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Abstract

Alluvial streambeds downstream of an outlet facility may be seriously scoured under jet action. The
degree of scour depends on the characteristics of the jet leaving the outlet facility, depth of tailwater, and
properties of the bed material. Existing scour prediction equations reported in the literature are deterministic
in nature, and do not account for the randomness of the parameters involved in the models. Therefore, the
level of scouring risk is unknown. This paper is concerned with the investigation of the relationship between
the reliability of scouring induced by vertical jets downstream of outlet facilities and safety factors. The
scour equation proposed by Okyay has been used in the calibration of the simulation model based on Monte
Carlo analysis. In reliability-based analysis, which can be carried out during the planning stage, the level
of reliability for various foundation depths is estimated under design flow conditions. Furthermore, the
relationship between the required size of armoring bed material and reliability under the desired foundation
depth can be obtained. An example is presented to illustrate the use of the model.
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Introduction

Scouring is a natural phenomenon caused by the
erosive effects of flowing water in alluvial streams.
Excessive scouring can progressively undermine the
foundations of hydraulic structures, such as bridges,
embankments, spurs, and the downstream of out-
let facilities. The present study addresses the im-
pacts of the problem and its stochastic treatment for
the scouring of foundations downstream of outlet fa-
cilities. The large-scale scour downstream of outlet
structures induced by jets of various configurations
constitutes an important field of research because of
the possibility of structural failure at the founda-
tion level. The jet dissipates its excessive energy by
excavating a large scour hole. Drastic examples of
this phenomenon were experienced downstream of
the Alder and Nacimiento Dams in the USA, Picote
Dam in Portugal, Kariba Dam in Zambia, and Tar-
bela Dam in Pakistan (Mason, 1984).

The scouring mechanism is relatively complex

because of difficulties arising from the modeling of
sediment-laden flow in and around the scour hole
induced by the jet action of the flow downstream of
outlet facilities. Therefore, the experimental study of
scouring has been limited to the consideration of gov-
erning variables involved in the phenomenon while
keeping the other parameters of secondary impor-
tance constant. Simplified laboratory experiments
may misrepresent the prototype conditions, which
may be entirely different from those of a laboratory
medium. This may pronounce the overall uncer-
tainty of empirical models. Furthermore, relevant
field data are normally limited in size and are of low
precision, which restricts the calibration of the mod-
els with the actual field conditions. The scour pre-
diction equations proposed to date are deterministic
in that they are composed of parameters whose val-
ues are assumed to be known with certainty. As a
result, they yield an unknown level of risk of founda-
tion scouring. In fact, hydraulic variables involved
in the scouring phenomenon, such as discharge, flow
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depth, and velocity, are stochastic in nature, which
may be represented by relevant probability distribu-
tions. Therefore, the scouring phenomenon is also
stochastic and needs the modeling of a random pro-
cess.

This study is concerned with the reliability-based
assessment of the scouring of foundations down-
stream of outlet facilities. Although considerable ex-
perimental data are available pertaining to the scour
of cohesionless beds due to the impingement of jets
at various angles to the bed, the present study is
focused only on the investigation of scouring action
induced by vertical jets. Reliability computations
are carried out by simulating the safety margin us-
ing the Monte Carlo technique. The model presented
herein was calibrated using the experimental values
reported by Okyay (1973). The scour prediction
equation proposed by Rajaratnam (1982) was also
used to check the validity of the model. An example
is presented to illustrate the use of the model. The
outputs of the model may be accepted as key param-
eters in decision-making for the foundation design of
outlet structures.

Local Scour Downstream of Outlet Facilities
Induced by Vertical Jets

When a jet leaves a pressurized outlet work, it im-
pinges on the bed downstream of the facility and
excavates the streambed to a considerable depth.
The flow pattern of water through an upper surface
sluiceway may be approximated to the form of a ver-
tical jet (See Figure 1). However, jet flow through
relatively lower outlets is in the form of an inclined
jet, which is outside the scope of the present study.
Hydraulic parameters of primary importance in the
scouring mechanism induced by vertical jets can be
listed as the size and velocity of the jet, particle
characteristics and fall velocity of the bed material,
height of the jet above the tailwater elevation, depth
of tailwater, and duration of the scouring action. In
the early stages of erosion, the rate of scour develop-
ment is extremely high. As the scour hole is enlarged
progressively, the local velocity in the scour hole de-
creases to low values such that the wall shear stresses
are not capable of eroding the bed to further eleva-
tions. Therefore, the depth of scour converges to a
terminal value asymptotically. As jets of clear wa-
ter characteristics leave a storage facility, the whole
stream power is used to erode the bed. Bed materi-
als eroded from the scour hole are then accumulated

on the upstream and downstream sides of the scour
hole. As time elapses the shape of the scour hole
remains almost unchanged and the side slopes of the
scour hole approximate the angle of repose of the bed
material.

df ds

Loose bed

Scour hole

Jet flow

Dam
Reservoir

Sluiceway

Figure 1. Definition sketch for scouring parameters.

