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Abstract

This paper investigates steady state solutions to thermally radiating and chemically reactive fluid in a
channel. The reaction is assumed to be strongly exothermic under generalized Arrhenius kinetics, neglect-
ing the consumption of the material. Approximate analytical solutions are constructed for the governing
nonlinear boundary value problem using WKBJ approximation. Results pertaining to 4 categories of mass
species propagation parameter are derived. Two special reactions are used in the validation of the results by
numerical solutions, which demonstrated a high level of agreement. Also important features of the problem

are discussed.
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Introduction

The prediction of the factors that control the thermal ignition of combustible materials is of fundamental
importance in many industrial processes (see, for example Bowes, 1984; Schmidt, 1998; Okoya, 2004; Makinde
et al., 2005; Makinde, 2008). Combustion processes are very fast and exothermic in nature. Therefore, once the
reaction is ignited the process proceeds very quickly and tends to be very non-isothermal. Hence, combustion
processes (for example, fires, furnaces, and IC engines) release large amounts of energy, and they have many
applications in the production of power, heat, and in incineration processes. Generally, combustion processes
are complex because of the combination of complex kinetics, mass transfer control, and large temperature
variations. In effect, it is seen that high temperature phenomena or high-power radiation sources are common
features of these processes just like as in geophysical and astrophysical applications. Other examples where high
temperature variations are encountered are found in nuclear reactions, such as in the sun or in nuclear explosions
(Ghoshdastidar, 2004); in compressors in ships and gas flares in the petroleum industries (Abowei and Sikoki,
2005). Peterson et al. (2007) stated that where considerations of safety from waste-gases and emissions are
concerned in petroleum industries, one of the performance parameters of interest is thermal radiation generated

by the flare. This implies that thermal radiation is very important in the study of combustion processes.
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For non-isothermal chemical reactors, Schmidt (1998) stated that they have nonlinearities that never occur
in non-reacting systems. This explains the fact that in modeling chemically reactive combustible materials, the
evolving equations are highly nonlinear. One feature of such equations as provided in Chung (2002) is that the
sensible enthalpy is coupled with the chemical species, which contributes to the heat source and diffusion of
species interacting with temperature. Obviously, therefore, a realistic mathematical description of the governing
reactive-diffusive equation of thermal explosion needs to include the effects of thermal radiation and generalized
Arrhenius temperature dependent kinetics.

The reactive-diffusive temperature-dependent equation is not easily amenable to exact analytical solution
except for some very simplified physically reasonable assumptions, if not it is an impractical proposition to
even think of an exact solution. At best or for the sake of practical interest and for the purpose of gaining
insights, one has to settle for numerical result or an approximate solution. This, indeed, provides one route
to the knowledge and understanding of physical problems. To this end, several methods of approximation
have been devised for tackling various types of problems in Mathematical Physics and Quantum Mechanics. It
is the objective of this paper, therefore, to construct approximate solutions to the reactive-diffusive problem
of thermally radiating and chemically reactive fluid in a channel. These approximate solutions give a wider
applicability in understanding the basic physics and chemistry of the problem, which are particularly important
in industrial and technological fields.

The sections followed hereafter respectively are: the mathematical formulation of the problem and dimen-
sionless forms of the governing equations; solution to the concentration equation via WKBJ approximation;
concentration solution for a turning point region and connection formulae; numerical validation, and general

concluding remarks of the results of the previous sections.

