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Abstract: A surrogate model for a perfect electric conductor plate is built by using the polynomial chaos expansion
method. The plate is excited via four capacitive coupling elements for which the locations are determined by the analysis
of the current distribution for each mode provided by the characteristic mode analysis. A numerical model based on
the method of moments is then created to generate a database needed to build the surrogate model. Radiation patterns
calculated by the surrogate model are compared with those given by the numerical model. The results show that
the surrogate model can mimic the numerical model and it can be used to replace complex numerical models to save
computation time and to alleviate the burden on the computation resources. Then, a sensitivity analysis is conducted
to exhibit the effect of the parameter deviations on the overall antenna performance and to reveal the influential input
parameters. The results of sensitivity analysis are used to reduce the complexity of the overall structure.

Key words: Characteristic mode analysis, polynomial chaos expansion, sensitivity analysis, surrogate model

1. Introduction
Platform-based antennas are designed with a conductive structure and coupling elements that excite the current
on the structure. In this kind of antennas, the conductor shape itself is the main radiator since the coupling
elements are responsible to excite the desired current distribution on the plate [1, 2]. Platform-based antennas
are encountered in daily life, such as shipboard antenna, where the superstructure of the ship is the main radiator
with the current excitation accomplished via a monopole antenna [3]; electrically small unmanned aerial vehicle
(UAV) antenna, where the body of vehicle is considered a radiator and the coupling elements are located at
tail and front-edges of UAV [4]. In platform-based antenna, the desired radiation pattern can be constituted
by a set of individual orthogonal pattern that the structure exhibits. The characteristic mode analysis (CMA)
is usually applied to obtain the orthogonal patterns, hence to form a desired pattern [5, 6]. The advantage of
CMA is that it reveals structure’s scattering and radiation properties without any excitation. Hence, it has
been widely applied to antenna design, especially platform-based antennas. In this kind of antenna, the ports,
a.k.a. coupling elements, provide the excitation of characteristic modes (CMs), which are the real current modes
(Jn ), on the conductor plate. There are mainly two coupling elements that can be used to excite the CMs on
the conducting plate in complex platform antennas: capacitive coupling element (CCE) and inductive coupling
element (ICE) [7]. In order to excite the desired current distribution on the conducting plate, the location, phase
∗Correspondence: adem.yilmaz@karatay.edu.tr
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and magnitude of the coupling elements should be determined carefully. In this work, the CMA is applied to the
structure under consideration to specify locations of the coupling elements and to determine their properties. On
the other hand, the structure with coupling elements is surrogated with the help of polynomial chaos expansion
method to perform a sensitivity analysis.

Sensitivity analysis of the antenna aims to identify the variability of the antenna response due to the
variation of each input parameter. For this process, a large number of the designed numerical model should
be run with the computer simulation for obtaining a successful statistical analysis. However, this is not
feasible when the structure under consideration is computationally expensive. For that reason, a surrogate
model, also called metamodel, is built to perform the statistical analysis of the complex antenna structures.
Traditionally, Monte Carlo (MC) simulations are used for statistical analysis of the antennas [8]. This technique
is based on random selections of the input parameters and on the computation of the corresponding output
responses accordingly. Nevertheless, this universal approach may require multitude run of the numerical model
to obtain substantial number of samples of the input parameter space in order to obtain high confidence in the
desired output response. This may be unmanageable when the structure under consideration is computationally
expensive. On the other hand, building a surrogate model is a more efficient method to deal with the complexity
of the computational model. There are various types of method that exist in the literature to build a surrogate
model successfully, such as polynomial chaos expansion (PCE) [9], artificial neural networks (ANN) [10],
Gaussian process Kriging modeling [11], support vector machines (SVM) [12], etc. Among them, PCE has
found many applications in different engineering fields due to its effectiveness in modeling complex systems
with reasonable number of samples [13–15]. In PCE, a random sampling of each input parameter is given to the
computational model and quantities of interest (response of the model) are obtained. Then, within the input
and output data at hand, the computational model can be approximated by polynomial series.

