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Abstract

A new simple formula for the radiation efficiency of a resonant rectangular microstrip patch antenna

is presented. The formula is obtained by using a tabu search algorithm, which is a quite new optimization

technique based on the principles of intelligent problem solving. The formula is valid for substrates with

relative permittivities between 1 and 12.8 and for the complete range of thicknesses normally used. The

results obtained by using this new simple formula are in conformity with those reported elsewhere. The

formula can also be used in the calculation of the radiation efficiency of dipoles.
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1. Introduction

In recent years, microstrip antennas have aroused great interest in both theoretical research and engineering
applications due to their low profile, light weight, conformal structure, low cost, reliability, and ease in
fabrication and integration with solid-state devices [1-5].

An efficient use of microstrip antennas requires a knowledge of radiation efficiency, which relates the
power radiated in space waves to the total radiated power (including surface waves). The surface waves
exist due to the interface between air and the dielectric substrate that separates the radiating element from
the ground plane. For infinitely long and lossless structures, the surface wave propogates and attenuates in
the directions parallel and perpendicular to the interface, respectively. Surface wave power launched in an
infinitely wide substrate would not contribute to the main beam radiation and so can be treated as a loss
mechanism. In general, if the thickness of the substrate on which the antenna is etched is very small compared
to the wavelength of interest, the power propagated via the surface wave modes is negligible, so that the
effects of the substrate on the efficiency may be ignored. However, for an antenna radiating at the resonance
of higher-order modes, the radiation efficiency decreases as some power propagates via surface wave modes.
Moreover, unwanted radiation results when the surface wave encounters a discontinuity (e.g., the edge of the

substrate). As a surface wave reaches the antenna’s edge, it is scattered, producing both a reflected surface
wave and a radiated wave. The presence of secondary sources of radiation on the dielectric edges proved
most troublesome in practice, as it contributes to secondary lobes and to cross-polarized radiation. A large

19



Turk J Elec Engin, VOL.7, NO.1-3, 1999

surface wave excitation also causes an undesirable energy coupling between elements of an array or between
adjacent arrays.

Surface wave effect has been determined by a number of investigators [6-20]. Uzunoğlu et at. [6]
determined the radiation efficiency of dipoles by employing a dyadic Green’s function for a Hertzian dipole
printed on a grounded substrate together with an assumed current and distribution. James and Henderson
[7] estimated that surface wave excitation is not important if h/λ0 <0.09 for εr ∼=2.3 and h/λ0 <0.03
for εr ∼=10, where h is the thickness of the dielectric substrate and λ0 is the free-space wavelength. The
criterion presented by Wood [9] is more quantitative: h/λ0 <0.07 for εr=2.3 and h/λ0 <0.023 for εr=10 if

the antenna is to launch no more than 25% of the total radiated power as surface waves.

The most important of the results published is by Pozar [11]. He presented radiation efficiency against
normalized substrate thickness. The radiation efficiency data were calculated with a moment method solution
of a printed rectangular radiating element on a grounded dielectric slab. The moment method solution uses
the rigorous dyadic Green’s function for the grounded dielectric slab, and so includes the exterior fields,
making calculations for surface wave excitation and mutual coupling possible. It was found by Pozar that
the surface wave excitation is generally not important for thin substrates, normally of the order of h < 0.01λ0 .
An interesting observation in Pozar [11] was the similarity between the radiation efficiency for the dipole
and the patch. It was also shown that the radiation efficiency does not depend on the feed location of the
dipole or the patch, or on the patch width W .

An approach to the analysis of microstrip antennas that is applicable also to relatively thick substrates
using the relevant Green’s function was presented by Perlmutter et al. [13]. This approach resembles the

method used by Uzunoğlu et al. [6] and Van der Paw [21] for various other problems. A certain current
distribution was assumed along the upper conductor, which is typical of the geometry of the element. The
current in the radiating element was obtained by cavity or equivalent transmission line models. The surface
wave excitation was then found from the assumed currents by the appropriate Green’s function in the Fourier
domain. It has been shown [13] that increasing h causes a larger fraction of the power to be coupled into
surface waves. But this fraction is independent of the patch width W to a very good approximation.

Mosig and Gardiol [14] presented the dynamic analysis of microstrip structures. It was shown that
the mixed-potential integral equation for stratified media provides a rigorous and powerful approach. The
Green’s functions belonging to the kernel of the integral equation were expressed as Sommerfeld integrals,
in which surface wave effects are automatically included.

