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Abstract

The elastic-plastic deformation of a tube with free ends subjected to uniform internal energy generation is
evaluated using Tresca’s yield condition and the associated flow rule. Yielding starts at the outer boundary
and later another plastic region develops at the center, both of them corresponding to an ‘edge regime’ of
Tresca’s prism. The expansion of the plastic regions with increasing thermal load and the distribution of
stresses and plastic strains are displayed graphically and discussed.
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İç Enerji Üretimli Uçları Serbest Tüpte Elastik-Plastik Deformasyon

Özet

Bu çalışmada, iç enerji üretimi altında, uçları serbest tüpteki elastik-plastik deformasyon Tresca akma
kriteri ve ilgili akma kuralı kullanarak incelenmiştir. Plastik akma dış yüzeyde başladıktan sonra iç yüzeyde
ikinci bir plastik bölge meydana gelmektedir. Her iki plastik bölge Tresca prizmasının ‘kenar rejim’inde yer
almaktadır. Artan ısı yükü ile plastik bölgelerin yayılması, gerilme dağılımı ve plastik şekil değiştirmeler
grafikler halinde verilerek irdelenmiştir.

Anahtar Sözcükler: Elastik-plastik, ısıl gerilmeler, iç enerji, tüp.

Introduction

The determination of stress distribution in
elastic-plastic bodies with cylindrical or spherical
symmetry has received considerable attention due
to its importance in engineering design and appli-
cations (Gamer, 1991; Orçan and Gamer, 1991; Orç
an, 1994). Most of the existing solutions to elastic-
plastic problems are based on Tresca’s yield condi-
tion and its associated flow rule leading to analytical

or quasi-analytical solutions. More recently, a num-
ber of papers have appeared in the literature in which
the effect of the temperature dependence of the yield
stress on the expansion of plastic regions is investi-
gated (Bengeri and Mack, 1994; Gülgeç and Orçan,
2000; Orçan and Gülgeç, 2000).

The exact solution of an elastic-plastic tube sub-
jected to mechanical as well as thermal loads was
obtained by Bland (1956) for a linearly work hard-
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ening material. The treatment was based on the as-
sumption that the axial stress in the plastic region
is the intermediate principal stress and that no edge
regime of Tresca’s prism is encountered. Hence, the
solution presented in Bland (1956) is not valid in the
absence of internal pressure and/or for large temper-
ature gradients.

Kammash (1960) investigated the elastic-plastic
stresses in tubes subjected to a uniform internal
heat source in the state of plane strain for a lin-
early strain hardening material. It was found that
for tubes with insulated inner surfaces, yielding com-
mences at the inner boundary and propagates out-
ward upon further thermal loading. The theoretical
results were compared with the experimentally avail-
able failure loads of graphite tubes. However, the dif-
ferent phases of plastic deformation that occur before
the fully plastic state is reached were not considered
and hence the theoretical analysis presented there is
not complete.

The aim of the present paper is to derive the com-
plete solution of the elastic-plastic behaviour of a
tube with free ends subjected to a uniform energy
source q′′′ per unit volume per unit time, which in-
creases monotonously with time. Although the tem-
perature distribution under consideration is the same
as that considered by Kammash (1960), the elastic-
plastic behaviours in the two cases are entirely dif-
ferent. In the present case, yielding starts at the
outer surface of the tube and later at the inner sur-
face, where the stress states lie in two different edge
regimes of Tresca’s prism.

In Section 2, the thermoelastic behaviour and the
specific temperature distribution are given. The first
stage of elastic-plastic deformation is analyzed in
Section 3, and the second stage in Section 4. Finally,
the numerical results are presented and discussed in
Section 5.

Elastic Behaviour

The stresses and displacement in a tube under
the state of generalized plane strain and subjected
to a temperature distribution T are given by

σr = − Eα

1− ν θ (a, r) +
C1

2
+
C2

r2
, (1)

σθ =
Eα

1− ν [θ (a, r) − T ] +
C1

2
− C2

r2
, (2)

σz = − Eα

1− ν T + νC1 + Eεz, (3)

Eu = − (1 + ν) C2
r

+
[

1+ν
1−νEαθ (a, r) + 1

2
(1 + ν) (1− 2ν)C1

−νEεz
]
r,

(4)

where θ := θ (a, r) = 1
r2

r∫
a

T r dr.

