
Turk J Engin Environ Sci
24 (2000) , 353 – 364.
c© TÜBİTAK
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Abstract

This paper presents a robust formulation of the boundary element (BE) method for more complex
elastoplastic applications such as elastoplastic frictional contact problems. The elastoplastic BE formulation
is applied to standard test problems. The BE solutions are compared with the corresponding finite element
(FE) solutions provided by a commercially available FE package, ABAQUS, and analytical or experimental
results.
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Başlangıç Şekil Değiştirme ve Deplasman Gradyenti Esasına Daylo Elastik
Plastik Sınır Elemanları Formülasyonu

Özet

Bu makale elastoplastik sürtünmeli temas problemleri gibi daha karmaşık elastoplastik uygulamalar için
sınır elemanlar(SE) yönteminin sağlıklı bir formulasyonunu sunmaktadır. Elastoplastik SE formulasyonu
standart test problemlerine uygulanmıştır. SE sonuçları analitik veya deneysel sonuçların yanında sonlu
elemanlar (FE) paket programı ABAQUS ile elde edilen FE sonuçlar ile karşılaştırılmıştır.

Anahtar Sözcükler: Plastisite, verimlilik, sınır elemenları yöntemi

Introduction

The boundary integral equation (BIE) method is
well established as an accurate numerical tool par-
ticularly suitable for linear elastic problems. Due
to its high resolution of stresses on the surface, the
BIE approach has been shown to be well suited to
problems involving stress concentration, fracture me-
chanics and contact analysis. However, its extension
to non-linear problems is not widespread and is un-
der developed when compared to the Finite Element
(FE) method. In many non-linear BIE formulations

the interior of the solution domain has to be discre-
tised, thus losing the main BIE advantage of sur-
faceonly modelling. Another difficulty encountered
in the non-linear BIE formulations is the accurate
evaluation of strongly singular integral functions.

The elastoplastic boundary element formulation
has been covered in a number of publications; how-
ever, a degree of ambiguity was present in some
implementations, which may explain why the BE
method is lagging behind the FE method in non-
linear applications. Because of the nature of bound-
ary integral identities, the elasto-plastic BE needs
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special attention in incremental-iterative processes.
In the literature it can be observed that the most
of the presented algorithms tend to cause a stiff re-
sponse. Therefore the initial strain displacement gra-
dient elastoplastic BE is presented with emphasis on
a robust incremental-iterative process and efficiency
to provide a foundation for extension to more com-
plex problems such as contact mechanics and more
complex plasticity problems.

Governing Equations

By considering a two-dimensional isotropic ho-
mogeneous body, which has the boundary S and the
domain A during time-independent plastic deforma-
tion, the Navier rate equation for plane strain and
plane stress can be written as follows:

∂2u̇I
∂xj∂xj

+
1

(1− 2v)
∂2u̇j
∂xj∂xi

−k1

∂ε̇pjj
∂xi

+ 2
∂ε̇pij
∂xj

 =
−ḟi
µ

(1)

where u̇i is the displacement rate, ḟi is the body-force
rate, ϕ̇pij is the plastic strain rate and the parame-
ter k1 is either 0 (for plane strain) or 1/(1-2 υ) (for
plane stress). For a material obeying the von Mises
yield criterion, the plastic stain rates are given by
the following incremental elasto-plastic flow rules:

ϕ̇pij =
9
4

 Ṡklσ̇kl
H

 Ṡij
(σ̇eq)2

(2a)

ϕ̇pij =
3
2

 Ṡklϕ̇kl
1 +H/3µ

 Ṡij
(σ̇eq)2

(2b)

where Ṡij and Ṡeq denote the current deviatoric
stress tensor and the equivalent stress respectively,
ε̇ij is the total strain rate and H represents the plastic
modules. Axelsson and Samuelson [1979] proposed
that the plastic strain rate is decomposed into its
isotropic and kinematic parts as follows:

dϕ
p(i)
ij = Mdϕpij (3a)

dϕ
p(k)
ij = (1−M)dϕpij (3b)

in which M is defined as the mixed hardening pa-
rameter, which is equal to -1 for isotropic softening,
0 for kinematic hardening and 1 for isotropic hard-
ening. The slope of the stress-plastic strain curve in
a uniaxial tensile test, H, is given as follows:

H =
dσeq

dε
p(i)
eq

(4)