In this paper, a platform-based antenna, operating at 1.2 GHz, is considered. The CMA is applied to the
structure under consideration to investigate both the current distribution of each mode and the characteristic
attributes such as eigenvalues and modal significances. Then, the desired characteristic modes are excited
with four CCEs. In order to obtain the surrogate model of the antenna, the sampling of input parameters is
performed. The input parameters are the phase and the magnitude of each CCE port. The desired output for
each input sample is obtained with the computational model. The input and output data of the computational
model are transferred to the PCE to obtain a surrogate model. Then, an error analysis is conducted to ensure
the accuracy of the surrogate model. Moreover, a sensitivity analysis is applied to the structure to identify the
most important input parameters. Then, the structure is reconsidered with the sensitivity analysis results and
the structure is simplified with the most influential input parameters. The comparison between the original
structure and the simplified one is presented. This paper is organized as follows: the first section gives the
background of the work; Section 2 discusses the CMA and the application of CMA on the considered structure.
The location of the proper coupling elements is also discussed in Section 2. A brief introduction to the PCE
is presented in Section 3. The surrogate model of the structure is presented in Section 4 and an error analysis
is given therein. Lastly, PCE-based sensitivity analysis is demonstrated in Section 5. Finally, the work is
concluded with future directions in Section 6.

2. Characteristic mode analysis

The CMA for conducting structures was first introduced by Garbacz [5], and later refined by Harrington and
Mautz [6]. The basic idea is to obtain characteristic modes and their associated current distributions, which
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is only dependent on the shape and size of the conducting structure. The beauty of the theory came from
that there is no need of external excitations to obtain CMs. The results of CMA can be examined with the
characteristic attributes, i.e. eigenvalues and modal significance (MS). The latter one is defined in terms of the
former one, and the definition can be given as:

MSn =

∣∣∣∣ 1

1 + jλn

∣∣∣∣ (1)

where λn is the eigenvalue for the nth mode. The eigenvalue expresses the ratio of reactive power to the real
power for the considered mode. Its value can be ranged from minus infinity to plus infinity, and when a specific
eigenvalue equals to zero, it indicates that the corresponding mode is the most radiating one for the considered
structure. On the other hand, according to (1), the MS can have values between zero and one. If MS value of a
mode is close to one, then it is considered to be significant mode and it contributes more to the overall antenna
radiation. In this paper, CMA is performed on the rectangular platform, which has dimensions of 150 x 75
mm, between the frequency range of 0.7–1.5 GHz. The results of CMA, such as MS and the surface current
distribution, are examined for each mode. Figure 1 shows the first six MS corresponding to six different modes
of the structure under consideration. It is observed that mode 1 and mode 2 are the most significant modes for
the operating frequency. Hence, these two modes are aimed to be excited in this work since they are the ones
that contribute the most to the radiation of the plate.
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Figure 1. Modal significances vs. frequency of the conducting plate.

In CMA, the total current distribution (Jtot ) of the structure is given by a set of orthogonal current
modes (Jn ) (2):

Jtot =
∑
n

anJn (2)