Experimental studies on scouring induced by ver-
tical jets have been carried out by several inves-
tigators, including Doddiah (1953), Clarke (1962),
Westrich and Kobus (1973), Okyay (1973), Kobus
(1979), and Rajaratnam (1982). This study is
mainly based on the model calibration using Okyay’s
(1973) equation, which is based on a semi-empirical
investigation of the phenomenon. The results ob-
tained by this equation are also compared using a
recent equation proposed by Rajaratnam (1982).

Okyay (1973) carried out laboratory experiments
as outlined in Table 1. Using the conservation of
mass principle, i.e. sediment continuity equation, he
developed a semi-empirical method for determining
the temporal variation of the scour depth induced by
round vertical jet action. In modeling the sediment
transport rate out of the scour hole, he used a sed-
iment pickup function. A similar approach has also
been used for bridge pier scours (See Yanmaz, 1989;
Yanmaz and Altınbilek, 1991). Since the maximum
possible scour depth is of importance in decision-
making for foundation design, the temporal varia-
tion of scouring will not be considered in this study.
As a result, the probabilistic analysis of the terminal
scour depth will be the main concern of this study.
Okyay (1973) proposed the following relationship for
the dimensionless terminal scour depth:

ds
b

=
30.67

(
u
Wf

)2.01 (
Dg
b

)1.128

F 1.119
r

(
y
b

)0.431 (1)
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where ds is the terminal scour depth, b is the thick-
ness of the round jet, u is the velocity of the jet
leaving a pressurized nozzle, Wf is the fall veloc-
ity of the bed material, Dg is the geometric mean
particle size of the bed material, Fr is the Froude
number of the jet, which is given by u/(gb)0.5, g is
gravitational acceleration, and y is tailwater depth.
Equation (1) was obtained by regression analysis of
the relevant variables listed in Table 1 to yield a rel-
atively high multiple linear correlation coefficient of
0.974. Therefore, it can be assumed that the use of
Equation (1) in reliability computations would re-
duce model uncertainty.

Among the aforementioned works, Rajaratnam’s
(1982) scour equation, which was derived using ex-
perimental data similar to those of Okyay (1973),
can also be considered to check the predictive ability
of the model calibrated using Okyay’s (1973) data.
Rajaratnam’s (1982) empirical equation is as follows:

ds
b

= 0.13
(

u2

∆gD
+

2H
∆D

)0.5

(2)

where ∆ is the relative density of sediment, D is me-
dian sediment size, H is the height of the jet above
the tailwater stage, and the other terms are as pre-
viously defined.

Reliability Simulation

Conventional hydraulic design is deterministic as it is
based on the selection of an appropriate safety factor
on the basis of judgment and experience. This ap-
proach does not account for possible variations asso-
ciated with the variables involved in the phenomenon
concerned. With the application of reliability theory
to hydraulic engineering practices, probabilistic de-
sign approaches have been proposed that enable the
assessment of various reliability levels under different
combinations of design parameters. In these appli-
cations, probability distributions of the parameters
having specified coefficients of variations were con-
sidered. Although there have been several examples
based on the reliability of conveyance structures re-
ported in the literature, there are few studies on the
reliability of scouring around hydraulic structures.
A significant contribution to the reliability-based as-
sessment of bridge pier scouring can be attributed to
the model proposed by Yanmaz and Çiçekdağ (2001),
which was derived using resistance-loading interfer-
ence. This model provided generalized dimensionless
reliability expressions.

The present study is based on the simulation of
reliability using the Monte Carlo technique. Scour-
ing reliability can be determined from randomly gen-
erated numbers giving a safety margin greater than
or equal to zero. The safety margin, SM, can be
defined as the difference between the depth of foun-
dation, df , and maximum depth of scour, ds, i.e. SM
= df -ds. Reliability is then defined as the probabil-
ity that the scour depth is less than or equal to the
depth of foundation, i.e. α = P(SM ≥ 0), where P is
the probability. Simplifying Equation (1) and substi-
tuting it into the safety margin yields the following
in SI units:

α = P (SM > 0)

= P
(
df − λm

110b0.862u0.891D1.128
g

y0.431W2.01
f

> 0
) (3)

where λm is the model correction factor, which is
the ratio of the observed scour depth to the com-
puted scour depth obtained from Equation (1). Since
Equation (1) is a best-fit equation obtained through
a regression analysis, the mean value of the model
correction factor can be taken as unity. The coef-
ficient of variation of the model correction factor is
determined from the calibration data presented in
Table 1 to be 0.19. Since the model correction factor
was determined using a dimensionally homogeneous
equation, i.e. Equation (1), it is assumed that it is
also applicable to field conditions.

