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Abstract

The elastic-plastic deformation of a tube with free ends subjected to uniform internal energy generation is
evaluated using Tresca’s yield condition and the associated flow rule. Yielding starts at the outer boundary
and later another plastic region develops at the center, both of them corresponding to an ‘edge regime’ of
Tresca’s prism. The expansion of the plastic regions with increasing thermal load and the distribution of
stresses and plastic strains are displayed graphically and discussed.
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I¢ Enerji Uretimli Uglar: Serbest Tiipte Elastik-Plastik Deformasyon

Ozet

Bu caligmada, i¢ enerji iiretimi altinda, uclar: serbest tiipteki elastik-plastik deformasyon Tresca akma
kriteri ve ilgili akma kurali kullanarak incelenmistir. Plastik akma dis yiizeyde bagladiktan sonra i¢ yiizeyde
ikinci bir plastik bolge meydana gelmektedir. Her iki plastik bolge Tresca prizmasinin ‘kenar rejim’inde yer
almaktadir. Artan 1s1 yiki ile plastik bolgelerin yayilmasi, gerilme dagilimi ve plastik gekil degistirmeler

grafikler halinde verilerek irdelenmistir.

Anahtar Sozciikler: Elastik-plastik, 1s1l gerilmeler, i¢ enerji, tiip.

Introduction

The determination of stress distribution in
elastic-plastic bodies with cylindrical or spherical
symmetry has received considerable attention due
to its importance in engineering design and appli-
cations (Gamer, 1991; Organ and Gamer, 1991; Org
an, 1994). Most of the existing solutions to elastic-
plastic problems are based on Tresca’s yield condi-
tion and its associated flow rule leading to analytical

or quasi-analytical solutions. More recently, a num-
ber of papers have appeared in the literature in which
the effect of the temperature dependence of the yield
stress on the expansion of plastic regions is investi-
gated (Bengeri and Mack, 1994; Giilge¢ and Organ,
2000; Organ and Giilgeg, 2000).

The exact solution of an elastic-plastic tube sub-

jected to mechanical as well as thermal loads was
obtained by Bland (1956) for a linearly work hard-
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ening material. The treatment was based on the as-
sumption that the axial stress in the plastic region
is the intermediate principal stress and that no edge
regime of Tresca’s prism is encountered. Hence, the
solution presented in Bland (1956) is not valid in the
absence of internal pressure and/or for large temper-
ature gradients.

Kammash (1960) investigated the elastic-plastic
stresses in tubes subjected to a uniform internal
heat source in the state of plane strain for a lin-
early strain hardening material. It was found that
for tubes with insulated inner surfaces, yielding com-
mences at the inner boundary and propagates out-
ward upon further thermal loading. The theoretical
results were compared with the experimentally avail-
able failure loads of graphite tubes. However, the dif-
ferent phases of plastic deformation that occur before
the fully plastic state is reached were not considered
and hence the theoretical analysis presented there is
not complete.

The aim of the present paper is to derive the com-
plete solution of the elastic-plastic behaviour of a
tube with free ends subjected to a uniform energy
source ¢'" per unit volume per unit time, which in-
creases monotonously with time. Although the tem-
perature distribution under consideration is the same
as that considered by Kammash (1960), the elastic-
plastic behaviours in the two cases are entirely dif-
ferent. In the present case, yielding starts at the
outer surface of the tube and later at the inner sur-
face, where the stress states lie in two different edge
regimes of Tresca’s prism.

In Section 2, the thermoelastic behaviour and the
specific temperature distribution are given. The first
stage of elastic-plastic deformation is analyzed in
Section 3, and the second stage in Section 4. Finally,
the numerical results are presented and discussed in
Section 5.