where an are called modal weighting coefficients (MWC), and they are related to the current modes Jn . Jn are
natural current distributions that do not depend on the excitation. On the contrary, MWCs strongly depend
on the excitation; thus, the total current distribution on the plate depends on the selective excitation of the
modes [7]. In order to excite a certain mode, coupling elements should take place in the platform-based antenna
design. Such coupling elements can be either capacitive or inductive, and named capacitive and inductive
coupling elements (CCEs and ICEs), respectively. A CCE should be located at a current minimum, and an
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ICE should be located at a current maximum. Accordingly, the surface current distribution for each mode is
investigated to locate a proper coupling element, and the results are illustrated in Figure 2. It is clear that the
current is minimum at each short edge of the plate for mode 1 while it is minimum at each long edge of the
plate for mode 2. Since these two modes are the most radiating modes and desired to be excited, the CCEs
are placed in the middle of each edge. Overall, the conducting plate is loaded with four CCE ports, and the
complete structure can be seen in Figure 3. One can keep in mind that adding the coupling elements do not
have a great effect on the characteristic attributes of structure. In order to reveal the effect of adding CCE
ports on the conducting plate, the eigenvalues of the structure with and without ports are investigated. It can
be seen from Table 1 that adding the CCE ports slightly changes the eigenvalue of mode 1 while it leads mode
2 to be more radiating mode due to the reason that adding ports lead the conducting plate to be appeared
electrically larger [16].

Figure 2. Current distribution of a) mode 1, b) mode 2, c) mode 3, d) mode 4, e) mode 5, f) mode 6.

Figure 3. Complete structure.
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Table 1. Effects of exciters on eigenvalues of the structure.

Mode
number

Eigenvalue
without exciters

Eigenvalue
with exciters

Mode 1 0.415 0.501
Mode 2 –1.82 –0.723
Mode 3 5.28 5.11
Mode 4 –5.68 –2.01
Mode 5 –7.07 –5.546
Mode 6 29.8 22.32

3. Polynomial chaos expansion

Polynomial chaos expansion (PCE)-based surrogate model has been extensively implemented in statistical
analysis of the antennas to alleviate the computational burden. In PCE, the main idea is to offer a polynomial
surrogate for the computational model. In this sense, the polynomial expansion that relates the response of the
system (Y ) and the independent input parameters of M dimensional X = {X1, X2, . . . , XM} is given by:

Y =
∑

α∈NM

yαΨα(X) (3)

where the Ψα(X) are the multivariate polynomials, α are the multiindices that indicate the degree of the
polynomial in each of the input variables, and yα are the unknown coefficients to be determined. The
multivariate polynomials are constituted by the tensor products of the univariate orthogonal polynomials as:

Ψα(x) =

M∏
i=1

Φ(i)
αi
(xi) (4)

where Φ
(i)
αi is the univariate orthogonal polynomial in the ith variable of degree αi . The univariate orthogonal

polynomials are chosen w.r.t. probability distribution of input parameters. Some commonly used classical
univariate polynomials can be found in [17]. In order to implement the PCE, two primary methods become
prominent: intrusive and nonintrusive methods. In intrusive methods, the underlying code of computational
model is modified, which leads to a fast computation. However, it may not always be possible to modify the
computational code and/or may need heavy calculations. On the other hand, nonintrusive methods handle the
computational models as a black-box, i.e. no further adjustment on the code is needed, which makes it the
more convenient choice. For that reason, nonintrusive method is preferred in this work. One of the methods
to calculate the expansion coefficients nonintrusively is the least-square minimization. Since PCE provides an
infinite polynomial series as shown in (3), it needs to be truncated to a finite sum for computational purposes,
where truncation error exists. Then the least-square minimization can be set up. Moreover, the total polynomial
basis P during the surrogate modeling can be computed with the permutation formula as (5):

P =

(
M + p

p

)
(5)