The integration constants C1 and C2 are evalu-
ated using the condition that σr vanishes at the inner
and outer surfaces, r = a and r = b, as

C1 =
2b2

(b2 − a2) (1− ν)Eαθ (a, b) , C2 = −a
2

2
C1.

(5)

Temperature distribution

For an insulated inner surface (dT
dr

= 0 at r = a)
and zero reference temperature at r = b, the temper-
ature distribution in a tube subjected to quasi-static
uniform internal energy generation q′′′ is given by

T (r) =
q′′′

4λ
[(
b2 − r2

)
+ 2a2 ln r/b

]
(6)

where λ is the thermal conductivity.
The distribution of stress and displacement in the

elastic phase for the thermal loading under consider-
ation is obtained by inserting the temperature from
(6) into (1)-(4). This solution is valid until the differ-
ence of any two principal stresses reaches the uniaxial
yield limit σ0 of the material. It can be shown that
for a tube with free ends this occurs at the outer sur-
face where the stress image points lie on an edge of
Tresca’s prism with σθ = σz > σr. The correspond-
ing load parameter is determined by the condition
that σθ − σr = σz − σr = σ0 at r = b, as

q̄′′′1 =
Eα q′′′1 ,b

2

λσ0
=

2 (1− ν)
(
1−Q2

)
(0.25−Q2 + 0.75Q4−Q4 lnQ)

(7)

where Q:= a/b .

First Stage of Plastic Deformation

For q̄′′′ = q̄′′′1 , as in the related cases, two plastic
regions (plastic regions I and II) governed by differ-
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ent forms of the yield condition emerge at the outer
boundary and spread inward with increasing load
parameter. The derivation of the basic equations
for the stresses, displacement and plastic strains in
plastic regions I and II is given as follows:

Plastic Region I: r4 < r ≤ b
In plastic region I, the stress image points lie on

an edge of Tresca’s prism and the yield condition
takes the form

σθ − σr = σ0, σz − σr = σ0. (8)

The distributions of stresses, displacement and
plastic strains are given by

σr = σ0 ln r +C3, (9)

σθ = σz = σ0 (1 + ln r) +C3, (10)

Eu =
1− 2ν

2
r

[
σ0

(
1
2

+ 3 ln r
)

+ 3C3

]
+ 3αE rθ− 1

2
Eεz r +

C4

r
, (11)

Eεpθ =
1− 2ν

2
(σ0 ln r +C3)−

3− 2ν
4

σ0 + Eα (3θ− T )− 1
2
Eεz +

C4

r2
, (12)

Eεpr =
1− 2ν

2
(σ0 ln r + C3) +

7− 6ν
4

σ0 −Eα (3θ − 2T ) − 1
2
Eεz −

C4

r2
, (13)

Eεpz = Eεz − [(1− ν)σ0 + (1− 2ν) (σ0 ln r +C3)]−EαT. (14)

Plastic Region II : quad r3 < r < r4

In this region due to the inequality σr < σz < σθ the yield condition is given by

σθ − σr = σ0 (15)

The stresses, displacement and plastic strains can be derived as follows:

σr = σ0 ln r +C5, (16)

σθ = σ0 (ln r + 1) +C5, (17)

σz = ν [σ0 (2 ln r + 1) + 2C5] +Eεz − EαT, (18)

Eu = (1 + ν) (1− 2ν) r (σ0 ln r +C5) + 2 (1 + ν)Eθ r − νEεzr +
C6

r
, (19)

Eεpθ = −Eεpr = −
(
1− ν2

)
σ0 + (1 + ν)Eα (2θ− T ) +

C6

r2
, (20)

εpz = 0. (21)
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Conditions and solution procedure

The general expressions for the distribution of
stresses, displacement and plastic strains in the first
stage of plastic deformation contain nine unknowns,
which are functions of the load parameter: Inte-
gration constants C1, C2, . . . ,C6, the uniform axial
strain εz , the elastic-plastic interface radius r3 and
the interface radius r4 separating plastic regions I
and II. Two of the boundary conditions follow from

the fact that the inner and outer surfaces of the tube
are free of traction. Three conditions at each inter-
face radius should also be chosen appropriately from
the available five nonredundant conditions of conti-
nuity of stresses, displacement and plastic strains.
Here it is convenient to choose the following con-
ditions: σelr = σIIr , σelθ − σelr = σ0, (εpθ)