Analytical Boundary Element Formulation
for Elastoplasticity

One way of the dealing with the plastic terms
in the Navier rate equations is to treat the deriva-
tives of the plastic stress rates (see Henry and Baner-
jee(1988)) or the plastic strain rates (see, for exam-
ple, Mendelson (1973)) as a kind of body force. Al-
ternatively, by considering the plastic strain rates
to be initial strain rates and then modifying Bettis
reciprocal theorem to include plasticty, the pseudo-
boundary integral equation for the initial strain ap-
proach can be written as follows (see, for example,
Lee (1983)):

Cij(P )u̇j(P ) +
∫
S
Tij(P,Q)u̇j(Q)dS(Q) =∫

S Uij(P,Q)ṫj(Q)dS(Q)
+
∫
A
Uij(P, q)ḟj(q)dA(q)

+
∫
A
Wkij(P, q)ε̇

p
ij(q)dA(q)

(5)

In this expression Uij and Tij are fundamental
displacements and tractions at x in the jth direction
at the field point Q or q due to a unit load at load
point P acting in the ith direction. Wkij represents
the third-order tensor for the stress at the field point
due to a unit load at load point P. The tensors Uij,
Tij, Wkij, derived from the fundamental solution to
Kelvin’s problems in two dimensions, are given as
follows:

Uij(P,Q) = − 1
8π(1−v)µ{
δij(3− 4v)lnr − ∂r

∂xi
∂r
∂xj

} (6)
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4π(1−v)

1
r{
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) ∂r∂n
− ∂r

∂xi
nj + ∂r

∂xj
ni

} (7)

Wkij(P, q) = − 1
4π(1−v)

1
r

{
(1− 2v)(δjk ∂r

∂xi

+δik ∂r
∂xj
− kδij ∂r∂xk ) + 2 ∂r

∂xi
∂r
∂xj

∂r
∂xk

} (8)

where the parameter k is either equal to 1 (plane
stress) or 1/(1-2n) (plane strain). Finally, the free-
term tensor, Cij, is defined as follows:

Cij(P ) + δij + lim
ε→0

∫
Sε(P)

Tij(P,Q)dS(Q) (9)
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BE Elasto-plastic Approaches

In order to include the effect of plasticity in
the solution domain, additional domain integrals ap-
pear in the boundary integral equations and they
display strongly and weakly singular behaviour, of
the order of 1/r2 and 1/r respectively, in two-
dimensional applications. The techniques for evalua-
tion of the strong singular integrals can be classified
into two main groups called the indirect and direct
approaches.

From the literature it can be seen that indirect
techniques need to consider a known reference solu-
tion such as an admissible stress field (see Henry and
Banerjee [1988]) and a constant plastic strain field
(see Brebbia et al, [1984]). In the application of this
approach, a subregion formulation can be used in or-
der to avoid the discretisation of the entire domain
to be solved.

The direct approaches, which are commonly
used, are based on the regularisation of the strongly
singular integrals, except the one presented by
Banerjee and Raveendra [1986] in which the strongly
singular integrals are excluded from the solution
domain using a small circle (or sphere for three-
dimensional applications), where plastic strain is as-
sumed to be constant, and calculated analytically.
The regularisation procedure of the strongly singu-
lar integrals can be performed using polar coordi-
nate transformation and Taylor series expansion (see
Guiggiani et al. [1992]). The advantage of this ap-
proach is the handling of the hyper-singular inte-
gral equation (HSE), in which the singular integral
is of higher order singularity than the strongly sin-
gular integral equation (SSE), with high accuracy
for any arbitrary integration cell. It is possible to
regularise the strong singular integral using Gauss
theorem without consulting special coordinate trans-
formation and the representation of Taylor series ex-
pansion (see Dallner and Kuhn [1993]). The advan-
tage of this approach is that it is applicable to any
arbitrary integration cell and location of the singu-
lar point in which the load point (source point) is
located.

It can be concluded that the use of the integral
identities gives more accurate solutions for the inte-
rior stress and strain rates, but it is obviously more
tedious and consumes more computation time. It
is possible to circumvent the strongly singular in-
tegrals by differentiating the displacement rates via
the shape functions in order to obtain the strain and
the stress rates or by using the particular integral
approach.

In the first approach, which is well known and
may be called the classical approach, the discreti-
sation of the entire solution domain is not compul-
sory, because the stress rates at interior points and
at boundary nodes can be treated separately. In the
particular integral approach, the effect of the plas-
ticity in the solution domain is treated as a special
kind of body force and can be put into boundary
variables over the global shape functions without
performing any domain integration. In this method
the internal (fictitious nodes) should be consistent
with the boundary discretisation. Therefore, the en-
tire solution domain has to be discretised by using
both boundary nodes and fictitious nodes. In order
to avoid the discretisation, whole domain sub-region
formulation must be implemented.