Elastic Behaviour

The stresses and displacement in a tube under
the state of generalized plane strain and subjected
to a temperature distribution T are given by

UT_—TG(G,T)-F?-F—Q, (1)
_ Ea C1 O
0'9_1_1/[9(@’7“)_1—‘]4_?_76_25 (2)
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E
g, = ——~ T+ 0y + Ee., (3)
1—v
Eu= —(1+v) %
+ [}'_"—ZEO(G (a,r) + % (1+v)(1—-2v)Cy
—vFEe,|r,

(4)

where 0 := 0 (a,r) = % [T rdr.

a
The integration constants C7 and C5 are evalu-
ated using the condition that o, vanishes at the inner
and outer surfaces, r = a and r = b, as

202 a?
Ci=-———————FEaf(a,b Cy=——Ci.
1 ®2 —a2) (1 —v) af (a,b), 2 5 1
(5)
Temperature distribution
For an insulated inner surface (‘2—{ =0atr=a)

and zero reference temperature at » = b, the temper-
ature distribution in a tube subjected to quasi-static
uniform internal energy generation ¢"”’ is given by

11

q 2 2 2
T(r)zﬁ[(b —7%) + 2a® Inr/b] (6)

where A is the thermal conductivity.

The distribution of stress and displacement in the
elastic phase for the thermal loading under consider-
ation is obtained by inserting the temperature from
(6) into (1)-(4). This solution is valid until the differ-
ence of any two principal stresses reaches the uniaxial
yield limit o¢ of the material. It can be shown that
for a tube with free ends this occurs at the outer sur-
face where the stress image points lie on an edge of
Tresca’s prism with o9 = o, > o,.. The correspond-
ing load parameter is determined by the condition
that o9 — 0, =0, —0, =0g at r =0, as

i _ Ea qllllabQ 2(1-v) (1 - QQ)

BT T e T (025 Q21 0.75Q4 — Q* InQ)
(7)

where Q:=a/b.

First Stage of Plastic Deformation

For ¢ = q’, as in the related cases, two plastic

regions (plastic regions I and II) governed by differ-
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ent forms of the yield condition emerge at the outer
boundary and spread inward with increasing load
parameter. The derivation of the basic equations
for the stresses, displacement and plastic strains in
plastic regions I and II is given as follows:

Plastic Region I:  ry <7<

In plastic region I, the stress image points lie on

an edge of Tresca’s prism and the yield condition
takes the form
o9 — 0. =009, O,—0p=0g. (8)

The distributions of stresses, displacement and
plastic strains are given by

o =09 Inr + Cs, 9)
op =0, =o00(l+1nr)+Cs, (10)
1-2 1 1 C
Eu = 5 Vr[ao (5 +31n7“> +303] +3aE7“9—§E5Z7°+74, (11)
1-2 3—2 1 C
Eel = 5 V(O'O Inr+Cs) — 00+Ea(39—T)—§EEZ+—§, (12)
r
1-2 7 1 C
EeP = 5 Y (00 Inr + C3) + oo — Ea (30 —2T) — §EEZ - —;, (13)
r
Eel = Fe, — [(1 —=v)op+ (1 —2v) (0¢ Inr + C5)] — EaT. (14)
Plastic Region II : quad r3 < r <1y
In this region due to the inequality o, < 0, < oy the yield condition is given by
09 — 0y = 00 (15)
The stresses, displacement and plastic strains can be derived as follows:
o, =09 Inr+Cs, (16)
og = oo (Inr + 1) + Cs, (17)
o, =vog (2 Inr+1)+2C5] + Ee, — EaT, (18)
Cs
Eu=(1+v)Q-2v)r(colnr+C5)+2(14+v)E0r —vEe,r+ —, (19)
r
p p 2 Co
Ezse:—Est:—(l—y)ao+(1+1/)Eoz(29—T)+r—2, (20)
el =0 (21)
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Conditions and solution procedure