Reliability using Rajaratnam’s (1982) equation
can also be computed in a similar manner. In
Rajaratnam’s (1982) equation, the relative density,
which is approximately 1.65 for quartz sand, is con-
sidered to be a deterministic variable. Simplifying
Equation (2), one can obtain the following relation-
ship in SI units:

α = P (SM > 0)

= P

(
df − 0.13bλm

√
u2

16.2D
+ 1.21H

D
> 0
)

(4)

Based on the previous information obtained from
Okyay’s (1973) data, the coefficient of variation of
the model correction factor in Equation (4) was also
taken as 0.19. Equations (3) and (4) are nonlin-
ear; therefore, a simulation technique, such as Monte
Carlo analysis can be used to determine reliability.
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In Monte Carlo analysis, random numbers between 0
and 1 are generated for the variables having uniform
distribution (Ang and Tang, 1984). However, these
random numbers are transformed to the desired dis-
tribution through an inverse transform method using
a computer algorithm.

Application

The following information has been obtained for the
design flow conditions of an upper surface sluiceway
of a gravity dam. The sluiceway is considered to
be located at a relatively higher elevation such that
the discharging jet is assumed to be in the form of
a vertical jet. The thickness of the round jet and its
leaving velocity are 0.30 m and 7 m/s, respectively.
The elevation difference between the exit of the out-
let and the tailwater stage is H = 30 m. The geo-
metric mean size of the bed material is 5 mm. The
tailwater depth is 4 m. Fall velocity of the bed ma-
terial is 0.3 m/s. Decision-making is required for the
depth of foundation that can withstand the erosive
effects of flow due to jet action based on the sim-
ulation of the safety margin using the Monte Carlo
technique. In the analysis, Okyay’s (1973) and Ra-
jaratnam’s (1982) equations were used. It should
be noted that the other governing factors that may
be involved in structural and geotechnical aspects
were not considered in this example. Proper prob-
ability density functions (PDF) and coefficients of
variations (Ω) are assigned to the variables involved
in Equations (3) and (4) with reference to previous
work carried out by Johnson (1999), Yanmaz (2000),
and Yanmaz and Çiçekdağ (2001) (See Table 2). In
the solution, various foundation depths have been
considered, i.e. df = 6, 8, 12, and 15 m, to assess
the level of reliability that can be achieved under the
design conditions.

In Monte Carlo analysis, the number of simula-
tion cycles, i.e. the number of trials to generate ran-
dom numbers, influences the level of reliability. The
number of cycles required in a Monte Carlo simula-
tion to determine the exact reliability must be large
in order to obtain a significant sampling of simulation
events. The accuracy of the mean reliability under
a particular simulation cycle may be estimated by
the coefficient of variation of reliability, Ωr , which
decreases with increasing sample size. Therefore,
simulations should be carried out several times for
large cycles such that the corresponding value of Ωr
is relatively small. According to Johnson (1999), it is
desirable to have Ωr < 0.1. Variations of Ωr against

number of simulation cycles are shown in Figure 2
for Okyay’s (1973) equation. It is observed that as
the number of simulation cycles increases, Ωr ap-
proaches a constant value, which is approximately
0.002. Therefore, it can be considered that further
increases in number of simulation cycles would not
lead to significant accuracy in the computations. To
this end, a 5000-cycle is brought into the analysis.
The solution technique is repeated for the aforemen-
tioned foundation depths. Variations of reliability
with respect to safety factor, SF = df/ds, are shown
in Figure 3. In the computation of the safety factor,
the scour depths are computed using the mean val-
ues of the parameters involved in Equations (1) and
(2), whereas the randomness of scouring parameters
are taken into account in reliability simulations. The
results of both approaches are close to each other. As
can be seen from this figure, reliability increases with
increasing foundation depth. It should be empha-
sized, however, that a final design might be achieved
by modifying the present results with special refer-
ence to structural requirements as well as local geo-
logic and topographic conditions.
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Figure 2. Variation of Ωr against number of simulation
cycles.
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Figure 3. Variation of reliability with the safety factor.

68



YANMAZ

Table 1. Calibration data (Okyay, 1973).

