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Abstract

A universal external ballistic trajectory model for unguided projectiles is developed in this study. The

mathematical model is based on the Maclaurin Series.

The Maclaurin Series coefficients are predicted

empirically. The method not only considers the aerodynamics of the projectile but also the effect of the
height of the location of the gun above sea level. The results of the application of this method for several
different calibers of projectiles are compared with the trajectory radar measurements and the modified point

mass trajectory model results.
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Introduction

The flight characteristics of projectiles have been
very well studied in the literature (Molitz and Stro-
bel, 1963; Lieske and Reiter, 1966; Akcay, 1986,
1991; Akcay and Erim, 1992; Lieske and Amoruso,
2003). The main difficulties are due to the need for
precise calculations of the aerodynamics and flight
mechanics parameters of the projectiles. Some of
these parameters, such as drag and moment coeffi-
cients, have to be measured in wind tunnels or gun
tunnel tests. The results of the solution of com-
plete external ballistics equations have to be satisfied
with very expensive and laborious live firings in test
ranges in order to obtain correction factors (Akgay,
1986). For each trajectory, special sets of inputs have
to be used and a set of external ballistic equations is
solved in order to obtain necessary ballistic parame-
ters.

In this study, a universal trajectory calculation
method was developed and applied for an 81 mm
mortar projectile,and 155 mm M107 and 155 mm
M864 projectiles. Calculated trajectory parame-
ters for the 81 mm mortar projectile were compared
with the results of a modified point mass trajec-

tory method and experimental firing data. The tra-
jectories obtained for the 155 mm M107 and 155
mm M865 projectiles were also compared with the
trajectory radar measurements. All the results are
quite satisfactory for the application of the proposed
method.

The method is applicable to predict the velocity
of the projectile,and the x and y position, time of
flight and angle of inclination at any point at the
trajectory of a projectile. The maximum height of
the projectile and its maximum range can also be
calculated with this method. Wind effect was not
considered in this study.

The difference between this study and the con-
ventional approach is that the present method uti-
lizes one set of data ( composed of initial velocity,
angle of fire and point of fall) in order to predict only
one empirical value for each charge valid for low and
high firing angles. The developed method is applica-
ble for every caliber of projectiles from 0 to co and
subsonic, transonic and supersonic flight regimes.

This method gives us a very quick and very cheap
prediction opportunity for the trajectory parameter
calculations of any unguided projectile.
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Figure 1. The motion of a free flight projectile.

Mathematical model

The motion of a projectile was studied according to
a coordinate system fixed to the firing point seen in
Figure 1.

If the trajectory is represented by a continuous
function y = f(z), the Maclaurin Series expansion of
this function at point z is

y=f(z) = f(0) + 31 f'(0) - = + 5 f7(0) - 2?+
%fﬂ/(o) S %f(n)(o) 2"+ R
(1)
where R represents the residue expressed by
R= gy fOH(0) -2t

0<zx<X;

lim,, ..c R=0

The details of this subject are well explained by
Kaplan (1963) and Mollitz and Strobel(1963).

The first and second derivatives of function f(z)
at any point x of the trajectory are, respectively

Py =T g )
11 o 1 dp
f (LL') - COS2(p% (3)

where ¢ is the angle of inclination of the trajectory.
By taking the radius of curvature of the trajectory r
to be positive
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rdy = —ds (4)

then

d_(p_ 1

=— 5
dx 7 COS (5)

The application of Newton’s Second Law on the
normal direction of the trajectory gives

02
m— = mgcos (6)
r

where g is the gravitational acceleration, and m and
v are the mass and the velocity of the projectile, re-
spectively. Combining of Eq. (6) with Eq.( 5) gives

do g
o+ __7 7
dx V2 (7)

By introducing Eq. (7) in to Eq. (3)

17 g
T)=——"-— 8
1) = Q
is obtained.
Using the definition of the horizontal velocity
component

%:Cfl—f:vcosw (9)
into Eq. (8)
@)=~ (10)



AKCAY

and taking its derivative gives

1d dvy
f///(x):___9+2g v,

2 3
vz dx vs dx

(11)

