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Abstract: In this paper, we present error probability analysis for single-input single-output (SISO) and asymmetric
dual-branch networks with additive white generalized Gaussian noise (AWGGN) over millimeter-wave (mmW) fluctuating
two-ray (FTR) fading channels. Then, we examine the error probability evaluation of a SISO system with imperfect
phase errors over mmW FTR fading channels. The probability density function (PDF) approach is employed for the error
probability performance evaluation and the novel PDF of the asymmetric dual-branch system over Nakagami-m/mmW
FTR fading channels is obtained. Specifically, closed-form expressions are derived for the error probability of the SISO
and asymmetric dual-branch networks. The derived error expressions facilitate in effectively evaluating the performance
of considered networks in the presence of AWGGN and imperfect phase noise with optimal fading parameters and
modulation type. The theoretical derivations are extensively confirmed through exact simulations.

Key words: Millimeter-wave communication, fluctuating two-ray fading channels, additive white generalized Gaussian
noise, imperfect phase errors

1. Introduction
Millimeter-wave (mmW) communication networks have reached much popularity as a potential candidate for
the next generation wireless systems [1–3]. Very high data rates (Gbps data transfer rates) and low latency
wireless services are expected to be transmitted in new generation wireless communication systems. For this
reason, it is foreseen that mmW communication systems can provide the required bandwidth. In the literature,
many researchers have turned to mmW and this subject is popularly studied [4–17]. In [4], a single-port
and layer dual-band (DB) antenna using a high frequency level was developed for mmW applications. In
[5], the authors proposed the analog precoding schemes for mmW networks by using the dominant vector
approaching searching technique. The study in [6] was proposed an array design of a stationary point-to-point
mmW network including two links between the transmitter-receiver. A fastlink which is an effective mmW
initial access protocol employing the narrowest possible beams was proposed and so, the maximum possible
beamforming profit was provided in [7]. The study in [8] focused energy harvesting for sub-6 GHz and mmW
hybrid communication systems. An efficient-gain DB resonant cavity antenna for the next generation mmW
technology was demonstrated [9]. Wang and Zou proposed a new algorithm, has low computational complexity,
for the mmWave massive multiple-input multiple-output networks [10]. In another study [11], the achievable
rate and the energy efficiency of analog, digital, and hybrid combining for mmW receiver types were examined.
While uplink performance analysis was studied for mmW network with clustered consumers in [12], the average
∗Correspondence: mbilim@nny.edu.tr
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symbol error rate analysis of rectangular and cross quadrature amplitude modulation for mmW communication
systems was comprehensively analyzed [13]. In [14], the performance analysis of mmW transmission with
selection combining over fluctuating two-ray (FTR) channels based on moment generating function approach
was analyzed. The authors in [15] proposed the alternative statistical characterization evaluation of two-wave
with diffuse power (TWDP) for mmW communication and they performed the error probability of TWDP
channels. In [16], based on the maximum ratio combining technique, a comprehensive performance evaluation
over the FTR channels was presented. Secrecy outage probability and average secrecy capacity analysis for the
mmW single-input single-output (SISO) FTR channels were analyzed [17].

On the other hand, the Gaussian distribution uses to characterize for many situations for wireless commu-
nication applications. On the contrary to this, the non-Gaussian noise distributions are needed to shape noise
sources in many implementations such as some indoor and outdoor wireless environments, ultrawide bandwidth
systems, multiuser interference, spectrum sensing, undersea communications, and power line communications
[18–21]. Additive white generalized Gaussian noise (AWGGN) encompasses these desirable noise types. Conse-
quently, AWGGN and Laplacian distribution which is a special case of AWGGN, have emerged as a powerful
candidate for effectively defining different noise types and greatly evaluating the transmission performance of
the mentioned communication systems [22–27]. Additionally, imperfect phase errors emerge as another impor-
tant issue to be addressed for practical wireless communication applications [28–30]. In [28], the error rate
performance of different subcarrier phase-shift keying systems with phase errors was presented. In [29], the
error rate analysis of M-ary phase-shift keying (M-PSK) in the presence of phase error was carried out. The
author in [30] presented the unified error performance of PSK modulation over mmW wireless channels with
imperfect phase errors. This study considered extended generalized-K distribution as fading channel.