Mathematical Formulation

The mathematical investigation is based upon a thermally radiating and chemically reactive fluid bounded by
two horizontal impermeable parallel walls. The lower wall which is on y = —d/2 is maintained at a temperature
T = Ty and mass concentration C' = C; and the upper wall, which is on y = d/2 is maintained at a temperature
T = T, and mass concentration C' = C9, where d is the distance between the upper and lower wall. A
chemical reaction takes place with a temperature-dependent reaction rate coefficient kg, (T') and a generalized
Arrhenius activation energy is invoked in the mass concentration. For the energy distribution, it is considered
that radiative heat transfer plays a significant role in the chemically reactive fluid in the channel. Therefore,

the governing mass concentration and energy equations for an optically thin fluid are the followings:

d’T 1 dgq
adW ey dy =0, (1a)
2
D% — ks, (T)C =0, (1b)
dq = 4aa(T4 - TO4), (1c)
dy
kp (T) = k7, T e, (1d)

where T',C,y,aq,D,a, 0, ks, (T), kr, n;, Ea, and R represents temperature, concentration, transverse coor-

dinate, thermal diffusivity, mass diffusivity, absorption coefficient or penetration depth, the Stefan-Boltzmann
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constant, temperature-dependent reaction rate coefficient, pre-exponential or frequency factor, an exponential
constant, activation energy, and universal or ideal gas constant. Here, the i accounts for the reaction step.

The governing boundary conditions associated to equations (1) are

T=T,,C=C; for y=— (2a)

ol NI

T=T,,C=Cy for y=—. (2b)

The radiative flux equation (1c) is highly nonlinear in 7. However, when it is assumed that the temperature
differences within the fluid are sufficiently small, then the linear differential approximation of Cogley-Vincenti-
Gilles equilibrium model (Cogley et al., 1968) of the radiation flux becomes significant. In this case 7% can be
expressed as a linear function of temperature in Taylor series about the centre temperature (Tp) of the channel

and neglecting higher order terms. This results in the following approximation:

T* = AT3T — 3T (3)
Therefore, equation (1c¢) is now written as
dgq

@zmaaTg(T—To). (4)

The functional form (1d) of the reaction-rate coefficient predicts a very strong dependence of reaction
rates on temperature, and this fact is central in describing the complexities of chemical reactions. The factor
exp(—FE4,/RT) describes the probability of crossing a potential energy barrier between reactant and product
molecules. In other words, E4, is defined as this energy barrier (or threshold) that must be surmounted to
enable the occurrence of the bond redistribution steps required to convert reactants into products.

In order to facilitate the analysis, the following dimensionless variables and parameters are employed:

T C E
Y:%, 0=, &=, Ei:R—;;,
2 J27m;
ri = L%TO , N= 7160‘2503 sy (5)
Therefore, the dimensionless governing equations are
%—N(@—l)zo, (6a)
% —riQ:i(Y) 2 =0, (6b)
where
Qi(Y) = 0me Fi/O, (7)
The boundary conditions are now
0=0;,2=7; for Y =-1/2 (8a)
0=03,>=37, for Y =1/2. (8b)
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The parameters entering the problem are N, radiation parameter; F;, activation energy parameter; n;, expo-

nential constant and 72, modified frequency factor. The mathematical statement of the problem embodies the

i
solution of equations (6) subject to equations (8).

Exact analytical result for the energy equation (6a) and approximate solution for the concentration equation
(6b) subject to the equations (8) are herein deduced. The energy equation (6a) is uncoupled from the concen-
tration equation (6b). Therefore, one can advance solution for the temperature variable ©(Y") whereupon the

solution of the concentration ®(Y") is then derived. The solution for the temperature is given as follows:

_ 1
2 cosh (%\/N) sinh (%\/N)

—2sinh (%\/N) cosh (\/NY) + (@2 — @1) cosh (%\/N) sinh (\/NY)

o) (@2 + @1) sinh (%\/N) cosh (\/NY)

+ 2 cosh (%\/N) sinh (%\/ﬁ)l (9)

Concentration Solution via WKBJ Appoximation

The WKBJ approximation, is a simple asymptotic method for proffering approximate analytical solutions
that pave the way for an approximate description of the mechanisms underlying some second-order ordinary
differential equations that model physical phenomena. The WKBJ is derived from Wentzel-Kramers-Brillouin-
Jeffreys (Hinch, 1991), who somewhat independently discovered this method.