where M refers to the total number of input parameters and p is the degree of the truncated polynomial
expansion. Within the choice of the high polynomial degree due to the insurance of high accuracy surrogate
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model and/or inevitable high number of input parameters, the number of polynomial bases dramatically
increases, and it decreases the efficiency of the PCE. For that reason, two stepwise methods can be applied
in PCE to only retain the basis functions that have the maximal effects on the response of the model. Since
the high order polynomial interactions have the least effect on the model response, the hyperbolic truncation
scheme, i.e. q-norm, is applied in PCE that has already been truncated with p-degree to avoid the interactions
of higher order polynomials. Least angle regression method (LARS) is the second step to obtain the most
effective polynomial bases [18]. Briefly, it is an iterative regression technique that starts with initializing all
coefficients to zero, and setting the initial residual to the model response. Then, the predictor Ψ(X) , which has
the highest correlation with the current residual is chosen. The coefficient of predictor moves in least-square
sense until a predictor comes up with equal correlation with the first predictor. The algorithm continues until
the P basis (also known as predictors) have been entered. At the end of the algorithm, the basis function
that has the lowest leave-one-out error (errorLOO ) are chosen among many possible basis functions set. One
should keep in mind that the LARS algorithm is not applied to compute the expansion coefficients, but only
the polynomials that have the largest impact on the model response are kept. Once a surrogate model is built,
the error between the computational model and the surrogate one can be estimated. One possible option to
evaluate the error is the normalized empirical error. It compares the resemblance of surrogate model results
with the computational one. However, the empirical error leads to a well-known problem: overfitting. For that
reason, leave-one-out cross validation error (errorLOO ) is introduced for error calculation in PCE. The basic
idea in calculating the errorLOO is to build surrogate models by excluding one data set at each time. Then,
a prediction is carried with the excluded data set on the built surrogate model. These predictions are carried
on for each data set. Overall, the LARS and errorLOO are together considered to obtain an accurate surrogate
model. To obtain a more accurate surrogate model, i.e. if the errorLOO does not reach a specified accuracy,
new input samples are added, and the algorithm is repeated. The readers are encouraged to see the report [19]
and the references therein for more detailed theoretical background of PCE.

4. Surrogate model

The structure under consideration has eight independent input parameters, namely the magnitude and phase
of four CCE ports. The variation of input parameters is designated to have values between the allowable
range, namely magnitude of each port is between [0, 1 V] and phase of each port is between [–1800 , 1800 ].
Firstly, the input parameters are randomly sampled with 200 samples that are uniformly distributed. Since each
input parameter has a uniform distribution, legendre orthogonal polynomials are chosen to obtain multivariate
polynomial as stated in (4). The number of samples are increased until an accurate surrogate model is obtained,
i.e. the errorLOO reaches specified accuracy. In this work, the number of samples is increased to 1000 step
by step to obtain a model that mimics the computational model very well. The numerical simulations are
conducted with the computational model and the total normalized electric field is considered output for each
input sample. Two outputs are taken into account for building two surrogate models, the radiation patterns
regarding the elevation angles (the plane at ϕ = 900 ) and the azimuth angles (the plane at θ = 900 ). Once
the computational simulations are accomplished, the obtained output and the corresponding input data are
presented to PCE, and a surrogate model is built. In order to specify the degree of the polynomials, a
degree-adaptive calculation is performed. By this way, the degree which yields the lowest errorLOO can be
automatically selected. Analogously, a q-norm adaptive truncation scheme is also applied. However, it is seen
that both adaptive calculations decelerate the computation and bring computational burden. For that reason,
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the q-norm value is set to be 0.7 and the degree is truncated at the p = 11th -order after a detail examination
is performed on the results of adaptive calculation. Within the chosen values, the errorLOO is ensured to be at
minimum for both surrogate models. In this work, UQLab is used as a toolbox for all calculations and building
the surrogate model [20].

In Figure 4a, seven elevation angles are chosen to explore the effect of increasing sample number on
errorLOO . One can observe that the errorLOO decreases to below 0.05 when the sample number is increased
to 800 samples. The further increase of the sample number does not have great impact on the error. These
findings are also observed for all elevation angles. On the other hand, for the surrogate model of the azimuth
angles (see Figure 4b), the errorLOO is decreased to 0.1 when the sample number reaches 800 and there are
no significant decreases while further increasing the sample number. The same results are also verified for all
azimuth angles. Consequently, either 800 or 1000 sample number is sufficient to obtain an accurate surrogate
model for the investigated structure. One can keep in mind that further increasing the number of samples will
bring a computational burden; hence, increasing the number of samples should be ended.
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Figure 4. The errorLOO vs. number of samples for different: a) elevation angles, b) azimuth angles.

