed modifications
for improvements in transparency and stability under time delay. With the extension of three-channel archi-
tecture to multilateral control, it was shown with experiments and numerical analysis that better transparency
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Figure 10. Performance of proposed three-channel multilateral teleoperation with 200 ms delay between each robot.

can be achieved compared to two-channel and four-channel-based multilateral teleoperation architectures un-
der constant time delay. One of the most difficult problems in developing controllers for multilateral systems,
especially under time delay, is in the analysis of stability with multiple force–position channels. An L2 sta-
bility analysis method was developed specifically for the 3-channel architecture proposed in this paper, and it
was shown that damping injection can be utilized in conjunction with three-channel architecture to guarantee
delay-independent stability, by taking environmental impedances into consideration. Another problem was in
the analysis of transparency; although there are known transparency analysis techniques in bilateral teleopera-
tion, these are not directly applicable to multilateral teleoperation. For this reason, in this paper, inverse hybrid
matrices were utilized instead of hybrid matrices. Even in the special case of three robot teleoperation, there
are 9 matrix elements and derivation of these elements becomes very involved. These matrices were utilized to
compare the transparency of the proposed and existing Lawrence architectures under time delay. The design
and analysis approach used here can be applied to other possible bilateral Lawrence architectures in multilat-
eral teleoperation with N robots. Furthermore, the method can also be extended to accommodate different
dominance ratios among masters.
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