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Abstract: Multifocal lenses have been widely used as multiple beam forming networks for linear and planar arrays, but
are not suitable for large convex conformal arrays as they are not physically realizable for wide angle beams. In this
study, a new lens design especially suitable for convex conformal arrays is introduced. The new lens has no perfect focal
points, but there are a certain number of correct phases in each of the beam directions. The directional patterns of the
radiating elements are also taken into account to improve radiation patterns for desired directions. It has been shown
that the new lens can be designed for circular arc arrays with satisfactory radiation performance for parameters where
the design of realizable multifocal lenses is not possible.
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1. Introduction
Lens fed array antennas have been used to obtain wideband, wide angle multiple beams for many radar and
satellite communication systems [1-4], collision avoidance systems [5], and biomedical imaging systems [6].
Constrained lenses with multiple focal points have been introduced by Ruze [7] and Rotman and Turner [8].
The use of two-dimensional multifocal lenses, commonly known as Rotman lenses, is well established and
they have been shown to be very effective for linear or planar arrays [9-11]. There have been many studies
to improve the performance of these lenses [12-17]. Research has also been carried out on three-dimensional
multifocal lenses [18,19]. Conformal array antennas are used on the surface of structures of different shapes in
radar and communication applications [20]. We could trace only a small number of articles studying multiple
beams for these arrays [21-23].

When multifocal lenses are used with convex conformal arrays, the achievable maximum angular scan is
smaller compared with that of similar size linear arrays. In fact, as demonstrated in section 2 of this paper, it
becomes impossible to design realizable wide angle multifocal lenses for large size convex curved arrays. A two-
dimensional lens is introduced in this paper for conformal arrays that has no perfect focal points. The new lens
is specifically suitable for convex curved radiating arrays. The method makes use of the fact that the antenna
elements of the radiating array have directional patterns and some antenna elements have minimal radiation
in certain beam directions. Instead of having perfect focal points, the new design has a number of radiating
array points that have no phase errors in each beam direction. With the lens introduced in the present paper,
it is possible to obtain much wider angular coverage for convex curved arrays compared with arrays fed by
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multifocal lenses. It must be mentioned here that there are other multiple beam lenses, namely R-2R and R-KR
lenses, that have been used successfully with curved arrays. However, both R-2R [23] and RK-R [3,24] are very
specific lens design methods, which means they can only be used with circular arrays and do not have flexible
design parameters as all three design curves have to be circular arcs. The principles of the lens introduced in
the present paper can be used to design multiple beam lenses for circular arc radiating arrays as well as other
convex radiating arrays.

After the limitations of multifocal lenses for convex curved arrays are shown in section 2, the new lens
is introduced and analyzed in section 3. Radiation patterns are also presented in section 3 to show the wide
angular coverage of the new lens. All designs in the present paper are obtained by using ray optics principles
and path length equality from the feed point to the phase front.

2. Multifocal lenses
2.1. Design principles
A multifocal lens can be considered to consist of three antenna arrays on three curves: feed array, inner curve
array, and outer curve array, as demonstrated in Figure 1. The array elements on the feed array that determine
the beam directions are referred to as ’feed elements’ and the array elements on the inner and outer curves
of the lens are referred to as ’antenna elements’ herein. The array on the outer curve is the radiating array.
The antenna elements on the inner curve are connected to the antenna elements on the outer curve by varying
lengths of transmission lines. A certain number of points on the feed array curve are designed to be focal
points such that these feed points produce perfect phase fronts in particular directions. The beams produced
by feed elements in between the focal points do not have ideal phase fronts but have some phase errors. If
significant, these phase errors may cause beam deterioration (lower gain, higher sidelobes etc.). We shall
discuss two-dimensional designs in this paper. For two-dimensional lenses, there are four possible variables for
each dimension on the outer curve: the dimensions of the outer lens curve and dimensions of the inner curve,
and the length of the transmission line between the associated points on the two curves of the lens. Thus if we
consider a two-dimensional lens with no constraints on the shape of the inner curve or the outer curve of the
lens, or the lengths of the transmission lines, the maximum number of focal points is four. If it is required that
the outer curve has a certain shape, such as linear or circular, then the number of focal points drops to three
[8].

The geometry of a two-dimensional multifocal lens with three focal points having a constrained nonlinear
outer curve is given by Figure 1.