Run Sand b u Dg y Wf ds
No Label (cm) (m/s) (mm) (cm) (cm/s) Fr (cm)
(1) (2) (3) (4) (5) (6) (7) (8) (9)
12 2 1 3.37 20 40 2.26 6.5
13 2 2 3.37 20 40 4.51 17
14 2 3 3.37 20 40 6.77 24
17 2 2 3.37 36 40 4.51 8
18 2 2 3.37 4 40 4.51 28
19 2 3 3.37 4.6 40 6.77 36
20 2 1 3.37 4. 40 2.26 16
21 A 2 3 3.37 36 40 6.77 16
22 1 1 3.37 20 40 3.19 4
23 1 1 3.37 4 40 3.19 10
24 1 2 3.37 4 40 6.38 16
26 1 2 3.37 20 40 6.38 7
27 1 3 3.37 20 40 9.58 12
28 1 3 3.37 36 40 9.58 4
29 1 3 3.37 4 40 9.58 20
30 1 3 1.72 36 25 9.58 5
31 1 3 1.72 20 25 9.58 13
32 1 2 1.72 20 25 6.38 8
33 1 3 1.72 4 25 9.58 28
34 1 1 1.72 20 25 3.19 6
35 1 2 1.72 4 25 6.38 20
36 1 1 1.72 4 25 3.19 11
37 B 2 2 1.72 20 25 4.51 18
38 2 3 1.72 20 25 6.77 28
39 2 1 1.72 20 25 2.26 8
40 2 2 1.72 36 25 4.51 9.5
41 2 3 1.72 36 25 6.77 20
42 2 2 1.72 4 25 4.51 32
43 2 1 1.72 4 25 2.26 19
44 2 3 1.72 4.6 25 6.77 44

Table 2. Statistical information on the parameters used in the application.

Parameter Mean Ω PDF
b 0.3 m 0.01 Normal
u 7.0 m/s 0.2 Symmetrical triangular
H 30.0 m 0.2 Symmetrical triangular
Dg 0.005 m 0.05 Uniform
y 4.0 m 0.2 Symmetrical triangular
Wf 0.30 m/s 0.2 Symmetrical triangular
λm 1.0 0.19 Normal

As a further analysis, the effect of mean particle
size of the bed material on reliability under a given
foundation depth can be studied. To this end, vari-
ations of reliability against mean particle size have

been examined using Okyay’s (1973) equation for the
stated design conditions under the foundation depth
of df = 12 m. The results of this analysis are pre-
sented in Figure 4. Any increase in mean particle size
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would result in a reduction in the scour depth; there-
fore, reliability increases with increasing bed mate-
rial size in a nonlinear manner, as shown in Figure 4.
This information may provide a means for assessing
the suitability of possible armoring countermeasures
downstream of an outlet facility. The placement of
gravel of Dg = 25 mm at the base of an outlet facil-
ity would result in an increase of reliability relative
to the case having Dg = 5 mm. A final decision on
this issue can be made by considering the mutual
interference between the desired level of reliability,
which may change according to the specific site and
economic conditions.
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Figure 4. Variation of reliability with particle size of bed
material under df = 12 m.

Conclusions

Local scouring reliability downstream of outlet fa-
cilities has been investigated using the Monte Carlo
simulation technique. It is based on the generation of
random numbers for variables involved in the safety
margin by assigning appropriate coefficients of vari-
ations and probability density functions. In the cal-
ibration of the model, Okyay’s (1973) scour predic-
tion equation was used. Rajaratnam’s (1982) scour

equation was also used to test the validity of the reli-
ability model calibrated using Okyay’s (1973) data.
With the use of the model proposed in this study,
a reliability-based assessment of the safety level of
foundation depths of outlet facilities against scour-
ing action can be carried out. The safety factor was
defined as the ratio of the foundation depth to the
maximum scour depth that can occur under vertical
jet action. Use of the model was demonstrated in an
application in which both scour equations yielded
close results. It was observed that reliability in-
creases as the safety factor rises. Furthermore, re-
liability increases with increasing mean size of foun-
dation material under a given foundation depth. The
final decision on the required depth of foundation for
the given bed material or the required size of armor-
ing countermeasure under a given foundation depth
should be made by further considering the structural
requirements as well as the local geologic and topo-
graphic conditions.

Nomenclature

b jet thickness;
Dg geometric mean size of bed material;
df depth of foundation;
ds maximum depth of scour downstream of an

outlet facility;
Fr Froude number;
H height of jet above tailwater stage;
P probability;
PDF probability density function;
SF safety factor;
SM safety margin;
u jet velocity;
y depth of tailwater;
Wf fall velocity of bed material;
α reliability;
λm model correction factor;
Ω coefficient of variation and
Ωr coefficient of variation of reliability.
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