In order to evaluate the performances of the obtained surrogate models, three test data, which are not used
while building the surrogate models, are taken into consideration and the radiation patterns of computational
model and the surrogate model are compared. Since the structure can exhibit similar performance for different
input parameters, the test data are deliberately chosen to reveal the performance of the surrogate model for
various radiation patterns. The values of test data are given in Table 2 (nominal values for each radiation case),
and the comparisons are given in Figure 5. It can be observed that the surrogate model for the elevation angles
demonstrates relatively the same radiation pattern in shape, but with reduced magnitudes for radiation case 1
(Figure 5a). It is believed that this mismatch is mainly due to the sampling process of the input parameters,
which is uniformly distributed without applying any sampling technique for this study. In the literature, there
exist special techniques such as latin hypercube sampling [19] and adaptive sampling process [21] to adequately
sample the input parameters and then to reduce and optimize the input space. On the other hand, Figure
5b shows that the surrogate model for the azimuth angles of radiation case 1 exhibits close performance to
the computational model. Moreover, the built surrogate models for radiation case 2 (Figures 5c and 5d) and
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radiation case 3 (Figures 5e and 5f) offer relatively the same radiation patterns with the computational models
for both elevation and azimuth angles.

Table 2. Excitation schemes for three radiation cases (m1: magnitude of port 1; p1: phase of port 1, etc.).

Case 1
Nominal
values

Case 1
Sampling
range

Case 2
Nominal
values

Case 2
Sampling
range

Case 3
Nominal
values

Case 3
Sampling
range

m1 [V] 0.75 0.5 — 1 0.60 0.45 — 0.75 0.80 0.65 — 0.95
m2 [V] 0.75 0.5 — 1 0.70 0.55 — 0.85 0.30 0.15 — 0.45
m3 [V] 0.75 0.5 — 1 0.20 0.05 — 0.35 0.70 0.55 — 0.85
m4 [V] 0.75 0.5 — 1 0.60 0.45 — 0.75 0.60 0.45 — 0.75
p1 [degree] 0 -15 — 15 45 30 — 60 10 -5 — 25
p2 [degree] 0 -15 — 15 -90 -105 — -75 -130 -145 — -115
p3 [degree] 0 -15 — 15 90 75 — 105 -135 -150 — -120
p4 [degree] 0 -15 — 15 45 30 — 60 30 15 — 45

5. PCE-based sensitivity analysis
Once a surrogate model is built for a structure under consideration, it is straightforward to obtain the most
influential input values on the output results. In this work, the most important parameters of excitation scheme,
i.e. magnitude and phase parameters of the CCE ports are desired to obtain for different radiation patterns.
Since a feeding network of four CCE ports for a desired pattern has to be implemented during the production
process, identifying the most important input parameters for the corresponding radiation may ease the process
of production. Sensitivity analysis can be very useful to handle these issues. Sensitivity analysis (SA) can
expose the contribution of each input parameter of a computational model on its desired response. There are
several methods that are well-established for sensitivity analysis on various kind of engineering problems [22, 23].
Among them, Sobol’ decomposition [24] is chosen for SA in this work since the coefficient of the PCE to build
the surrogate model is used without any further computation [25]. Sobol sensitivity analysis is basically the
decomposition of the total output variance of the model into each variance of the input parameters. Hence, it
is possible to deduce the most influential input parameters on the output results with the Sobol’ indices. For
more information on Sobol’ indices, one can see the report [26], and the references therein.