The design equations for this multifocal lens are given below:

F1P + ω + ζ1 = f1 + ω0 (1)

F0P + ω − x′ = f0 + ω0 (2)

F2P + ω + ζ2 = f1 + ω0 (3)

ζ1 = y′ sin θ0 − x′ cos θ0 (4)

ζ2 = −(y′ sin θ0 + x′ cos θ0) (5)

F0 , F1 , and F2 are the three focal points and f0 is the focal length for the central focal point F0 . f1

is the focal length for the outer focal points F1 and F2 . For a feed point placed at F0 all path lengths to the
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Figure 1. Mathematical model of the multifocal lens.

phase front at the broadside (θ = 0o ) are equal, while for feed points at F1 and F2 path length equality is for
phase fronts offset by θ0 angle from the broadside. The points F1 and F2 are at an angular position α0 from
F0 as shown in Figure 1. P (x, y) is a general point on the inner curve and P (x′, y′) is a general point on the
outer curve. P and R are connected by a transmission line of length ω . ω0 is the length of the transmission
line at the center of the lens. For each point on the inner curve Equations (1), (2), and (3) can be solved for x ,
y , and ω to obtain the inner curve and the associated transmission line lengths.

2.2. Multifocal lens inner curves

Numerical solutions of the above three equations have been obtained to analyze the multifocal lens. All lengths
are normalized to the central focal length f0 . Figure 2 shows the feed array curve and the three inner curves
are for one linear and two circular outer curves with radii of r = 0.750 and r = 0.414 subtending total angles of
100o and 180o , respectively. For all three cases f1 = 1 , f0 = 1 , θ0 = 60o , α0 = 45o and the arc length of the
outer curve is 1.3 . These examples show that the inner curve bends inwards as the convex outer curve becomes
more and more curved, which corresponds to smaller. It can be observed that the design for the linear radiating
array is realizable, as the inner curve elements are not blocking each other for outermost feed elements. On
the other hand, although it is possible to obtain mathematical solutions for the two curved radiating arrays
(r = 0.750 and r = 0.414) the designs are not physically realizable as the inner curve is bent inwards such that
some of the antenna elements placed on the inner curve would be blocking other antenna elements on the same
curve for the outermost feed elements (for example, for feed element F the element A on the inner curve would
be blocking the element B on the inner curve as shown in Figure 2). This fact limits the angular coverage of
multifocal lenses for convex curved radiating arrays.
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Figure 2. Inner curves for the multifocal lens.

3. Wide angle lens for curved array

3.1. Design principles

The new lens introduced in this section has no perfect focal points, and so there are no points on the feed array
that produce perfect phase fronts. On the other hand, for each beam direction there is a certain number of
radiating array elements that have no phase errors.

For a two-dimensional lens, it is possible to obtain a lens design such that each point on the inner curve
has no phase errors for four chosen beam directions. Consequently for each beam direction, there are four
points on the inner curve that has no phase errors, in addition to the center point of the lens. The number of
no phase error points decreases to three if the outer curve of the lens is constrained to have a certain shape
(linear, circular, etc.). This three equal phase point, two-dimensional design is the counterpart of the Rotman
Lens, and, as will be shown later, wider angle designs are possible with this new lens for convex outer curves.

The directional pattern of the radiating array antenna elements is another factor taken into account for
the design of this lens. The lens design parameters are chosen such that for a particular beam the antenna
elements having large phase errors have minimum or no radiation in the beam direction, due to the directional
pattern of the elements. In this way, the beam deterioration is kept to a minimum for all directions. Feed
elements of the lens can be pointed towards low phase error antenna elements of the inner curve array. This
further reduces the power transferred to the antenna elements of higher phase error, so that the amplitude of
the corresponding radiating array antenna elements is low.

The geometry of the lens is shown by Figure 3. The (x, y) coordinate system is used for the feed
array curve and the inner curve. The (x′, y′ ) coordinate system is used for the radiating array and the beam
directions. The two coordinate systems are independent of each other. R is a general point on the outer curve
and it is connected to a point P on the inner curve by a transmission line of length ω . ω0 is the length of
the transmission line between the center elements of the inner curve array and the outer curve array. The feed
array is a circular array with a radius of f0 . A general point F0 on the feed array curve at an angular position
α0 has an associated beam angle θ0 and an associated outer curve array point at angular position of γ , where
θ0/γ = C1 and θ0/α0 = C2 . The points P and R are connected by a transmission line of length ω . C1 and
C2 are constants; they are used as design parameters. ∆θ determines the beam angles of the other two beams
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(θ1 and θ2 ), which relate to feed element positions F1 and F2 on the feed array curve:

θ1 = θ0 +∆θ0 and θ2 = θ0 −∆θ0 (6)

Figure 3. Mathematical model of the new lens.
The angular positions of F1 and F2 (α1 and α2 ) are related to beam angles θ1 and θ2 as follows:

α1 = θ1/C1 (7)

α2 = θ2/C1 (8)

The phase from F1 , F0 , and F2 to the phase front at θ1 , θ0 , and θ2 are going to be equal to the constant
(f0, ω0 ), which is the path length for the center element from the feed array to the phase front. The path length
equalities are then

F1P + ω + ζ1 = f0 + ω0 (9)

F0P + ω + ζ0 = f0 + ω0 (10)