The concentration equation (6b) is highly nonlinear. In most of combustion calculations, there are several
hundreds of reactions that could be considered. However, due to limited computational resources, it is customary
to select only important reaction mechanisms, neglecting those that are less important (i.e. those reactions whose

rates cannot be measured). For example, a simple prototype of combustion reactions is hydrogen oxidation:
2Hs5 + Oy — 2H50

This reaction is extremely complex, and the standard model describing it consists of 38 reaction steps among
8 species (Schmidth, 1998; Chung, 2002).

In what follows, we envisage and seek mathematically tractable scenarios of reaction rates of the elementary
steps in the hydrogen oxidation reaction that may lead to 3 categories of the potential function as displayed
in the Figure 1: (a) Q;(Y) = Qo = 1 (a constant potential), in which there is no variation of the potential
throughout the computational domain, (b) @;(Y) > 0, denoted as Qso(Y) depicts that the potential slowly
varies, but it is either above or below the constant potential and equals Q)g, from where it grows or decreases,
and (¢) Q;(Y) = 0, denoted as Q—o(Y). This exhibits a turning point, and gives a wrong behavior to the
concentration solution. A 4*" category out of curiosity and for the purpose of sharpening our intuition about
the solution of the concentration is considered. This is the situation where the potential is still considered
slowly varying, but Q;(Y") < 0, denoted as Q<o(Y).

For the 1% category, we consider that the exponential constant n; and the activation energy F; are small,

such that n; = E; = 0. In this case, the potential function (7) becomes a constant: Q;(Y) = Qo = 1. Therefore,
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Figure 1. Potential profiles as a function of Y.

the solution to equation (6b) with the aid of the boundary conditions (8) becomes

oY) = .

1
= ((I)Q + (I)l) sinh (—m) cosh (riY)
2 cosh (%m) sinh (%m) 2

—1—((1)2 — (I)l) cosh (%m) sinh (riY)] ) (10)

The WKBJ approximation is used to derive the 2nd and the 4th categories of the potential function. Here,
the derivation presented by Oyewumi et al. (2005) is followed closely. Suppose that the constant exponent n;
and the activation energy parameter E; are not necessarily small, then Q;(Y") is no longer a constant, and hence
the ad hoc solution (10) is unacceptable. On the alternative, we assume that the chemical reaction rate r; is

large and define it as

1
T, = —, (11)
€

where ¢; is considered to be a small parameter. Equation (6b) now becomes

,d2®

€ m — Q>Q(Y)¢’ = 0, (12)

specifically for the potential Q;(Y) > 0.

Now, up to an arbitrary multiplicative constant, the solution (10) may alternatively be written as

DY) = exp(£r;Y) (13)
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Equation (13) suggests that if Q~(Y") is no longer a constant, but varies slowly with Y, then slow variation of
Q-0(Y) with Y means that it varies appreciably only over a small distance and it does approximate a constant
potential function, where |dQ~o/dY| is small, and provided Y is not near turning points for Q—o(Y"). We may

try a solution of the nonlinear concentration equation (6b) in the form

B(Y) = exp[T(Y)], (14)
which converts equation (6b) to
d*v dv 2
2Z = 2 e — =
o+ (5y) — @) =0. (15)

Equation(15) is a second-order nonlinear ordinary differential equation. The nonlinearity in the equation is

used to develop an iteration procedure to obtain the zeroth-order approximate solution,

1Y
¥(Y) = ie— Q>0(s)"/*ds + Co, (16)
i Jo-

where Cj is an integration constant. For nth-order approximation, we then write

Y d2v,,

1
2ol =gy

%

U, (V) =+ /

1/2
] ds +Cn+1. (17)

For n = 0, equation (17) becomes

\I/l(Y):i/Y

12dQs0

1/2
e 1 ds + C1. (18)

5Qs0(s) F 5@0(s)

7

As a corrective measure of the procedure, ¥(Y) demands that ¥1(Y) be close to ¥o(Y). This can only be

achieved if

1 —1/2dQ>0

_Q>0(5) ay

<<
2

: (19)