Numerical Implementation of the Integral
Equation

It is obvious from the elasto-plastic BE formu-
lation discussed above that both boundary elements
and domain cells (internal cells) are necessary in or-
der to perform the integrals arising in the BE formu-
lation. Both the boundary elements and the domain
cells used in two-dimensional elasto-plastic BE anal-
ysis are illustrated in Figure 1. In a manner similar
to the elastostatic BE analysis, the boundary is rep-
resented as a collection of boundary elements. The
zones, where the plastic deformation is expected, in
the solution domain are discretised into domain cells
in order to perform domain integrals.

The elasto-plastic BE equation in the initial
strain approach (without considering body forces) in
discretised form, can be written as follows:

Cij(P )u̇j(P ) +
M∑
m=1

3∑
c=1

u̇j(Q)
∫ +1

−1

Tij(P,Q)Nc(ξ)J(ξ)dξ =
M∑
m=1

3∑
c=1

ṫj(Q)
∫ +1

−1

Uij(P,Q)Nc(ξ)j(ξ)dξ

+
D∑

m=1

8∑
c=1

ε̇pij(q)
∫ +1

−1

∫ +1

−1

Wkij(P, q)Nc(ξ1, ξ2)j(ξ1 , ξ2)dξ1dξ2 (10)
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where P denotes the node where the integration
is performed, Q indicates the cth node of the mth

boundary element and q indicates the cth node of the
mth domain cell. M is the total number of bound-
ary elements and D is the total number of domain
cells.Nc(χ) is the quadratic shape function and J(χ)
is the jacobian of transformation. The integration
process and evaluation of equation coefficients are
explained in detail by Becker (1997).

The Displacement Gradient Approach

By differentiating the interior displacements via
the shape functions over each domain cell, and us-
ing the jacobian of transformation, the displacement
differentials with respect to the local co-ordinates
χ1 and χ2 can be obtained. To obtain the total
strain rates, the strain-displacement relationship can
be used as follows:

ε̇ij =
1
2

(
∂u̇i
∂xj

+
∂u̇j
∂xi

)
(11)

In the plane stress problems the total strain rate
in the third direction can be obtained by using
σ̇33=0, i.e.,

ε̇zz = −v
1−v

−v
1−v (ε̇xx + ε̇yy)

−1−2v
1−v (ε̇pxx + ε̇pyy)

(12)

Using Hookes law, the cell stress rates can be
written as follows:

σ̇ij = 2µ(ε̇ij − ε̇pij) +
2µv

1− 2v
δij ε̇kk (13)

It should be noted that the stresses at the bound-
aries are obtained from the local displacement gradi-
ents and traction rates. Full details of the evaluation
of the stress and strain rates at the boundary and in-
terior nodes are presented by Gun (1997).

Incremental/Iterative Solution Procedure

In the elastoplastic FE analysis, depending on
the formulation of the stiffness matrix, either the
tangential stiffness technique or the initial stiffness
technique can be employed. However, because of the
nature of the elastoplastic BE formulation, neither of
these approaches can be used. Instead, the concepts
of the initial strain and the initial stress techniques,
used in the FE approach, can be modified in order
to be applicable to the elastoplastic BE analysis.

2

3

P

(a)

1 n(ζ)

m(ζ)

(b)

ζ

Figure 1. Isoparemetric quadratic elements used in elastoplastic BE analysis (a) Three-noded boundary element (b)
Eight-noded quadratilateral domain cell

In the elastoplastic BE analysis, the plastic strain
increments can be calculated by using the flow rule
expressions in equations (2a) and (2b). In equation
(2a) the actual stress increments are required in or-
der to obtain the initial strain increments. The ini-
tial stresses can be obtained by using equation (2b),

in which the total strain increments are assumed to
be known. In the initial strain approach it is possible
to obtain the plastic strain increments by using equa-
tion (2b), which can handle the perfectly plastic ma-
terial behaviour. In BE formulations, there is no sig-
nificant difference between the initial stress approach
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and the initial strain approach, because the integral
equations in both approaches include the effect of
plasticity. The initial strain formulation is consid-
ered more suitable for traction-controlled problems,
because the first approximations for the stress incre-
ments are usually reasonably accurate.