Bhattacharyya and Garg [16] proposed a general approach for the determination of power radiated
via the space wave and surface wave from the aperture of an arbitrarily shaped microstrip antenna. The
magnetic current model has been used for this, and the analysis has been carried out in the Fourier domain to
determine the effect of the substrate. It has been observed that for h/λd <0.02, where λd is the wavelength
in the substrate, the effect of surface waves can be ignored. The results obtained by Bhattacharyya and
Garg [16] confirmed the results obtained by Pozar [11], but they did not provide extra material.

In Jackson and Alexopoulos [18], an approximate formula for the radiation efficiency of a resonant
rectangular microstrip patch has been derived. They derived this formula from approximations of a rigorous
Sommerfeld solution, and it was not empirical. They showed that the radiation efficiency decreases much
more rapidly with increasing substrate thickness when a magnetic substrate is used, and that for h/λo ≥0.05
the radiation efficiency results calculated from the approximate formula are not in very good agreement with
the exact results obtained from a rigorous Sommerfeld solution.

From the studies cited above we see that the certain way of calculating the radiation efficiency of rect-
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angular microstrip antennas involves the complicated Green’s function methods and integral transformation
techniques.

Tabu search, which is one of the modern heuristic optimization procedures, is a quite new and promis-
ing optimization algorithm for difficult problems [22-24]. It has the ability of getting out of local minima and
finding global optimal solutions for multimodal problems in a reasonable time although the traditional opti-
mization algorithms fail to produce global optimal solution for such problems. This optimization algorithm
has been succesfully applied for several engineering problems from different areas [25-28]. In a previous work

[28], we introduced an effective side length expression for the resonant frequency of triangular microstrip
antennas. This effective side length expression was obtained efficiently by a modified tabu search algorithm.

From the previous works on the radiation efficiency it is seen that the relation between the radiation
efficiency and the characteristic parameters h/λ0 and εr is quite complex. Therefore, in order to produce
an accurate model for this relation, a powerful optimisation algorithm is required. In this work, a new
simple formula for the radiation efficiency of rectangular microstrip antennas is optimally obtained by
the tabu search algorithm. This formula explicitly shows the dependence of the radiation efficiency on
the characteristic parameters of a patch antenna. Thus, the radiation efficiency of rectangular microstrip
antennas can be accurately and easily calculated by the proposed formula without the need for complicated
Green’s function methods or integral transformation techniques. The results obtained from this formula are

in very good agreement with the results available in the literature even when h(εr)1/2/λ0 =0.31.

2. Radiation Efficiency of Rectangular Microstrip Antennas

Consider a rectangular patch of width W and length L over a ground plane with a substrate of thickness h
and a relative dielectric constant εr , as shown in Figure 1. The radiation efficiency due to surface waves is
defined as follows

η =
Psp

Psp + Psu
(1)

where Psp is the power radiated in space waves and Psu is the power radiated in surface waves. Psp + Psu

is then the total power delivered to the printed antenna element. Although Psp is easily found, Psu must

be obtained by complicated Green function methods.
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Figure 1. Geometry of rectangular microstrip antenna
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In this study, in order to determine the radiation efficiency of a rectangular microstrip antenna
we will concentrate on the radiation efficiency results reported by Pozar [11], Perlmutter et al. [13] and

Bhattacharyya and Garg [16], because their results agree with those presented by other scientists in the

literature. The results calculated by Pozar [11] using a moment method approach for a substrate with
relative permittivity εr=12.8 are given in Figure 2. The peak in the curve can be practically taken as linear
to the point where the TE1 mode can propagate. The results calculated by Perlmutter et al. [13] using the
electric surface current model are presented in Figures 3-5 for εr=2.2, 4.0, and 9.8. In Figure 6, the results
of the magnetic current model proposed by Bhattacharyya and Garg [16] for εr=2.55 are given. From the
plots we see that as the thickness increases, the radiation efficiency decreases. This is due to the fact that
as the thickness increases, the surface wave power increases and power via the space wave is reduced. The
curves also indicate that a lower value of εr results in a higher efficiency. From Figures 2-3 and 5 one can
also easily see that the width W of the patch has almost no effect on the value of η : the difference between
the η -values for a patch (dotted curve) and a dipole (broken curve) is less than 0.02 for εr=2.2, and nearly
zero for εr=12.8. As we are only interested in resonant antennas, the physical length L of the patch is not
of importance; it is determined by

Eq.(8) Patch [11] Dipole [11]
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Figure 2. Radiation efficiency for patch antenna and dipole on substrate with εr=12.8
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Figure 3. Radiation efficiency for wide and narrow patch antenna on substrate with εr=2.2
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Figure 4. Radiation efficiency for wide patch antenna on substrate with εr=4.0
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Figure 5. Radiation wave efficiency for wide and narrow patch antenna on substrate with εr=9.8
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Figure 6. Radiation wave efficiency for wide patch antenna on substrate with εr=2.55