Inspired by mmW communication and AWGGN distribution properties, the SISO and asymmetric mmW
dual-branch networks with AWGGN and imperfect phase errors which combines these interesting topics are
proposed. To the best of authors’ knowledge, there is no study for examining the error analysis of SISO
mmW communication and an asymmetric dual-branch systems with AWGGN and imperfect phase errors when
the literature review is investigated. Firstly, the purpose of this paper is to investigate the theoretical error
probability of a SISO communication system with AWGGN over mmW FTR fading channels1. Second, an
asymmetric dual-branch system over Nakagami-m/mmW FTR fading is studied. Then, the error probability
analysis of a SISO system with imperfect phase errors over mmW FTR fading channels is examined. The
main contributions of this paper are the derivation of closed-form expressions and the evaluation of the error
probability of the considered systems under different conditions. We consider different modulation level for PSK
signalling such as binary PSK (BPSK), quadrature PSK (QPSK), and 8-PSK. For each modulation type, we
investigate and evaluate the impact of fading parameters (K and m) on the performance of considered systems
with AWGGN and imperfect phase errors. So far, there is no study that analyzes SISO and asymmetric
dual-branch systems in presence of AWGGN and imperfect phase errors over mmW FTR fading channels.

2. System and channel models

We consider three different network scenarios such as SISO with AWGGN, asymmetric dual-branch, and SISO
with imperfect phase erros systems. While the SISO network experiences mmW FTR fading channels, the

1A part of this study was presented in URSITR2021 and this presented paper is given in [31]. In [31], only the AWGGN analysis
of the SISO mmW FTR channel was presented. Dual-branch and imperfect phase error analyzes are not available.
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asymmetric dual-branch system has Nakagami-m/mmW FTR fading channels. Although the studies in [14–17]
are related to FTR and mmW communication, asymmetric dual-branch, AWGGN and imperfect phase errors
scenarios for FTR channels discussed in this study are not discussed. For this reason, these scenarios are
examined for the first time in the literature in this study. The difference in fading of different branches in the
dual-branch system is due to the fact that it is a situation that can be encountered in real-life scenarios. Namely
in practice, channels between transmitter and receiver nodes may have different fading depending on obstacles
or conditions in the environment. For example, in the dual-branch scenario in this study, one branch is assumed
to have mmW transmission, while the other is considered to have Nakagami-m fading, one of the conventional
fading channel models. Therefore, it is considered appropriate to investigate asymmetric fading in the second
scenario.

For the first scenario, the probability density function (PDF) of the instantaneous SNR, γ , of the mmW
FTR fading channels is given as [32]

fγ (γ) =
1
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 m√
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2 −K2∆2

m ⌊(m−1)/2⌋∑
q=0

(−1)
q
Cm−1

q

 m+K√
(m+K)

2 −K2∆2

m−1−2q

× Φ
(4)
2

(
1 + 2q −m, m− q − 1

2
, m− q − 1

2
, 1−m; 1;

−m(1 +K)

(m+K) γ̄
γ,− m(1 +K)

(m+K (1 + ∆)) γ̄
γ,− m(1 +K)

(m+K (1−∆)) γ̄
γ,− (1 +K)

γ̄
γ

)
,

(1)

where m is the Nakagami-m variable. While K represents the ratio of the average power of the dominant
components to the power of the remaining other paths, ∆ is a parameter which depends on the average received
powers of the reflective components. γ̄ is the average SNR and it is defined by γ̄ = (Eb/N0) 2σ

2 (1 +K) . Eb

is the energy per bit and N0 is the noise term and σ2 is the variance for the channel noise. Φ
(4)
2 (·) is the

confluent hypergeometric function. ⌊·⌋ is the floor function and Cn
q is a special coefficient and it is expressed

as

Cn
q =

(
n
q

)(
2n− 2q

n

)
=

(2n− 2q)!

q! (n− q)! (n− 2q)!
. (2)

In the study in [32], mathematical modeling of the FTR channel was made, and the analyzes in the presented
study were not given. As can be seen from Equation (1) and the following definitions, the PDF expression of
the mmW FTR channel is mathematically very inconvenient. Therefore, this PDF expression in [33] has been
reworked and presented in a mathematically simpler form. For this reason, we prefer to use the PDF expression
of the mmW FTR channel in the study presented in [33], as in many studies in the literature. Then the PDF
expression in Equation (1) can be rewritten as

fγ (γ) =
mm

Γ (m)

∞∑
k=0

Kkξkγ
k

k!Γ (k + 1) (2σ2)
k+1

e−
γ

2σ2 , (3)
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where Γ (·) is the Gamma function and
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(4)

where P i
j (·) is the first-order Legendre function [34, Eq. (8.702)].