The change in gravity g with height can be writ-
ten as

h +
92 gsL (1—2 = y) (12)

€

where ggr, is the standard gravitation at sea level, h
is the height of the firing point above sea level, and
R, is mean radius of the world. Standard gravita-
tion at sea level is gsr= 9.80662 m/s*>. With the
derivation of Eq. (12)

d
ag _ _2gSL

1
Ty R, tan (13)

is obtained. By applying Newton’s Second Law in
the x direction

d vy
_md—vt = Dcosp (14)

and for the change in horizontal velocity by dx the
following relation is obtained

dvy (D/m) cos ¢
= 15
dzr Vs (15)

where D is the aerodynamic drag force of the projec-
tile. The third derivative of the trajectory function
obtained with the combination of Eq. (9), Eq. (13),
Eq. (15) and Eq. (11) is

i D/m)
1" _ 2gSL S © _29( 16
(@) R. v2cos3 v cosd (16)

The initial values of the derivatives of trajectory
function equations (2), (8) and (16) at the firing
point z = 0 are the following:

f'(0) = tan6 (17a)
17 _ g0
f(0) = T2 o0 (17b)

go (Do/m)

in 6
") — gsr s
7710) v cos® 0

— odsL - 17
R, v cos? 0 (17¢)

where vg is the initial velocity of the projectile, 6 is
the angle of fire, gg is the local gravitation at the
firing location and D, is the drag of projectile at
the initial velocity. By putting Egs.(17a), (17b) and
(17¢) into Eq. (1) given for the Maclaurin Series

90 2
=tanf.-r — —5———
Y 203 cos? 6 *
1 D
3vdcos® 0| go Re v}

(18)

is obtained. In the parentheses, the first term is very
small in comparison with the second . This makes
the cancellation of the first term possible. The rear-
rangement of Eq. (18) according to the third power
of = gives

9 gox?
>t T — 1+ K- 19
y=tanoy 202 cos? 6 [1+K-a] (19)
where
2 (Dg/m)
K=-——-+ 20
3 vg cosb (20)

If we remember the classical definition of the
aerodynamic drag

1
DO :CD§p0UgS (21)

then

K= Kopo (22)

where pg is air density at the firing location, Cp and
S are the drag coefficient and the characteristic area
of the projectile, respectively, and K| is a constant
calculated as

CpS

Ky=—"—
O~ 3mcosd

(23)

Equation (19) becomes, finally,
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Xtanf -xr — ——— -
4 203 cos? 0

[1 4+ Kopox] (24)

By using the condition at the falling point of the
projectile

xr=X, y=0 (25)

in Eq. (24), one obtains

1 v2 sin 26
Ky=— (22— _ 1) 26
O X ( goX (26)

According to Eq. (26), during the firing test
of any projectile, if the initial velocity, firing angle
and the distance between the firing point and falling
point of the projectile (range) are measured, with
the use of air density and gravitation at the height
of firing point above sea level, K can be calculated
easily. The gravitation at the firing point from Eq.
(12) can be obtained as

h
go = 9gsL (1 - 2R—e> (27)

The air density depending on altitude h can be
written as

9

)\ h AR
po = pst (1 - ﬁ) (28)

where A is the temperature gradient in the atmo-
sphere, R is the gas constant of the air,and Ty and
psr, are the standard air temperature and density at
sea level, respectively.

The external ballistic parameters of a projectile
cover velocity v, flight duration ¢, maximum height
of the trajectory ¥mqq the place where y,q 0ccurs
xs, the angle of fall of the projectile ¢ and range .
These parameters were derived by means of the basic
formulations explained above. The results of these
calculations are given below.