II = 0 at
r = r3 and σIr = σIIr , σIIθ = σIIz , (εpθ)

I = (εpθ)
II

at r = r4. When these conditions are enforced the
unknown constants are found to be

C1 = −2
C2

a2
= − 2r2

3

a2 − r2
3

[
σ0 ln r3/b+

Eα

1− ν θ (a, r3)
]
, (22)

C3 = C5 = −σ0 ln b, (23)

C4 = C6 + r2
4

{
−
(
1 + 2ν − 4ν2

)
4

σ0 + 2 (1 + ν)Eαθ (r3, r4)− t

−(1− 2ν)
2

σ0 ln r4/b− νEαT (r4) +
1
2
Eεz

}
, (24)

C6 = r2
3

{(
1− ν2

)
σ0 + (1 + ν)EαT (r3)

}
, (25)

Eεz = σ0[1− ν + (1− 2ν) ln r4/b] +EαT (r4) . (26)

The interface radius r3 is related to the load parameter by the nonlinear equation

Eα

1− ν

[
T (r3) +

2r2
3

a2 − r2
3

θ (a, r3)
]

+ σ0

[
1 +

2a2

a2 − r2
3

ln r3/b
]

= 0 (27)

and the free end condition can be written as

Iel (a, r3) + III (r3, r4) + II (r4, b) = 0 (28)

The integrals I (s, t) =
t∫
s

rσz dr, where s and t

denote two arbitrary interface radii, are given in the
Appendix for each region.

Second Stage of Plastic Deformation

At the critical load parameter q′′′2 further plas-
tic flow sets in at the inner boundary where σθ =
σz < σr. Two plastic regions, one corresponding
to an edge regime (plastic region III) and the other
to a side regime (plastic region IV), emerge simul-
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taneously and expand outward with increasing load
parameter. The derivation of stresses, displacement
and plastic strains in plastic regions III and IV is
given as follows:

Plastic Region III: a ≤ r < r1

In this plastic region the stress image points lie
on another edge of Tresca’s prism, and the yield con-
dition takes the form

σr − σz = σ0, σr − σθ = σ0. (29)

Integration of the equilibrium equation with the yield condition (29) leads to

σr = −σ0 ln r + C7, (30)

σθ = σz = −σ0 (1 + ln r) + C7. (31)

Since the dilatation is purely elastic the following differential equation can be derived:

du

dr
+
u

r
=

1− 2ν
E

[−3 (σ0 ln r − C7)− 2σ0] + 3αT − εz (32)

which can be integrated to give

Eu =
1− 2ν

2
r

[
−σ0

(
1
2

+ 3 ln r
)

+ 3C7

]
+ 3 rαEθ− 1

2
Eεz r +

C8

r
, (33)

Therefrom, the plastic parts of the strain components are derived as follows:

Eεpθ =
1− 2ν

2
(−σ0 ln r +C7)−

3− 2ν
4

σ0 + Eα (3θ− T )− 1
2
Eεz +

C8

r2
, (34)

Eεpr =
1− 2ν

2
(−σ0 ln r +C7) −

7− 6ν
4

σ0 − Eα (3θ − 2T) − 1
2
Eεz −

C8

r2
, (35)

Eεpz = Eεz + (1− ν)σ0 − (1− 2ν) (−σ0 ln r + C7)− EαT. (36)

Plastic Region IV: r1 < r < r2

Here the yield condition has the form

σr − σz = σ0. (37)

According to the associated flow rule

dεpr = −dεpz , dεpθ = 0 (38)

Hence, the total strains can be written as:

εr = εelr + εelz + 2αT − εz, (39)

εθ = εelθ + αT. (40)
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Inserting the total strains into the compatibility
equation, expressing their elastic parts in terms of
stresses and making use of the equilibrium equation

together with the yield condition (37), there follows
the differential equation

r2 d
2σθ
dr2

+ 3r
dσθ
dr
− (1− 2ν)σθ = −Eεz − σ0 + Eα

(
T − r dT

dr
− r2d

2T

dr2

)
(41)

The general solution of (41) is

σθ = C9r
−1+M +C10r

−1−M +
1

1− 2ν
(σ0 + Eεz) +

Eα

2
[(2−M) θ1 + (2 +M) θ2 − 2T ] (42)

where θ1 := r−1+M
∫
Tr−M dr, θ2 := r−1−M ∫ TrM dr and M2 := 2 (1− ν).