L =
c

2fr
√
εe
− 2∆L (2)

where c is the velocity of electromagnetic waves in free space, εe is the effective relative dielectric constant
for the patch, fr is the resonant frequency, and ∆L is the edge extension. εe and ∆L depend on εr , h
and W . Thus, the length L is determined by W, h, εr and fr . Therefore, only two parameters are needed
to describe the radiation efficiency: εr and h/λ0 .
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The problem in the literature is that a formula as simple as possible for the calculation of the radiation
efficiency must be obtained, but the results obtained by the formula must be in good agreement with
the results produced by the complicated methods requiring large computing time, such as Green function
methods or integral transformation techniques. In this work, a new simple formula obtained by the tabu
search algorithm is presented to compute the radiation efficiency. First, a model for the formula is chosen
and then the unknown coefficients of the model are optimally found by the tabu search algorithm. This new
formula provides a faster solution and enables ease of implementation for the radiation efficiency calculation.

In the following sections, the tabu search algorithm used in this paper and the application of the tabu
search to the problem are described briefly.

3. Tabu Search Algorithm

Tabu search is a general heuristic search procedure devised for finding a global minimum of a function, which
may be linear or non-linear [26-27]. The modern version of the algorithm was developed by Glover [22-24].
It has a flexible memory to retain the information about the previous steps of the search, using it to create
and exploit new solutions in the search space. A step of tabu search starts with a present solution xnow

having an associated set of feasible solutions Q, which can be obtained by applying a simple modification to
xnow . This modification is called a move. In order to avoid a local minima in search space, the move to x?

is applied even if x? is worse than xnow . However, this can cause the cycling of the search. To avoid cycling
as much as possible, a tabu list is introduced. The tabu list stores all tabu moves that are not permitted to
be applied to the present solution. The moves stored in the tabu list are those carried out most frequently
and recently. Therefore, in order for a move to be classified as tabu or not, criteria called tabu restrictions
are employed. The use of a tabu list decreases the possibility of cycling because it prevents the return within
a certain number of iterations to a solution visited recently. After a subset of feasible solutions, Q? , are
produced according to the tabu list and evaluated for the problem, the next solution is selected from Q?

and the tabu list is updated. The solution evaluated as best is selected as the next solution xnext . This loop
is repeated until a specified stopping criteria is satisfied.

The tabu search employed in this work had two tabu restrictions, which were based on recency and
frequency memories:

recency(x?) > = recency limit

frequency(x?) < = frequency limit (3)

The recency of a move is the difference between the current iteration count and the last iteration
count at which that move was made. The frequency measure is the count of changes of the move.

Tabu restrictions might prevent the search from moving a solution that has not been visited yet, or
they might even sometimes cause all available moves to be classified as tabu. For these reasons, the tabu
restrictions should be ignored when a freedom is required. An aspiration criterion is employed to determine
which move should be freed in such cases. In the tabu search used in this work, the following aspiration
criterion was employed when all available moves are classified tabu: a tabu move that loses its tabu status
by the least increase in the value of current iteration is freed from the tabu list.
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4. Application of Tabu Search to the Problem

As mentioned earlier, firstly a model is selected for the formula of the radiation efficiency. In order to find
the proper model for the radiation efficiency formula, many experiments were carried out in this work. After
many trials, the following model was chosen:

η = 1 + α1F
α2Gα3εα4

r + α5F
α6Gα7εα8

r (4)

where F = (εr − 1) and G = h/λ0 . It is clear from Eq.(4) that the model depends on εr and h/λ0 only as

discussed in section 2. The unknown coefficients α1 . . .αi . . . α8 in Eq.(4) are optimally determined by the

tabu search algorithm. The term F in Eq.(4) assures that η=1 for an air dielectric.

A solution is represented in the string form of 8 real numbers (coefficients values) and has an associated
set of neighbors. The initial solution used by the tabu search at the start consists of randomly produced
coefficient values. Coefficients can have positive or negative values between -5 and 5. A neighbor of the
present solution is produced by the addition of a randomly generated number between -1 and 1 to a non-
tabu coefficient of the present solution. Hence, at each iteration the maximum number of neighbors to be
produced is 8. The recency and the frequency limits used in this work for tabu restrictions in Eq.(3) are

recency limit = 0.75× number of coefficients

frequency limit = 1.5× average frequency (5)

where average frequency is the average change of all coefficient values.