The duration of flight ¢ and velocity v at any
point on the trajectory are

2

3
= — = (14 3pKez) "2 -1 29
v cos @ poKy (1+ 3poKoz) (29)
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0 -1
v =g o8 (14 3poKox) 2
cos ¢

(30)

Maximum height of the trajectory, ¥maz, and the
x-coordinate of this location, xg, is given by

1+ 2poKows
max — st 0 — 31
Hma = s A T (31)
= 1 KoX (1+K 121
Ts 3p0Ko [( + 3p0KoX (1 4+ KopoX) )
(32)
and
goX
t =tanf — ——— (2 + 3pg Ko X 33
an ¢ = tan 2U%COS29( + 3po Ko X) (33)

is obtained (Molitz and Strobel, 1963). Here, ¢ is
the angle of fall of the projectile.

In order to obtain more precise trajectory param-
eters, instead of one firing, Ky can be calculated by
a least square fit using different firing angles for a
given charge number. In this study, K is obtained
by a fourth order least square fit, e.g., for a given
charge number and n different firing angles resulting
in n different Ky values, a fit for Ky can be obtained
in the form (0 < 6. < § 2z =X;):

6 z1 — Ko

0 29 — Ky then Ko =ag+ a10+

03 x3 — Koz a292 + a393 + a494
where ag...a4 are the least

0, x, — Ky, square coeflicients

Results and Discussion

An 81 mm MKE MOD 214 projectile was very well
studied experimentally at Karapinar Firing Range.
MOD 214 is a high explosive mortar projectile fired
from an 81 mm UT1 smooth bore mortar. This mor-
tar is used with a 6 charge system. The projectile
has a maximum range of 5825 m in standard atmo-
spheric conditions with the charge 6.

The calculation of parameter Ky; from Eq.(28) by
means of experimental results given in Akcay (1986)
yields the following:
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Charge

1 Ko =0.01036080 — 3.98774 - 1075 - 0 + 5.77946 -
2 Ky =0.00350224 — 1.36667 - 107° - § + 2.09674 -
3 Ko =0.00371785— 1.50379 - 10=° - § + 2.32350 -
4 Ko =0.00337945 — 1.31117- 1075 - 6 + 1.95794 -
5 Ko =0.00301452 — 1.18366 - 10~° - § + 1.79710 -
6 Ko =0.00361498 — 1.43986 - 10° - § + 2.21129 -

Just as an example, the set of trajectories for
charge 6 is obtained for standard atmospheric con-
ditions with Eq. (24) and shown in Figure 2. The
maximum range reaches 5825 m for an elevation of
800 mils.

Table 1 shows the differences among the flight
parameters calculated with the modified point mass
trajectory model (Lieske and Reiter, 1966) and with
the method given in this study. The given method
overpredicts the maximum range by 0.3%, the maxi-
mum height of trajectories by 2% and the flight dura-
tion by 0.3% with respect to the modified point mass
trajectory model calculations. The experimental re-
sults obtained at the Karapinar firing range, located
1000 m above sea level, are also compared with the
results calculated with the given method. The pro-
posed method overpredicts the maximum range by
1% and underpredicts the flight duration by 1.8%
compared with the experimental data.

10-8
10-8
10-8
10-8
10-8
10-8

81 MER

6% —3.7208 - 10711 - 63 4-9.02138 - 1071594
6% —1.42654 - 10711 . 93 + 3.68442 - 10~ 159"
6% —1.59441- 10711 . 93 +4.1033 - 10~ 1°¢*
6% —1.29790- 10711 - 3 + 3.25309 - 10~ 1564
6% —1.21042- 10711 . 9% + 3.08271 - 10~ 159*
6% —1.50543 - 10711 . 93 + 3.86986 - 10~ 159"

Within the scope of the Firtina Self Propelled
Howitzer program, many 155 mm projectiles such
as standard type conventional M107 projectiles and
submunition type M864 projectiles were fired at the
Karapmmar Firing Range in order to predict their
aerodynamics and flight mechanics parameters. Dur-
ing these tests, trajectory radar was used to follow
the projectile’s motion. Trajectory radar has the ca-
pability of recording the x, y and z coordinates, ve-
locity, acceleration and duration of flight of the pro-
jectile at any point of the trajectory. These sets of
trajectory data obtained for the 155 mm M107 pro-
jectile and one set of trajectory data for the 155 mm
MS864 projectile were used to compare the calculated
results obtained by the method given in this study.
The calculated and measured trajectories of M107
and M864 projectiles for the same firing conditions
are given in Figure 3.
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Figure 2. The set of trajectories of 81 mm MKEK MOD 214 mortar projectiles for charge 6 (vo = 330m/s).
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Table 1. Comparison of the ballistic parameters calculated with the method given in this study and the modified point
mass trajectory method (MMTM) and live firing tests performed at the Karapmmar Firing Range.