The general expressions for the distribution of
stresses, displacement and plastic strains in the first
stage of plastic deformation contain nine unknowns,
which are functions of the load parameter: Inte-
gration constants Cp, Co, ... ,Cg, the uniform axial
strain ., the elastic-plastic interface radius r3 and
the interface radius r4 separating plastic regions 1
and II. Two of the boundary conditions follow from

the fact that the inner and outer surfaces of the tube
are free of traction. Three conditions at each inter-
face radius should also be chosen appropriately from
the available five nonredundant conditions of conti-
nuity of stresses, displacement and plastic strains.
Here it is convenient to choose the following con-

s el . _II el el _ p\IT _
ditions: ¢¢" = o,', of — 0t = oo, (592 —OEI;L;C
_ I _ 11 11 _ 1T (. _
r =r3and 0, = 0., 0y = 0", (ep) = (ep)

at r = ry. When these conditions are enforced the
unknown constants are found to be

Cy = —2% = _afiigr% [ao Inrs/b+ 1E_—O‘V9(a,r3) , (22)
C3=C5=—0q Inb, (23)

Cy :CG+TZ{—WL;MUQ+2(1+V)E049(7“3,7“4) —t
—U_ij)aolnm/b—yEaT(m) + %Ezsz}, (24)
Cs =13{(1—v?) oo+ (L +v)EaT (r3)}, (25)
Ee, =o0p[l —v+ (1 —2v) lnry/b] + EaT (ry) . (26)

The interface radius 73 is related to the load parameter by the nonlinear equation

Fa 2r2 2a?
: T(?”g)-ﬁ-me(a,?"g)] +UO|:1+0/27—7"§1HT3/b =0 (27)
and the free end condition can be written as
I¢ (G,T3)+III (7“3,7“4)—1—]] (rg,0) =0 (28)

¢
The integrals I (s,t) = [ro,dr, where s and t

S
denote two arbitrary interface radii, are given in the
Appendix for each region.

604

Second Stage of Plastic Deformation

At the critical load parameter ¢’ further plas-
tic flow sets in at the inner boundary where oy =
0, < o,. Two plastic regions, one corresponding
to an edge regime (plastic region IIT) and the other
to a side regime (plastic region IV), emerge simul-
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taneously and expand outward with increasing load Plastic Region III:  a<r <mr
parameter. The derivation of stresses, displacement
and plastic strains in plastic regions III and IV is
given as follows:

In this plastic region the stress image points lie
on another edge of Tresca’s prism, and the yield con-
dition takes the form

Or — 0, =00, Op—0g=00. (29)

Integration of the equilibrium equation with the yield condition (29) leads to

or = —0g Inr + Cf, (30)

op =0, =—0¢(1+1nr)+ C7. (31)
Since the dilatation is purely elastic the following differential equation can be derived:
du i u 1-—2v
dr v E
which can be integrated to give

[<3 (00 InT — C7) — 20¢] + 3aT — ¢, (32)

1-2 1 1 C
Eu = Y —og | =+31nr | +3C, +37“ozE9——EEZ7°+—8, (33)
2 2 2 T
Therefrom, the plastic parts of the strain components are derived as follows:
p  1—2v 3—2v 1 Cs
EEB — 5 (—0'0 11’17"—|—C7) — 1 0'0+E0é (39—T) - §E5z+ 7"—2, (34)
1-2 7—6 1 C
Eel = Y (—o0 Inr + C7) — 2 Vao — Fa (30 —2T) — §EEZ — 728’ (35)
Eel =Fe, +(1—v)oo— (1 —2v) (=0 Inr + C7) — EaT. (36)
Plastic Region IV: r1 <r <rg
Here the yield condition has the form
Or — 05 = 0. (37)
According to the associated flow rule
de? = —deb, deh =0 (38)
Hence, the total strains can be written as:
g =+ e £ 20T — ¢, (39)
cg =g +aT. (40)
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Inserting the total strains into the compatibility
equation, expressing their elastic parts in terms of
stresses and making use of the equilibrium equation