For the second scenario, since a dual-branch system Nakagami-m/mmW FTR asymmetric structure is
considered, the PDF expression for the first transmission branch is expressed as

fγ1
(γ) =

(
m1

γ̄1

)m1 γm1−1

Γ (m1)
e−

m1
γ̄1

γ . (5)

The PDF expression for the second transmission branch from (3) is given as

fγ2
(γ) =

m2
m2

Γ (m2)

∞∑
j=0
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j
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j+1
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The total PDF expression for the dual-branch system is written as [32, Eq. (4)], [36, Eq. (5)]

fγSC
(γ) = fγ1

(γ)Fγ2
(γ) + fγ2

(γ)Fγ1
(γ) , (7)

where Fγ (γ) is the cumulative distribution function (CDF) and it is defined by

Fγ (γ) =

γ∫
0

fγ (γ) dγ. (8)

Substituting (5) and (6) into (8) and utilizing [34, Eq. (3.381.1)], the CDF expressions for the first and second
transmission branch is obtained as

Fγ1 (γ) = Q

(
m1

γ̄1

)−m1

γ

(
m1,

m1

γ̄1
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(9)
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where γ (·, ·) is the lower incomplete Gamma function. Q =
(

m1

γ̄1

)−m1
1

Γ(m1)
, M = m2

m2

Γ(m2)
and Z =

Kj
2ξj,2

j!Γ(j+1)(2σ2)j+1 . By inserting (9), (10), (5) and (6) in (7), the total PDF expression of the Nakagami-m/mmW
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FTR asymmetric dual-branch system is derived as

fγSC
(γ) = QM
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(11)

3. Theoretical analysis
Error probability, Pe can be mathematically evaluated by

Pe =

∞∫
0

P (e| γ)fγ (γ) dγ, (12)

where P (e| γ) is the conditional error probability expression and it is defined by P (e| γ) = AQz

(√
Bγ
)
. A

and B are modulation parameters. For example, A = 1 and B = 2 for BPSK and A = 2 and B = 1 for QPSK.
Here, Qz (·) is the generalized Gaussian function and it is expressed as

Qz (t) =
zΛ0

2/z

2Γ (1/z)

∞∫
t

e−Λz
0y

z

dy, (13)

where Λ0 =
√
Γ (3/z) /Γ (1/z) and z is a parameter that specifies the type of noise. The noise types according

to the z values are given in [27 and 37, Table I]. By using the expression in (13), P (e| γ) is rewritten as

P (e| γ) = AzΛ0
2/z

2Γ (1/z)

∞∫
√
Bγ

e−Λz
0y

z

dy. (14)

Mathematically, using the expression P (e| γ) in (14) does not seem very useful to reach the solution. For this
reason, it has been thought to use the expression presented in [27], which has a very tight approximation of
the expression P (e| γ) and simplifies the mathematical solution process. This approximation has been used in
many studies and yielded successful results [25–27], [37]. Accordingly, the expression given in (14) is presented
again as follows:

P (e| γ) ≈ A

4∑
g=1

τge
−εgBγ , (15)

where τg and εg are the parameters of the approximation and the values of these parameters are given in [27
and 37, Table III].

For the first scenario, substituting (15), (3) into (12) and changing the order of the integral, we have
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Then utilizing [34, Eq. (3.381.4)], the Pe for a SISO mmW FTR system is derived as
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e ≈ A
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For the second scenario, plugging (11) and (15) in (12), we get
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After some mathematical manipulations, the expression in (18) is rewritten as

P 2
e ≈ A
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I1 and I2 are the same form and using [34, eq. (6.455.2)], I1 and I2 are obtained as
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where 2F1 (·, ·; ·; ·) is the Gauss hypergeometric function. After inserting (22) and (23) in (19), we derived as
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In this study, the imperfect phase errors case for a SISO system over FTR channel as another scenario is
considered. Therefore, by utilizing [38], the P (e| γ) expression for M-PSK signalling is given as