In order to calculate the performance of a neighbor, first the formula Eq.(4) is established with the
coefficient values obtained from the neighbor x? . Second, η is computed by this formula for the three
different values of εr and a predetermined interval of (h/λ0). Next, the performance of the neighbor is
calculated by the following formula:

p(x?) = A− (1/N)
N∑
j=1

(ηt(j) − η(j))2 (6)

where A is a positive constant selected large enough so that the p value is positive for all possible solutions,
N is the total number of efficiency values employed for the optimization process, and ηt and η represent,
respectively, the radiation efficiency values obtained by the well-known complicated Green function methods
[11, 13] and by the formula Eq.(4) established with the coefficient values produced from the neighbor x? .

Lastly, the performance values of all neighbors are compared and the neighbor that produces the
maximum performance is selected as the next solution. This process is repeated until a given stopping
criterion such as iteration number is satisfied.

5. Simulation Results and Discussion

In the optimization process, the data sets obtained from the well-known complicated methods [11, 13] for
different dielectric permittivities and substrate thicknesses were used. In the test stage, η was computed
by the proposed formula obtained using the tabu search algorithm for unseen data sets in the optimization
stage.
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One hundred seven data sets consisting of εr, h/λ0 and ηt values used for the optimization process

were generated from the moment method approach [11] for εr=12.8 and from the electric surface current

model [13] for εr=2.2 and 4.0.

The tabu search algorithm was run for 400 iterations and the following optimum values for the unknown
coefficients of the model given in Eq.(4) were found:

α1 = −3.66 α2 = 1.83 α3 = 1.06 α4 = −1.32

α5 = −2.48 α6 = 2.48 α7 = 0.5 α8 = −3.12 (7)

The following radiation efficiency formula is then obtained by substituting the coefficient values given
by Eq.(7) into Eq.(4):

η = 1− 3.66F 1.83G1.06ε−1.32
r − 2.48F 2.48G0.5ε−3.12

r (8)

Figures 2-4 show the optimization results. The solid curves in these figures represent the results
obtained by using Eq.(8). It can be clearly seen from Figures 2-4 that the results of the proposed formula

were similar to the results of moment method [11] and Green function method [13].

In order to test the proposed radiation efficiency formula Eq.(8), the results of the electric surface

current model [13] for εr=9.8 and the magnetic current model [16] for εr=2.55 with different substrate

thicknesses, which are not used in the optimization process, are compared with the results of Eq.(8) in
Figures 5 and 6, respectively. It is very apparent from Figures 5 and 6 that the radiation efficiency for
wide and narrow patch antennas on subsrates with different substrates thicknesses is computed with high
accuracy.

Both the optimisation and test results illustrate that the performance of the formula is quite robust
and precise. The results of the proposed formula are compared with those of Pozar [11], Perlmutter et al.

[13], and Bhattacharyya and Garg [16], and the error is within 0.023, which is tolerable for most design
applications.

We also used the data sets for εr=2.2, 9.8 and 12.8 in the optimisation process and the data sets
for εr=4.0 and εr=2.55 in the test process. In this case, the same model given in Eq.(4) was chosen and
different coefficient values were found. It was observed that the results obtained are in good agreement with
the results of the moment method [11], the Green function method [13] and the magnetic current model [16].

It also must be emphasized once more that more accurate results can be obtained with higher order
models than that in Eq.(4), at the expense of the simplicity of the formula. However, it seems practical to

use such a simple formula as Eq.(8) that lends insight into the dependence of the radiation efficiency upon
the various parameters such as thickness h and relative dielectric constant εr . In spite of its simplicity, the
formula provides quite accurate results in many cases.

As the difference between radiation efficiency for the dipoles and patches is always less than 0.02, the
proposed formula Eq.(8) can also be used for dipoles.

Since the formula presented in this work has high accuracy in the range of 1 ≤ εr ≤12.8 and 0 <

h/λd ≤0.31 and requires no complicated mathematical functions, it can be very useful for the development
of fast CAD algorithms. Using this formula, one can calculate the radiation efficiency of rectangular patch
antennas by hand calculator, without possessing any background knowledge of microstrip antennas. For
engineering applications, the simple formulas are very usable. Thus the formula given by Eq.(8) can also be
used for many engineering applications and purposes.
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6. Conclusions

A new simple formula is presented for the radiation efficiency of a rectangular microstrip antenna. It is
optimally obtained by the tabu search algorithm and only depends on h/λ0 and εr . The good agreement
between the results produced from the proposed formula and the Green function, moment and magnetic
current methods supports the validity of the formula. It is valid for dipoles and patches, and useful for
substrates with relative permittivities between 1 and 12.8 and for the complete range of thicknesses normally
used. It also provides insight into the fundamental influence of the substrate parameters on the radiation
efficiency. We expect that the tabu search algorithm and the proposed formula will find wide application in
high frequency printed antennas, especially at the millimeter wave frequency range.
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