the differential equation

together with the yield condition (37), there follows

d20'9 dO’g dT d2T
2 2
02 +37“W—(1—21/)09:—E5Z—00+Ea T—TE—TW (41)
The general solution of (41) is
—14+M 1-M Fa
og = Cor + Chor +1_2V(UO+E5Z)+7[(2—M)91+(2+M)92—2T] (42)
where ¢y := r= 1M [ Tr=M gy gy :=p=1=M [TrM dr and M? :=2(1—v).
Using the equilibrium equation, the radial stress is found to be
Co _14m Crwo _1_m Fa
= — - — Ee, —[2-M)6, — (2+M)0 43
op = 50T ad T, (00 + Eex) + o )b — (24 M) 6] (43)
and the axial stress
O, =0y — 0Q. (44)
Once the stress components are known, there follows:
2v 2—-—M 2v _ 24+ M
Fu = (1 — M) [Cg?‘M + 5 Ear@l] + (1 + M) [C’lo?‘ M 7 FEarts
+(14+v)oor + Ee,r, (45)
and the plastic strains are found as follows:
l-v—vM 2—M
Eer = _per = Uzv=vM) ”M vM) [Cg?“—1+M L 2-M) )Eael]
1-— M 2+ M
—(V# [Clor_l_M + Hi)EOéeg] +(1+v) EaT (46)

Conditions and solution procedure

In the second stage of plastic deformation, the
tube is composed of plastic region III for a < r < 71,
plastic region IV for r; < r < 73, the elastic region
for ro < r < 73, plastic region II for r3 < r < 74
and plastic region I for 4 < r < b. The total num-
ber of unknowns is 15, namely Cy, Cso, ..., Cig,
r1, T2, r3, r4 and e,.

The condition that ¢! = 0 at r = b, and the
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three continuity conditions at r = r3 and r = ry
remain unchanged. As a result of this, the inte-
gration constants C3, Cy, C5, Cg and €, given by
equations (23)-(26) are maintained. For the deter-
mination of the remaining unknowns we have the

following boundary conditions: o!/! = 0 at r = a,
11T
olll = oIV ollT = ]V and ()" = 0at r = ry,
v
olV =0 o]V =0og and (e?)"" = 0at r =ry. The

unknown integration constants in the second stage
of plastic deformation can be determined as follows:
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C7 = o0g Ina, (47)
1—2v 3—2v Ee
ngr%{— 500 Ina/r; — 2 oo + 2Z +Ea[T(rl)—39(a,rl)]}, (48)
1-M
T M E
~0 1+ M)opl .+ EaT (r)], 4
Cy 5 [( + M) og na/rl—i—l_MUO—l—l_ME + Ea (7“1)] (49)
1+M
T M E
= 1-M 1 — EoT
C1o 5 [( Yoo Ina/ry . +M0'0 + . +MEZ + Ea (7“1)], (50)
1+ M _ 1-M 1
01: M 097“21+M— M 0107"21 M+1—21/ (0’0+EEZ)
1 v
+Ea{m[(1 + M) (2= M)0, (r1,r2) — (L= M) (2+ M) 02 (r1,7r2)] + ET(U)}, (51)
Co =13 Q—C’ ry M Cyory M - (o0 + Ee.)
2 2 9 979 1072 1_ 9y 0 z
Fa
5 (2= M) 01 (r1,m2) + (2+ M) 02 (r1,72)] - (52)
In the determination of the above unknowns no constitute, together with the free end condition, a
use was made of the conditions (Eﬁ)lv =0atr=nmry system of four nonlinear equations in the interface
and olf = 0% 0§l — 0! = 09 at r = r3. They radii 71, 79, r3and ry with ¢’ as a parameter:
FolHM po1-M
(1—-v—vM)Cy 2M —(1—v+vM) Cip-2 + (1+v) EaT (r2)
1
—|—Ea{m [(2—-M)1—v—vM)by (r1,m2) — 2+ M)(1—v+vM)6bs (r1,7r2)]} =0 (53)
Ea C1 G
:9(7“2,7“3)-1—0’0 1n7“3/b—?—g:0, (54)
Ea C
720 (r2,73) = T (r3)] —2-2 — 59 =0, (55)
—v r3
T (a,ry) + TV (r1, r9) 4 T (ro, v3) 4 T (13, 74) + I (14, b) = 0, (56)

¢
where the integrals I (s,t) = [ro, dr are given in the Appendix.
S
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Numerical Results

With the radius ratio taken to be Q=0.2 and the
Poisson’s ratio v = 0.295, Figure 1 shows the dis-
tribution of nondimensional stresses G;; := 0;;/00
and nondimensional displacement @ := Eu/ogb at
the load parameter 7’ = ¢/’ = 6.3319, which cor-
responds to the onset of plastic flow at the outer

surface of the tube.

c

(4]

e 1.