Both the flow rules and integral equations are
given in rate form. Therefore, at the end of the iter-
ation process for each load step, a suitable pseudo-
time step is chosen and multiplied by the rates in
order to determine the actual incremental variables.
The time step can be chosen as unity and the pre-
scribed boundary conditions, defined in an incremen-
tal form, are treated in the same manner.

In order to define the yield surface, it is neces-
sary to use a scalar factor R to multiply the stress
increment, as follows:

fσij + Rdσeij + Rdσeij) − Y = 0 (14)

In this expression, dσeij is the incremental esti-
mated elastic stress vector and σij is the stress state
at the beginning of the load step. More refined meth-
ods can be used for the evaluation of R, e.g., using
quadratic interpolation (e.g., Bicanic (1989)).

During the iteration process, by using the yield
criterion (surface) fn in the nth iteration and the
value of the yield criterion fn+1 in the (n+1) itera-
tion number, the following four possibilities have to
be examined:

i) fn ≺ 0 and fn+1 ≺ 0, i.e., there is no plastic
deformation and the solution is purely elastic.

ii) fn ≺ 0 and fn+1 ≥ 0, i.e., transition occurs
from elastic to plastic conditions. Therefore, the
evaluation of the elastic stress increments is required
in order to bring the stress state to where the onset
of yield commences. The plastic strains are obtained
by using the flow rule and the remaining part, (1-R)
dσeij , which occurs beyond the yield point.

iii) fn=0 and fn+1 ≥ 0, i.e., the stress increments
occur completely beyond the yield point. Hence it
requires only computation of the plastic strain incre-
ment by using either equation(2a) or equation (2b).

iv) fn=0 and fn+1 ≺ 0, i.e., unloading takes place
and it is assumed that there is no plastic deformation
for the node being considered.

Correction Factor

It is necessary to use a correction factor for plane
strain cases, because the stress increment in the third
direction, σP33, is computed indirectly and employed
in the flow rule. Therefore, it may be assumed that

the new values obtained using the flow rules will not
agree with the old values. Lee (1983) presented cor-
rection factors for traction or displacement control
problems, in order to consistently employ the flow
rules during the iterations. For problems with pre-
scribed traction boundary conditions, the correction
factor, λ, is given by

λ =
(Ṡklσ̇kl)n−1 +EṠ33(εP33)

n

(Ṡklσ̇kl)n−1 + EṠ33(εP33)n−1)
(15)

In addition to the above correction factor, an ac-
celeration factor, α, ranging from 1.2 to 1.7 can be
used to accelerate convergence, as follows:

ε̇pij =
(
ε̇pij
)n + α

[(
ε̇pij
)n−1 −

(
ε̇pij
)n] (16)

Converge Criteria

In order to ensure that a prescribed standard ac-
curacy is satisfied in the iterative process, a conver-
gence criterion must be used. There are four practi-
cal convergence criteria:

(i) The norm of changes in the primary unknown
vector [ẋ],

(ii) The norm of the changes in the plastic strain
increments,

(iii) The magnitude of changes in the primary
unknowns vector, [ẋ], or

(iv) The magnitude of the changes in the plastic
strain increments which are considered as secondary
unknown.

The first and second criteria are based on the
square root of the sum of the components of either
the primary unknowns or the secondary unknowns.
For this type of convergence criterion, typical val-
ues of percentage changes range between 0.001% and
0.01%. The third and fourth criteria are based on
the absolute values of the largest term in either the
primary unknowns or the secondary unknowns to
the largest percentage change in each term of either
the primary unknowns or the secondary unknowns.
For this type of convergence criterion, the conver-
gence values for the percentage changes range be-
tween 0.1% and 1%. It is worth mentioning that
the present algorithm allows the user to attempt to
reduce load increment to a minimum and to use av-
erage values for the stress and strain rates during
iterations, which is more practical, efficient and suit-
able for more complex plasticity applications, such
as contact problems. The full details of the present
algorithm can be found in the work of Gun (1997).

357



GUN, BECKER

Numerical Results

The present initial strain formulation, in which
the displacement rates, obtained from the integral
equations for displacement rates, are differentiated
via the shape functions in order to obtain the stress
and strain increments at interior points, is applied
to some classical test problems and the results are
compared with either analytical solutions or the cor-
responding FE solutions. In order to evaluate the in-
tegrals, six Gaussian points for integrals over bound-
ary and interior elements are employed.