P (e |γ ) = 1− 1√
2πσ2

a

π/M∫
−π/M

e

(
−a2

2σ2
a

)
da

= 1− erf (Θ
√
γ) = erfc (Θ

√
γ) ,

(25)

where M is the modulation level for M-PSK modulation, a is the total angular deviation of the received signal,
σa is variance and it is define as σ2

a = 1
2γ +

1
δγ . Θ = (π/M)√

(1+ 2
δ )

and δ is the multiplication factor for the first-order

phase-lock-loop which employs for the the phase error estimation in the receiver side. By substituting (3), (25)
into (12), we have
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By changing γ = t2 , the expression in (26) is rewritten as
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After some mathematical manipulations and by employing [39, Eq. (2.8.5.6)], the error probability expression
of a SISO system with imperfect phase errors over FTR fading channels is derived as
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4. Asymptotic analysis

The asymptotic of the Pe for the first scenario at high average SNR region, P 1,∞
e , can be deduced after γ̄ → ∞

as

P 1,∞
e = A
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If we invoke as k = 1 in (29), P 1,∞
e can be obtained as
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2 . (30)

Following the same steps for P 1,∞
e , the asymptotic of the Pe for the second scenario at high average SNR region

( γ̄ → ∞), P 2,∞
e , can be evaluated as
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(31)

5. Numerical results
In this section, we present numerical results to confirm our theoretical framework in previous sections. A
comprehensive investigation is illustrated on the impact of the fading severity parameters of links and different
modulation types on the error probability of considered network scenarios with AWGGN noise (z = 1 and
Laplacian noise) and imperfect phase errors. While the error probability curves of the SISO communication over
mmW FTR channels are presented in Figures 1 and 2, the error probabilities of the Nakagami-m/mmW FTR
asymmetric dual-branch system in Figures 3–5 are also studied. Furthermore, the error probability performance
evaluation of the SISO system with imperfect phase errors is presented in Figure 6. For Figures 1, 2, 6 and 3–5
the number of channels are 1 and 2, respectively. For all figures, the upper limit of the infinity summation for
the expressions in (17), (24), and (28) is 20 terms. Tables 1 and 2 present the results of evaluating the error
probability expressions at a certain upper limit. From Tables 1 and 2, it is seen that the first 20 terms for the
error probability calculation is quietly enough.

Figure 1 shows the error probability of the considered SISO network versus the average SNR for various
channel fading severity parameters. A and B modulation parameters for QPSK are set to 2 and 1, respectively.
mmW FTR channel parameters are set as K = 15 and ∆ = 0.5 . The solid and dashed lines indicate our
analytical and asymptotic results, and the circle symbols represent the exact simulation results. From Figure
1, we can see that our analytical and asymptotic results match well with the exact simulation results, which
affirms our theoretical analysis. The error probability performance changes with the increase or decrease of the
fading severity parameters. This is because the mmW FTR fading channel represents different fading conditions
by changing fading parameters (m) as mentioned before.
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Figure 1. Error probability of the SISO system over
mmW FTR fading channels with different fading parame-
ters.
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Figure 2. Error probability of the SISO system over
mmW FTR fading channels with different modulations.
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Figure 3. Error probability of an asymmetric dual-branch
system with different fading parameters.
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Figure 4. Error probability of an asymmetric dual-branch
system with different K values.

Figure 2 gives the error probability performance of a SISO network for different modulation schemes. m,
K and ∆ are set to 3, 15, and 0.5, respectively. It shows that when the order of modulation level increases, the
error probability performance decreases in the whole SNR regions (low, medium, and high). This means the error
probability of a SISO network with BPSK modulation gets better than the error probability of the considered
system with QPSK modulation in the Laplacian noise scenario, as expected. With BPSK modulation, the
overall error probability performance of the considered system is 10−3 at SNR ≈ 18 dB. On the other hand,
the error probability level of 10−3 is obtained at SNR ≈ 23 dB for the SISO system with QPSK modulation.
Again, from these results, we can observe that the error probability is very close to the exact simulation one
in different modulation schemes. It is indicated that our error probability expression can be used to effectively
evaluate the error probability performance of the considered network in all SNR regions.
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Figure 5. Error probability of an asymmetric dual-branch
system with different modulation schemes.
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Figure 6. Error probability of a SISO system with im-
perfect phase errors over FTR fading channels.