Using the equilibrium equation, the radial stress is found to be

σr =
C9

M
r−1+M − C10

M
r−1−M +

1
1− 2ν

(σ0 +Eεz) +
Eα

2M
[(2−M) θ1 − (2 +M) θ2 ] (43)

and the axial stress

σz = σr − σ0. (44)

Once the stress components are known, there follows:

Eu =
(

1− 2ν
M

)[
C9r

M +
2−M

2
Eαrθ1

]
+
(

1 +
2ν
M

)[
C10r

−M +
2 +M

2
Eαrθ2

]
+(1 + ν)σ0r +Eεzr, (45)

and the plastic strains are found as follows:

Eεpr = −Eεpz =
(1− ν − νM)

M

[
C9r

−1+M +
(2−M)

2
Eαθ1

]
−(1− ν + νM)

M

[
C10r

−1−M +
(2 +M)

2
Eαθ2

]
+ (1 + ν)EαT (46)

Conditions and solution procedure

In the second stage of plastic deformation, the
tube is composed of plastic region III for a < r < r1,
plastic region IV for r1 < r < r2, the elastic region
for r2 < r < r3, plastic region II for r3 < r < r4

and plastic region I for r4 < r < b. The total num-
ber of unknowns is 15, namely C1, C2, . . . , C10,
r1, r2, r3, r4 and εz .

The condition that σIr = 0 at r = b, and the

three continuity conditions at r = r3 and r = r4

remain unchanged. As a result of this, the inte-
gration constants C3, C4, C5, C6 and εz given by
equations (23)-(26) are maintained. For the deter-
mination of the remaining unknowns we have the
following boundary conditions: σIIIr = 0 at r = a,
σIIIr = σIVr , σIIIθ = σIVθ and (εpθ)

III = 0 at r = r1,
σIVr = σelr , σIVθ = σelθ and (εpr)

IV = 0 at r = r2. The
unknown integration constants in the second stage
of plastic deformation can be determined as follows:
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C7 = σ0 lna, (47)

C8 = r2
1

{
−1− 2ν

2
σ0 ln a/r1 −

3− 2ν
4

σ0 +
Eεz
2

+ Eα[T (r1)− 3θ (a, r1)]
}
, (48)

C9 =
r1−M

1

2

[
(1 +M)σ0 ln a/r1 +

M

1−M σ0 +
E

1−M εz +EαT (r1)
]
, (49)

C10 =
r1+M

1

2

[
(1−M)σ0 ln a/r1 −

M

1 +M
σ0 +

E

1 +M
εz +EαT (r1)

]
, (50)

C1 =
1 +M

M
C9r

−1+M
2 − 1−M

M
C10r

−1−M
2 +

2
1− 2ν

(σ0 +Eεz)

+Eα
{

1
2M

[(1 +M) (2−M) θ1 (r1, r2)− (1−M) (2 +M) θ2 (r1, r2)] +
ν

1− ν T (r2)
}
, (51)

C2 = r2
2

{
C1

2
−C9r

−1+M
2 −C10r

−1−M
2 − 1

1− 2ν
(σ0 + Eεz)

−Eα
2

[(2−M) θ1 (r1, r2) + (2 +M) θ2 (r1, r2)]
}
. (52)

In the determination of the above unknowns no
use was made of the conditions (εpr)

IV = 0 at r = r2

and σIIr = σelr , σelθ − σelr = σ0 at r = r3. They

constitute, together with the free end condition, a
system of four nonlinear equations in the interface
radii r1, r2, r3 and r4 with q̄′′′ as a parameter:

(1− ν − νM) C9
r−1+M

2

M
− (1− ν + νM) C10

r−1−M
2

M
+ (1 + ν)EαT (r2)