For the sensitivity analysis, three total electric field patterns are taken into consideration to exhibit the
influence of each port’s magnitude and phase on the output. Three distinct radiation patterns with the nominal
values of phase and magnitude of ports are examined with the uniformly distributed samples that are ranged as
given in Table 2. The sensitivity analysis is carried out for both elevation and azimuth angles. The total Sobol’
indices shown in Figure 6a state that the considered pattern is most sensitive to port 3 and port 4 for elevation
angle while port 3 is the most influential parameter for azimuth angle. On the other hand, the magnitudes of
each port does have similar effect on azimuth angle for case 2 while the port 4 has the most impact on the
results as shown in 6b. Lastly, it can be seen from Figure 6c that the port 3 and port 4 are the most important
parameters as in the case 1.

Within the obtained SA results, the complete structure is reconsidered in order to reduce the overall
complexity of the design. For that purpose, according to the SA, the number of ports is reduced and the most
influential parameters are kept with the conducting plate. Then, the nominal excitation schemes are applied
to the ports that are kept on the conducting plate, and the output results are compared with the complete
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Figure 5. Comparison of the radiation patterns of surrogate model and computational model (each row corresponds to
each radiation case, first column: ϕ = 900 plane, second column: θ = 900 plane).

m 1 m 2 m 3 m 4 p 1 p 2 p 3 p 4
0 . 0

0 . 2

0 . 4

0 . 6

0 . 8

1 . 0

a )

To
tal 

So
bol

' in
dic

es

 E l e v a t i o n  a n g l e
 A z i m u t h  a n g l e

m 1 m 2 m 3 m 4 p 1 p 2 p 3 p 40 . 0

0 . 2

0 . 4

0 . 6

0 . 8

1 . 0

b )

To
tal 

So
bol

' in
dic

es

 E l e v a t i o n  a n g l e
 A z i m u t h  a n g l e

m 1 m 2 m 3 m 4 p 1 p 2 p 3 p 40 . 0

0 . 2

0 . 4

0 . 6

0 . 8

1 . 0

c )

To
tal 

So
bol

' in
dic

es

 E l e v a t i o n  a n g l e
 A z i m u t h  a n g l e

Figure 6. Total Sobol’ indices of each input variable for: a) case 1, b) case 2, c) case 3.

2105



YILMAZ et al./Turk J Elec Eng & Comp Sci

structure, i.e. structure with four ports. For case 1 and 3, only port 3 and port 4 are kept with the structure,
and it can be deduced that by comparing the corresponding radiation patterns, the antenna with reduced
ports exhibits close performance to the antenna with four port design for case 1 (Figures 7a and 7b). On the
other hand, the reduction of ports does not satisfy adequate performance for case 2 (Figures 7c and 7d). This
mismatch is expected since the results of the SA (see Figure 6b) indicates that all magnitudes of ports are
equally important for the considered radiation pattern. The same conclusion for case 1 is also obtained for case
3 (Figures 7e and 7f). In addition, the correlation between the patterns for four ports and two ports designs
are also numerically compared and listed in Table 3.
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Figure 7. Comparison of the radiation patterns of two different designs: 4 ports and 2 ports (each row corresponds to
each radiation case, first column: ϕ = 900 plane, second column: θ = 900 plane (all results are in dB)).
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Table 3. Correlations between the radiation patterns of structures with four ports and two ports

Case 1 Case 2 Case 3
ϕ = 900 0.9902 0.5196 0.9839
θ = 900 0.9756 0.7968 0.9482

6. Conclusion
A procedure for building a surrogate model for a perfect electric conductor with four coupling element is
proposed. The radiation pattern of the structure is investigated, and the location of the coupling elements
are decided with the help of characteristic mode analysis. Two surrogate models regarding the elevation and
the azimuth angles are built to avoid the numerical complexity of the complete structure. An error analysis is
presented to demonstrate the similarity between the computational model and the surrogate one. A sensitivity
analysis is conducted to determine the most influential input parameters on the radiation patterns. These results
help to reduce the number of ports; hence, decreases the complexity of the structure for a desired radiation
pattern. More complex computational model may be considered with the proposed method, which remains as
a future work.
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