For the FE analysis, the commercially available
finite element package ABAQUS [1995] was used.
ABAQUS is a general purpose FE package with
many non-linear capabilities. The ABAQUS input
file is prepared in terms of elements, nodes’ mate-
rial properties, boundary conditions, load steps and
output control. In modelling elasto-plastic prob-
lems using ABAQUS, the user can either define the
number of load steps and incrementations within
each step or let the program use automatic incre-
mentation by dividing the total applied load into
small steps and analysing each load-step. Isopara-
metric quadratic quadrilateral 8-noded elements and
4-noded elements with reduced (2x2) integration
points were used in all the applications.

Uniaxial Test Problems (plane stress)

This test problem consists of a square plate sub-
jected to uniform tension in the x-direction. The
geometry and loading conditions are presented in

Figure 2. The BE discretisation is shown in Figure
3 where two meshes were used: mesh A (4 bound-
ary elements with no internal points) and mesh B (8
boundary elements and 4 internal cells). The ma-
terial is to be loaded in tension up to 587 N/mm2
and it is to be solved using 24 increments. The fol-
lowing properties are assumed for the linear strain
hardening material

σxx

Figure 2. Geometry and loading condition for uniaxial
test problem

(b)(a)

Figure 3. Boundary element discretisation for uniaxial test problem
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σy = 483 N/mm2

E = 200 x 103 N/mm2

ν = 0.3
H = 4223.8267 N/mm2

In the FE model, this problem is represented by
4 quadratic plane stress elements with reduced (2x2)
integration. As depicted in Figure 4(a), the stress-
strain curve given by mesh A, which has no internal
points, is in excellent agreement with the correspond-
ing FE results. Figure 4(b) shows a comparison of
the two BE meshes, which indicates that there are no

significant changes in stress levels either at interior
or boundary nodes used in mesh B.

Thick Cylinder Under Internal Pressure

The geometry and loading conditions of this test
problem are given in Figure 5. The radius ratio b/a is
taken to be 2. The analytical solution of this problem
was presented by Hodge and White [1950]. The ma-
terial is assumed to be elastic-perfectly plastic with
the following material properties:
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exact solution
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abaqus (CPS8R)

BE (mesh B: bounday node)

BE (mesh B: internal node)

exact solution

Figure 4. (a) : Results for uniaxial plane stress problem (BE, using mesh A, and ABAQUS)
(b) : Results for uniaxial plane stress problem (BE, using mesh A and mesh B, and ABAQUS).

σy = 200 N/mm2

E = 200 x 103 N/mm2

ν = 0.33
The boundary element discretisation is shown in

Figure 6, in which two meshes are used: mesh A
with 10 boundary elements and 4 cells occupying a
15◦ sector and mesh B occupying a 5o sector with the
same number of elements. For the FE analysis, four
8-noded axisymmetric elements with reduced (2x2)
integration are employed. The variation in the load
factor P/σy with the non-dimensionalised displace-
ment (4µµb/σya) at the outer radius for both BE
meshes and the corresponding FE solutions are de-
picted in Figure 7. In the BE analysis 5 load incre-
ments were used to reach the load factor, P/-y, value
of 0.79. The BE solutions show very good agreement
with the analytical and FE results. Figure 8 shows
the hoop stress distribution along the radius for the
load factor, P/σy, value of 0.76. The BE results,
computed using 5 load increments are again in good
agreement with the analytical and FE results.

x

y
a

P

b

Figure 5. Thick cylinder subjected to internal pressure
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(b)

 y

 x

 15°
 x

 y

 5°

(a)

Figure 6. BE discretisation for internaly pressurised cylinder (a) Mesh design for mesh A (b) Mesh design for mesh B
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analytical
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4 µ Ub / σya

Figure 7. Non-dimensionalised radial displacement at
outer radius of thick cylinder for BE, using
mesh A and B, ABAQUS and analytical re-
sults from Hodge and White [1950].
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analytical
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r / a

1.8 1.9 2

Figure 8. Hoop stresses with radius at the load factor
P/ σy= 0.76 for BE, using mesh A and B,
ABAQUS and analytical results from Hodge
and White [1950].