+Eα
{

1
2M

[(2−M) (1− ν − νM) θ1 (r1, r2)− (2 +M) (1− ν + νM) θ2 (r1, r2)]} = 0 (53)

Eα

1− ν θ (r2, r3) + σ0 ln r3/b−
C1

2
− C2

r2
3

= 0, (54)

Eα

1− ν [2θ (r2, r3)− T (r3)]− 2
C2

r2
3

− σ0 = 0, (55)

IIII (a, r1) + IIV (r1, r2) + Iel (r2, r3) + III (r3, r4) + II (r4, b) = 0, (56)

where the integrals I (s, t) =
t∫
s

rσz dr are given in the Appendix.
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Numerical Results

With the radius ratio taken to be Q=0.2 and the
Poisson’s ratio ν = 0.295, Figure 1 shows the dis-
tribution of nondimensional stresses σ̄ij := σij/σ0

and nondimensional displacement ū := Eu/σ0b at
the load parameter q̄′′′ = q̄′′′1 = 6.3319, which cor-
responds to the onset of plastic flow at the outer
surface of the tube.
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Figure 1. Stresses and displacement at q̄′′′ = q̄′′′1 =
6.3319.

The evolution of the interface radii r̄i := ri/b
with increasing load parameter q̄′′′ is depicted in Fig-
ure 2. It can be observed that the outer plastic re-
gion, composed of two different parts, sets in first
at q̄′′′ = q̄′′′1 and the inner plastic region, which cor-
responds to another ‘edge regime’, emerges beyond
q̄′′′ = q̄′′′2 = 7.3965. The inner and outer plastic re-
gions approach each other at a decreasing rate.

Figure 2. Evolution of plastic regions with increasing
load parameter.

Figure 3. (a) Stresses, (b) displacement and plastic
strains at q̄′′′ = 10.0 and 20.0.

The distribution of stresses, displacement and
plastic strains ε̄ij := Eεij/σ0 for two different load
parameters, q̄′′′ = 10.0 and q̄′′′ = 20.0, is given
in Figure 3. They are plotted on the same graph
for the purpose of comparison. The corresponding
interface radii are r̄1 = 0.22333, r2 = 0.26719,
r̄3 = 0.82752, r̄4 = 0.88851 for q̄′′′ = 10.0 and
r̄1 = 0.29071, r̄2 = 0.42840, r̄3 = 0.65304, r̄4 =
0.76658 for q̄′′′ = 20.0. With further increase in the
thermal load, beyond q̄′′′ = q̄′′′3 = 24.602, the tube
enters the third stage of plastic deformation as soon
as σθ = σr at the elastic-plastic interface r = r2

and the validity of the results presented hitherto
ceases. The corresponding interface radii are r̄1 =
0.31109, r̄2 = 0.45966, r̄3 = 0.61797 and r̄4 =
0.74031. Although the applicability of the geometri-
cally linear theory can be justified for a wide range of
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load parameters, the authors believe that the anal-
ysis in the third stage of plastic deformation will be
rewarding if the temperature dependence of the ma-

terial properties (especially the yield stress) is con-
sidered.
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Appendix

The integrals I (s, t) =
t∫
s

rσz dr occurring in equations (28) and (56) take the following forms:

Iel (s, t) =
1
2

(νC1 + Eεz)
(
t2 − s2

)
− Eα

1− ν

t∫
s

T r dr

II (s, t) =
σ0

2

(
t2 ln t/b− s2 ln s/b+

1
2
(
t2 − s2

))

III (s, t) = νσ0

(
t2 ln t/b− s2 ln s/b

)
+

1
2
(
t2 − s2

)
Eεz − Eα

t∫
s

Tr dr

IIII (s, t) = −σ0

2

(
t2 ln t/a− s2 ln s/a+

1
2
(
t2 − s2

))

IIV (s, t) =
C9

M (1 +M)
(
t1+M − s1+M

)
− C10

M (1−M)
(
t1−M − s1−M)+

νσ0

1− 2ν
(
t2 − s2

)

+
1

2M

(2−M)

t∫
s

θ1 r dr − (2 +M)

t∫
s

θ2 r dr

+
(
t2 − s2

) Eεz
2 (1− 2ν)
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