[}

[}

S 0.8—

Z _

S 0.6 u

©

G 0.4

3 0.2—> O,

= 0.0

[2)

g-O.Z— =

G-0.4- %

[0}

E£-06-

2

%-0.8

1 \ | ! \ \ ! |
‘0.2 03 04 05 0.6 0.7 0.8 0.9 1.0

Nondimensional radius

Figure 1. Stresses and displacement at " = g’ =

6.3319.
The evolution of the interface radii 7; := r;/b

with increasing load parameter ¢’ is depicted in Fig-
ure 2. It can be observed that the outer plastic re-
gion, composed of two different parts, sets in first
at " = @/’ and the inner plastic region, which cor-
responds to another ‘edge regime’, emerges beyond
11! =/

7" = @' = 7.3965. The inner and outer plastic re-
gions approach each other at a decreasing rate.

25.00

22.50 |~

20.00 |~ v

17.50 Elastic Behaviour
15.00
12.50

10.00

Nondimensional load parameter

7.50

5.00

03 04 05 06 0.7 0.8 0.9 1.0
Nondimensional interface radii

Figure 2. Evolution of plastic regions with increasing
load parameter.
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24

320 B
4.0 1 | 2 | | 3 "4 1

02 03 04 0.5 0.6 0.7 0.8 09 1.0
Nondimensional radius

Displacement and plastic strains

Figure 3. (a) Stresses, (b) displacement and plastic
strains at ¢ = 10.0 and 20.0.

The distribution of stresses, displacement and
plastic strains &;; := Feg;;/o¢ for two different load
parameters, ¢ = 10.0 and ¢ = 20.0, is given
in Figure 3. They are plotted on the same graph
for the purpose of comparison. The corresponding
interface radii are 71 = 0.22333, 7o = 0.26719,
73 = 0.82752, 74 = 0.88851 for ¢” = 10.0 and
7 = 0.29071, 7o = 0.42840, 73 = 0.65304, 74 =
0.76658 for ¢’ = 20.0. With further increase in the
thermal load, beyond ¢ = @4’ = 24.602, the tube
enters the third stage of plastic deformation as soon
as o9 = o, at the elastic-plastic interface r = r9
and the validity of the results presented hitherto
ceases. The corresponding interface radii are 7, =
0.31109, 72 = 0.45966, 73 = 0.61797 and 74 =
0.74031. Although the applicability of the geometri-
cally linear theory can be justified for a wide range of
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load parameters, the authors believe that the anal- terial properties (especially the yield stress) is con-
ysis in the third stage of plastic deformation will be sidered.
rewarding if the temperature dependence of the ma-
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Appendix
¢
The integrals I (s,t) = [ro dr occurring in equations (28) and (56) take the following forms:

S

t
Fa

1
I (s,t) = 3 (vCy + Ee.) (* — 5°) — T Trdr
I 00 (,2 2 1 2
I (s,t)—? t“Int/b—s 1ns/b+§(t —s%)

t
1
I (s,t) = voo (£* Int/b— s* Ins/b) + 3 (t* — s*) Ee. — Eoz/Trdr
S

1
I (s,t) = —% <t2 Int/a —s* Ins/a+ 5 (t* - 52)>

C C _ _ vo
IIV(S,t) _ M(lj_M) (t1+M—51+M) _ M(ll_OM) (tl M _ 1 M) + 1_;} (t2—52)

t

t
E
—l—L (2—M)/917“d7°—(2+M)/927“d7° + (2 = 5?) e

2M 2(1—2v)
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