Perforated Plate in Tension

This problem is included to demonstrate the ap-
plicability of the BE formulation in a stress concen-
tration situation in which a sharp stress gradient oc-
curs near the plastic region. This plane stress prob-
lem was also investigated experimentally by Theo-
caris and Marketos [1964]. The geometry and load-
ing conditions are given in Figure 9. The following
material properties are assumed for the linear strain
hardening material:

σy = 24.3 N/mm2

E = 700 N/mm2

H = 224 N/mm2

ν = 0.2

 σm

18

10x

y 5

Figure 9. Perforated plate problem
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For the BE analysis, three meshes were employed,
as represented in Figure 10: mesh A with 12 cells and
19 boundary elements, mesh B with 16 cells and 22
boundary elements and mesh C with 20 cells and 25
boundary elements. All BE meshes employ partial
rather than full interior modelling in order to demon-

strate this capability of the initial strain approach.
For the FE analysis, two meshes are also used: mesh
A with 120 quadratic plane stress elements and 905
nodes, and mesh B with 500 first-order plane stress
elements and 546 nodes.

x

y

5

(a)
x

y
5

x
(b)

y

x

 (c)

5

Figure 10. BE discretisation of the perforated plate (a) Mesh design for mesh A (b) Mesh design for mesh B (c) Mesh
design for mesh C
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Figure 11 shows the development of maximum
strain at the first yielding point with the mean
stresses, σm, at the root of the plate, for the BE,
FE and previously published experimental results.
The BE results have been computed to reach the
non-dimensionalised mean stresses, 2σm/σy, values
of 0.9897. Both the BE and FE solutions are a little
lower than experimental results. All three meshes
used in the BE analysis gave consistent results un-
til near the collapse load point. At the collapse
load point mesh A did not give the correct approx-
imation because the boundary element discretisa-
tions were not enough to cover the plastic response
of the structure. Meshes B and C gave slightly
better results than ABAQUS at the collapse load
point. Figure 12 shows that the BE and FE results
are in a satisfactory agreement on the variation of
non-dimensionalised stresses σyy/σy at the root of
the plate near the collapse load in which the non-
dimensionalised stresses, σyy/σy are equal to 0.91.

1.2

1

0.8

0.6

0.4

0.2

0

2σ
m

 / 
σ y

experimental

E εyy / σy

0.5 1 1.5 2 2.5 3 3.5 40 4.5 5

abaqus (CPS8R)

abaqus (SPS4R)

BE (mesh A)

BE (mesh B)

BE (mesh C)

Figure 11. Stress-strain response at the first yielding
point BE, using mesh A, B and C, ABAQUS
and experimental results from Theocaris and
Marketos [1964].

Figures 13 and 14 show comparisons of the BE so-
lutions using perfectly plastic and linear strain hard-
ening material models with the experimental results,
for the mean non-dimensionalised stresses 2σm/σy
and σyy/σy, respectively. Good agreement is reached
between the BE solutions from meshes B and C and
the experimental results. For the BE analysis, 6, 4
and 4 load increments were employed for meshes A,
B and C, respectively. For the perfectly-plastic BE

analysis, 4 and 3 load increments were employed for
meshes B and C respectively.
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0.4

0.2

0

σ yy
 / 

σ y

x/r

experimental

1.2 1.4 1.6 1.81 2
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Figure 12. Stress distribution at the root of the plate
near the collapse load for BE, using mesh A,
B and C, ABAQUS and experimental results
from Theocaris and Marketos [1964].
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Figure 13. Stress-strain response at the first yielding for
BE, using mesh B and C, and assuming lin-
ear strain hardening and perfect-plastic cases,
and experimental results from Theocaris and
Marketos [1964].
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Figure 14. Stress distribution at the root of the plate
point near the collapse load for BE, using
mesh B and C, and assuming linear harden-
ing and perfect-plastic cases and experimental
results from Theocaris and Marketos [1964].

Conclusion

The initial strain displacement gradient BE for-
mulation was implemented in a Fortran computer
program, BEPLAST, which was written with em-

phasis on clarity. The program listing contains
full details of all the numerical algorithms and
carefully explains the book-keeping adopted in the
incremental-iterative algorithms.

The computer program BEPLAST, capable of
handling mixed hardening material behavour, was
applied to several classical test problems in order to
assess its accuracy and reliability. The applications
included uniaxial tensile loading, a pressurised thick
cylinder and perforated a plate under tension. The
BE solutions were shown to be in very good agree-
ment with the corresponding analytical and FE so-
lutions provided by the commercially available FE
package, ABAQUS. The range of applicability of the
present BE formulation can be extended to cover
multi-domain and contact mechanics problems. This
would require a carefully designed robust numerical
algorithm to incorporate nested iterations and load
increments that are capable of monitoring contact
development as well as marching the solution along
the elasto-plastic material path. Introducing fric-
tional stick-slip behaviour would further complicate
the numerical algorithms. This is the subject of the
further research work.
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