%Qw(é’)

If condition (19) holds, then, an approximate value consideration of Binomial expansion (Abramowitz and

Stegun, 1970) reduces equation (18) to

1Y 1
Uy (Y) ~ = Q>o(s)?ds — 710 Q>0(Y), (20)
i Jo-
where the integration constant C; has been absorbed into the normalization of ®(Y"). This first order iteration
equation (20) constitutes the WKBJ approximation for Q~o(Y"). Therefore, by using equation (20) on equation

(14), the general solution to the nonlinear concentration equation(6b) becomes

(I)(Y) = Q>O(Y)_1/4

1Y 1Y
A+exp<— Q>0(s)1/2ds> + A_exp< - = Q>0(s)1/2d5>1, (21)

€ Jp— € Jb—
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where AT and A~ are integration constants to be evaluated using the boundary conditions (8). The concen-
tration solution (21) for Qs(Y") indicates that it increases or decreases exponentially as one goes away from

the turning point Q—¢(Y"). The application of the boundary conditions permits the general solution (21) to be

rewritten:
1 2
PO =@ Hq) Q>0(1/2)/* = 01 Qx0(~1/2)* exp( e SO ds) } -
iJ—1/2
inh (L ¥ Q 1/2 4 v
Xsm (67, f_ljgz >0(s) 5) L, Q>0(—1/2)1/4 eXp( _ l Q>o($)1/2 ds)] (22)
sinh (Ei f_1/2 Q=o(s)'/? ds) € J_1/2

It is pertinent to remark here that the solution (22) will differ from the exact solution (if any) by terms of order
€.

The concentration solution for the 4th category, where the potential function is negative (i.e. Q;(Y) =
—Q<0(Y)), is given by

(I)(Y) =—Q<o (Y)_1/4

Y Y
Btexp (i Q<0(s)1/2ds> + B‘exp( _L Q<0(s)1/2d5>1 , (23)

€ Jp— € Jb—

where BT and B~ are integration constants to be evaluated using the boundary conditions (8). Hence, the

equivalent general solution for the case Q<(Y") becomes

€ J-1/2

R

Y

+ P, Q<O(—1/2)1/4exp<— L Q<0(s)1/2 ds)], (24)

€ J-1/2

. sin (é f_Yl/Q Q<o(s)/? ds)
sin (é f_IﬁQ Q<o(s)/? ds)

where 1 = y/—1. The concentration solution for Q o(Y") oscillates and behaves in the form of plane waves that
travel toward +Y and whose propagation constants gradually change from one region to another. The factor
Q<o (Y)_l/ 4 is used to ensure that the probability of finding the concentration at a point in space is inversely
proportional to the speed of the mass species at that point. Hence, on physical grounds, the concentration
solution (24) is expected to be suitable for a sufficiently slowly varying potential function Q<o(Y). We note
that the expressions (22) and (24) are singular at ¥ = 0 since both contains the factor Qso(Y)~*/* and
Q<o(Y) /4, respectively.

Concentration Solution for the Region Q—(Y)

Approximate analytical solutions for the concentration equation (6b) have been derived via the WKBJ approx-
imation for the regions of Q=o(Y) and Q<o(Y’), where the potential function changes slowly. The condition
for the application of WKBJ approximation is not satisfied at the region of Q—o(Y"), at which the mass species

propagation constant vanishes. However, a suitable solution can be determined by approximating the actual
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variation of the potential function @;(Y") around Q—¢(Y") by a linear variation:
Qua, V) =AY = Yo) = A (Yo - Y), (25)

where A’ = |A] and the WKBJ approximation is invalid in the interval ¢ < Y < b. This interval is the region in
which the linear approximation (25) to the potential function is assumed valid, where a and b are respectively

placed on the left and right to the turning point Yy. The use of equation (25) in equation (6b) gives

d>P

77 r2A (Yo —Y)® =0. (26)

The substitution ¢ = (r2A4")'/3(Yy — Y), transforms equation (26) into Airy differential equation

d*®

d—CQ—C‘I’ZOa (27)

fora <Y <Yp.