F2P + ω + ζ2 = f0 + ω0, (11)

where

ζ1 = −(y′ sin θ1 + x′ cos θ1) (12)

ζ0 = −(y′ sin θ0 + x′ cos θ0) (13)

ζ2 = −(y′ sin θ2 + x′ cos θ2) (14)

After substituting ζ1 , ζ0 , and ζ2 into Equations (9), (10), and (11) solutions can be obtained for x , y ,
and ω . Thus, for each outer curve point defined by γ , we can obtain x , y , and ω values, which gives us the
inner curve and the associated transmission line lengths. We must note here that for each beam direction there
are four points on the outer curve (including the center point), which has no phase errors at the phase front.
The design parameters of the lens (C1 , θ0 , ∆θ ) should be chosen such that the radiating antenna elements
have significant radiation in the directions in which they have no or low phase errors.
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3.2. Lens analysis
Figure 4 shows two inner curves for the multifocal lens and the new lens, having the same design parameters.
The design parameters are α0 = 45o , θ0 = 50o , f1 = f0 = 1 , and r = 0.75 . The length of the outer curve is
1.3f0 and the total angle subtended by the outer curve is 100o . ∆θ = 40o for the new lens. It is clear from
Figure 4 that for this example it is feasible to obtain a physically realizable inner curve for the new lens, while
it is not so for the multifocal lens. Although these results are for a particular design, they are typical for convex
large arrays.
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Figure 4. Comparison of the inner curves for the multifocal lens and the new lens.
Path length error ∆l can be defined as the difference in the path from a general point F at an angular

position α on the feed array curve to the phase front at θ , through a general point P and from the same point
F through the center point O of the inner curve to the phase front at θ . Therefore, the path length error
equation is

∆l = FP + ω + ζ − FO − ω0 (15)

Path length errors determine the phase errors at the phase fronts. Large phase errors cause deterioration
in the radiation patterns. Figure 5 shows the comparison of path length errors of the θ = 25o beam for the two
lenses given above. At 25o the multifocal lens has no blockage of inner curve elements. The path length errors
for the new lens are small for those antenna elements that would have significant contribution in the direction of
the beam, while the path length errors are very large for the noncontributing or the low contributing elements.
The reverse is observed for the multifocal lens; where it matters most the path length errors are large. Figure
6 shows the path length errors for the above wide angle lens at three different beam directions 0o , 25o , 50o .
It can be observed that as the beam moves to the right of the array the path length errors for the elements
(with large phase errors) on the left of the array increase. Due to radiating antenna element patterns, these
elements have a very small contribution in the main beam direction and so they do not cause significant beam
deterioration.

3.3. Radiation patterns
Sample calculated radiation patterns have been obtained to show that the new lens can produce wide angle
beams. These radiation patterns cannot be compared with the multifocal lens radiation patterns of the same
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Figure 5. Comparison of the path length errors for the multifocal lens and the new lens.

0 0.2 0.4 0.6 0.8 1 1.2 1.4
-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

Position Along Arc of the Outer Curve

rorr
E htgneL hta

P

 

0°

25°

50°

Figure 6. Path length errors for different beam positions of the new lens.

parameters as it is not possible to design realizable multifocal lenses for beams at large angles (see Figure 4).
The radiation patterns for a two-dimensional 27 element array of f = 7.5λ are given in Figure 7. The design
parameters of this lens are the same as those of the lens analyzed in section 2. The feed elements of the feed
array and the antenna elements of the inner and outer curve arrays are chosen to be λ/2 wide apertures having
radiating patterns of [25]

E = E0 cos θ
′(
sin(π2 sin θ′)

π
2 sin θ′

), (16)

where E is the electric field intensity, E0 is the magnitude of E , and the angle θ′ is measured from the
perpendicular to the axis of the antenna elements. No mutual coupling is taken into account. It can be observed
that very reasonable beams are obtained for up to the maximum design angle of 50o , but there is a drop in the
peak level of the outer beams. This drop is mainly due to the fact that a smaller number of radiating array
elements contribute for these beams and as the effective aperture size of the radiating array is smaller in these
directions.
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Figure 7. Radiation patterns for the new lens for θmax = 50o .

These results indicate that, unlike multifocal conventional lenses, the new lens introduced in this paper
can be used for convex nonlinear arrays at wide angles.

4. Conclusion
The paper introduces a new method for designing multiple beam lenses that are suitable for conformal convex
radiating arrays. Lens design equations, lens curves, and path length errors have been presented for conventional
multifocal bootlace lenses, as well as for the new lens.

It is shown that the conventional multifocal lenses are not suitable for large curved convex radiating
arrays when wide angle beams are required.

The results of the study of the new lens show that it is possible to obtain physically realizable lenses as
well as having beams that do not show significant deterioration.
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