Table 1. Values of the error probability of SISO system with AWGGN and imperfect phase errors over mmW FTR
fading channels for different levels of truncation (K = 15 , ∆ = 0.5 , m = 3 , z = 1 , and γ̄ = 30dB for SISO system with
AWGGN and K = 15 , ∆ = 0.5 , m = 3 , δ = 2 , M = 8 , and γ̄ = 30dB for SISO system with imperfect phase noise).

Upper limit Analytical expression Eq. (17) Analytical expression Eq. (28)
1 0.0000467638 0.000948574
5 0.0000468271 0.001007820
10 0.0000468633 0.001008270
15 0.0000468655 0.001008854
20 0.0000468651 0.001008870
30 0.0000468651 0.001008870

Table 2. Values of the error probability of the Nakagami-m/mmW FTR asymmetric dual-branch system with AWGGN
for different levels of truncation (m1 = 3 , K = 15 , ∆ = 0.5 , m2 = 3 , z = 1 , and γ̄ = 30dB ).

Upper limit Analytical expression Eq. (24)
1 1.20185× 10−8

5 1.36998× 10−8

10 1.37693× 10−8

15 1.37551× 10−8

20 1.37545 × 10−8

30 1.37545 × 10−8

Figure 3 demonstrates the error probability of a Nakagami-m/mmW FTR asymmetric dual-branch system
with different fading parameters. We set K = 10 , ∆ = 0.5 , A = 1 , B = 2 (BPSK), γ̄1 = γ̄2 = γ̄

2 and
γ̄1 + γ̄2 = γ̄ . It shows that the error probability has a parallel behavior with fading parameter. To illustrate,
m1 = m2 = 3 gains more effective for the error probability performance compared with m1 = m2 = 1 . In other
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words, an important effect of increasing the values of the fading parameter m1 and m2 is clearly appeared on
the error probability over whole SNR values.

Figure 4 shows the second investigation of the error probability performance for an asymmetric dual-
branch system when the different values of the K parameter for the mmW FTR fading channel. Again, we set
to 20th term for the upper bound of the infinity summations expressions, m1 = m2 = 3 , ∆ = 0.5 , A = 1 ,
B = 2 (BPSK), γ̄1 = γ̄2 = γ̄

2 and γ̄1 + γ̄2 = γ̄ . It is expected that less error probability with increasing K
values can be attained at high SNR values. However, it can be said that the increasing K parameter value
generally plays a minor effect on the error probability performance.

Figure 5 demonstrates the error probability of an asymmetric dual-branch system using different mod-
ulations. The assigned fading parameters in this figure are considered as m1 = m2 = 3 , ∆ = 0.5 , K = 15 ,
γ̄1 = γ̄2 = γ̄

2 and γ̄1 + γ̄2 = γ̄ . As it can be seen from that figure, the modulation types play a major role in
enhancing the error probability performance. Overall, better error probability performance is attained over the
BPSK modulation for all SNR regime. From Figures 1–5, it is clearly seen that the analytical and asymptotic
results obtained by the derived error probability expressions were confirmed by the exact simulations and were
indicated to be good matching. Moreover, it is clear that the variation of the m parameter in mmW FTR chan-
nels affects the error probability more than the variation of the K parameter. The reason for this is that the
increasing of m parameter value reduces the fluctuation for mmW FTR channels. Against this, a high value of
K stands for the total energy of the dominant components is larger than the total energy of the scattered waves.
Changes of the modulation level also have an effect on the considered system models like each communication
systems.

Finally, Figure 6 illustrates the impact of different modulation levels, M, of M-PSK for a SISO system
with imperfect phase errors over FTR channels. In this scenario, the parameters have been setup as m = 3 ,
K = 15 , ∆ = 0.5 , and δ = 2 . While M value increases, the error probability performance of the considered
system decreases, as expected. Again, it is seen that the analytical results obtained by the proposed expression
in (28) are well matches with the exact simulation results.

6. Conclusion
In this paper, we study the error probability performance of a SISO and asymmetric dual-branch networks
over FTR fading channels, considering AWGGN and imperfect phase errors. The PDF and closed-form
error probability expressions for the considered systems are derived. The theoretical analysis is validated
by comprehensive exact numerical simulations. The use of different modulation types and fading parameters
are also discussed. Both theoretical and exact simulation results show that the modulation type and the fading
severity of the considered systems have a significant impact on the error probability performance.
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