Similarly, for Yy < Y < b and the substitution n = (r?A’)}/3(Y — Y;) transforms equation (26) into the
modified Airy differential equation

A2
d—772 +nd=0. (28)

The equation (28) is exactly solvable (Abramowitz and Stegun, 1970), and its solution is

2 2
() = Aun21 s (5773/ ) A AT (5773/ ) (29)

where J4q/3 are the independent solutions of Bessel’s differential equation of order 1/3 with A; and Ay repre-

senting the integration constants.

The differential equations (27) and (28) are related to each other through the substitution n = —(¢, and

hence the solution of the Airy differential equation (27) becomes

By 13 <§C3/2> + Byl 13 <§C3/2>1, (30)

where I/3 satisfies the Modified Bessel’s differential equation of order 1/3 with By and By being integration

®(Q) = ¢'/*

constants.
The solutions (29) and (30) are asymptotically extendable to the regions Q=o(Y) and Q«¢(Y"), where the

WKBJ method is valid. Consequently, the next section deals with the connection formulae.
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Asymptotic Expansions and Connection Formulae

With the use of asymptotic expansions of Ji;,3 and I4q,3 (Abramowitz and Stegun, 1970; Dicke and Wittke,
1980; Mei, 1995) and by normalizing ®(¢) and ®(n) respectively, we obtain the following relations:

®(¢) = By /4 eXp( - §C3/2>, (31a)

2
®(n) = 2By~ /* cos (5773/2 - 7r/4> , (31b)

where Ay = A, By = By, and By = ;’3% is an arbitrary constant. The joining condition or connection formula

is given by the 2 equations (31a, b) from the region Y < Y} to the region Yy < Y, and this is written:

C_1/4 eXp( _ §C3/2>

for By = 1. By virtue of the relations for ¢ and 7, and the respective scenarios for Q~o(Y) and Q<o(Y), from

(32)

2
— 2 1/4 COS<§773/2 — 7r/4>

Y <Yy Yo<Y

equation (32) we obtain the expected connection formulae
L (Yo
Q<O(Y)_1/4 exp| — —/ Q(s)1/2d5 — 2Q>O(Y)_1/4 X
€; Y
1 (v
X COS —/ Q(s)/?ds — /4, (33a)
€ Jy

Y
—Q<O(Y)_1/4 e){p(i Q(s)1/2d5> <—2Q>O(Y)_1/4 X

€ Jy,

€

1Y
X COS (— Q(s)/?ds — 7r/4> (33b)
Yo

respectively for the regions Y < Yp and Yy < Y. The arrows in equations (32) and (33a, b) indicate that the
connection should be made in the direction of the increasing exponential. Therefore, we are now in a position

to construct the concentration solution decaying in Y < Y} as

Yo
2¥) = (%)qu-“‘*exp( =/ Q(s)1/2d5>- (34)

For Y > Y}, the WKBJ concentration connection formula gives

Y
¢<Y>=2<%>Q>O<Y>-“4cos(é : Q<s>1/2ds—w/4>. (35)
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Validation of WKBJ Approximation

Here we restrict our attention to the concentration solutions for Q;(Y) = aconstant and @;(Y") > 0, which are
validated by numerical solutions. It is important to note here that the numerical experiments were conducted
using a Computer Symbolic Algebra Package (MAPLE) general ODE solver in a Macintosh Pentium 4 Machine.

First, we consider the case for @;(Y) = aconstant, where n, = 0 = E; which resulted the exact concentration
solution (10). Table 1 displays this exact solution together with the WKBJ approximate solution (22) versus
numerical evaluation of the governing dimensionless equations (6 - 8) for n, = 0 = E; and r» = 1. Tt is observed
that the WKBJ solution replicates the exact solution, and evidently there is little or no difference between
the exact solution and the numerical evaluation. The results showed such high level of agreement in that the

maximum relative error was 8.06 x 1019,

Table 1. Exact concentration solution (10), WKBJ approximation (22) and numerical.