Flight
Charge 0 h Range | Ymax | «s | duration Ref.
(mils) | (m) | (m) | (m) | (m) (s)
0 500 674 | 255 23.4 MMTM
0 506 696 | 264 23.8 Method
1 1400
1000 | 516 710 | 268 24.36 Method
1000 | 547 24.52 Exp.
0 900 1255 | 467 32 MMTM
0 906 1297 | 480 23.3 Method
2 1400
1000 | 929 1339 | 490 33.51 Method
1000 | 954 33.73 Exp.
0 2900 | 1570 | 1543 35.8 MMTM
0 2908 | 1581 | 1550 35.6 Method
3 1100 | 1000
2997 | 1605 | 1650 36 Method
1000 | 3036 36.9 Exp.
0 2460 | 2378 | 1304 44.1 MMTM
0 2464 | 2426 | 1325 43.9 Method
4 1300 45
1000 | 2557 | 2626 | 1475 46.95 Method
1000 | 2480 Exp.
0 2910 | 2883 | 1556 48.5 MMTM
0 2928 | 2947 | 1600 48.2 Method
5 1300
1000 | 3055 | 3277 | 1800 49.72 Method
1000 | 2942 51 Exp.
0 3160 | 3219 | 1707 51.3 MMTM
0 3160 | 3268 | 1725 50.6 Method
6 1300
1000 | 3318 | 3745 | 2050 51.88 Method
1000 | 3287 52.75 Exp.

The errors obtained in maximum ranges calcu- locity of the projectiles. The trajectory of the

lated for M107 projectiles for 3 different angles of
fire lie within the limits 3-15:% of experimental val-
ues. The errors for maximum height of the trajecto-
ries are within the limits Ié'45% compared with the
experimental data. The proposed method underes-
timates the maximum range of M864 by 0.039% and
overestimates the maximum height of the trajectory
of M864 by 0.19% .

The evaluation shows that the precision of the
calculation increases with the increasing initial ve-
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MS864 projectile is predicted precisely by the cur-
rent method. The discrepancies among the results
obtained with this method, the measurements and
the modified point mass trajectory model are basi-
cally due to the truncation error that occurred in
the Maclaurin Series and the atmospheric conditions
which are not completely simulated in the proposed
method. Only change in gravity, air density and the
height of the firing post can be considered.
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Figure 3. The predicted and measured trajectories of 155 mm M107 and M864 projectiles. Firings and trajectory radar
measurements were carried out at Karapinar, 1000 m above sea level.

With a given projectile if we have limited firing Nomenclature
range experimental data for 4 or 5 different angles

of elevation we can theoretically obtain an infinite ;{ constant pa;ramet.er for K octi]
number of trajectories for 0 < 6. < 5.This method pargmeter or a given projectile .
R, radius of the sphere, approximately

is a very simple, very fast and very cheap way of

obtaining acomplete set of ballistic parameters with- 6,356,766 m depending on the location

out using an expensive set-up including trajectory P air de.nswy .
radars,a large experimental team, ammunition and t duration of flight
a gun. 0 angle of fire
v muzzle velocity of a projectile at any point
of a trajectory
0 initial muzzle velocity of a projectile
This method is also very useful for predicting the z,y  Cartesian coordinates
initial firing conditions for a given target (Akgay, X maximum range of a projectile
1991). Another application of the method may be T z location where .y occurred
to find out if it is possible to hit a given target be- Ymax Mmaximum height of a projectile on its trajec-
hind an obstacle like a hill or mountain. In this case, tory
a 3- dimensional digital map is advised to be used mil unit of angular measurement used in external
with this method. ballistics. (6400 mils = 360°)
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