Y Exact WKBJ Numerical  Relative Error
-0.50 | 1.000000000 1.000000000 1.000000000 0.000000000
-0.40 | 1.043949098 1.043949098 1.043949098 0.000000000
-0.30 | 1.098346389 1.098346389 1.098346389 0.000000000
-0.20 | 1.163736300 1.163736300 1.163736300 0.000000000
-0.10 | 1.240773276 1.240773276 1.240773275 8.06 x 1010
0.00 | 1.330228326 1.330228326 1.330228326 0.000000000
0.10 | 1.432996750 1.432996750 1.432996749 6.98 x 1010
0.20 | 1.550107086 1.550107086 1.550107085 6.45 x 1010
0.30 | 1.682731414 1.682731414 1.682731414 0.000000000
0.40 | 1.832197086 1.832197086 1.832197085 5.46 x 10710
0.50 | 2.000000000 2.000000000 2.000000000 0.000000000

Okoya (2004) evaluated transitional values of r and E for the reactions of Sensitized (n = —2, r = 1/2,
E = 8) and Bimolecular (n = 1/2, r = 1, E = 3). These reactions are herein considered for the computations
of Q;(Y) > 0.

The results displayed in Table 2 and Table 3 respectively, show comparison of the WKBJ approximate
concentration solution to that of the numerical computation for sensitized and bimolecular reaction for different
values of V. It is evident that the WKBJ approximate solution reveals the characteristics of the problem and
compares favorably well with the numerical computation. It is seen that N = 0, N = 5, and N = 10 respectively
gives an average relative error of 0.09738120764, 0.03413250574, and 0.01356787374 for the sensitized reaction,
and 0.052518721, 0.001170115, and 0.032581937 for bimolecular reaction. In general, it is observed that increase

in the radiation parameter, N, increases the concentration.

Concluding Remarks

In this paper, the study of a steadily thermally radiating and chemically reactive fluid in a channel is presented
by the use of WKBJ approximation, which is validated by numerical solution. It is confined to 4 categories of
the mass species propagation parameter Q;(Y): Q;(Y) = aconstant, Q;(Y) > 0, Q;(Y) = 0, and Q;(Y) < 0.

The concentration solutions for Q;(Y") = aconstant and @Q;(Y") > 0 were validated by numerical solutions. The
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WKBJ approximate results showed a close agreement with the computational results. For n, = 0 = E; the
results make no discernible difference, whereas for sensitized and bimolecular reactions, the mean relative errors
were about 1% — 10%. It is hoped that the present investigations may further serve as toolkits for numerical
experimentations. It is noted here that the efficient computation of thermal radiation effect with strongly
exothermic reaction under generalized Arrhenius kinetics is essential for the design and analysis of industrial
thermal systems, such as furnaces, boilers, burners, nuclear power plants, combustion products (such as, HoO

and COz), and gas turbines.

Symbols
T temperature;
C concentration;
Y transverse coordinate;
d distance between the upper and lower walls of the channel;
Qg thermal diffusivity;
D mass diffusivity;
« absorption coefficient or penetration depth;
o Stefan-Boltzmann constant;
To centre temperature;
ks (T) temperature-dependent reaction rate coefficient;
k., pre-exponential or frequency factor;
n; an exponential constant;
2 : k7 2Ty
3 modified frequency factor (= —+5—);
€; small parameter;
Ea, activation energy;
Y non-dimensional transverse coordinate (= 4);
© non-dimensional temperature (= %)7
@ non-dimensional concentration (= C%),
E; non-dimensional activation energy (= g—%);
N radiation parameter (= %ﬁ);
R universal or ideal gas constant;
) reaction step.
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