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Abstract: Nonlinear buckling of bonded double-walled boron nitride nanotubes (DWBNNTs) under combined electro-
thermo-mechanical loadings based on the nonlocal piezoelasticity theory and Euler-Bernoulli beam (EBB) model is
presented in this paper. Coupled DWBNNTSs are embedded in an elastic medium that is simulated as a Pasternak
foundation. Using the Lennard-Jones model, the van der Waals interaction between 2 layers of DWBNNTS is taken into
account. Considering the von Kdrman geometric nonlinearity, Hamilton’s principle, and charge equation, higher order
governing equations are derived and solved by differential quadrature method (DQM). The detailed parametric study is
conducted, focusing on the remarkable effects on the behavior of nonlinear buckling loads. The results indicated that
the small-scale parameter, elastic medium, boundary conditions, electric potential, aspect ratio, and different vibration
phases play an important role in the nonlinear buckling of smart elastically coupled systems. In addition, it is found
that the trend of figures has good agreement with those of previous research. The results of this work could be used in

the design and manufacture of nano/micro-electro-mechanical systems.
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1. Introduction

Theoretical and experimental studies of nanostructures such as nanowires and nanotubes have received much
attention since the identification of carbon nanotubes (CNTSs) [1]. Many investigations have focused on modern
nanotechnology involving nanotubes embedded in an elastic matrix because of their great importance in the
development of nanodevices.

Rubio et al. [2] proposed the existence of boron nitride nanotubes (BNNTs) for the first time. BNNTSs
are similar in structure to CNTs in which C atoms are substituted by alternating B and N atoms. They have
become the most promising materials for nanoelectronics, nanodevices, and nanocomposites because of their
novel properties [3]. They are different as far as high temperature resistance to oxidation (>900 °C) and
possessing strong piezoelectric characteristics are concerned [4]. The electrical properties of CNTs are strongly
affected by the rolling angle of the nanotube lattice molecular structure, known as chirality, which has limited
the applications of CNTs in electrical components, especially in nanoelectrical devices [5]. BNNTSs possess
extraordinary properties such as high elastic modulus, high thermal conductivity, low density, constant wide

band gap, superb structural stability, and chemical inertness [6]. Meanwhile, they have more resistance to
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oxidation at high temperature than other conventional nanotubes such as CNTs and they are used for high
temperature applications [7]. Mechanical and electrical properties of BNNTs have been of interest to researchers

due to their piezoelectric properties.

In recent years, a large number of studies have been carried out on buckling and vibration of nan-
otubes/microtubes. Based on the nonlocal elasticity theory on mechanical behavior, Eringen [8] indicated that
the stress at a point is related to the strain at all points of the body. Wang and Varadan [9] studied vibration of
both single-walled nanotubes and double-walled nanotubes via nonlocal elastic beam theories where they con-
sidered small-scale effects on vibration characteristics of CNTs. Wang et al. [10] investigated the elastic buckling
analysis of micro- and nanorods/tubes based on Eringen’s nonlocal elasticity theory and the Timoshenko beam
theory. Explicit expressions for the critical buckling loads were derived for axially loaded rods/tubes with var-
ious end conditions. They showed that the sensitivity of the small-scale effect on the buckling loads may be
observed. Various available beam theories, including the Euler—-Bernoulli, Timoshenko, Reddy, and Levinson
beam theories were reformulated using the nonlocal differential constitutive relations of Eringen by Reddy [11].
Analytical solutions of bending, vibration and buckling were presented using the nonlocal theories to bring
out the effect of the nonlocal behavior on deflections, buckling loads, and natural frequencies. Aydogdu [12]
proposed a generalized nonlocal beam theory to study bending, buckling, and free vibration of nanobeams.
Ghorbanpour Arani et al. [13] investigated the free transverse vibrations of single-walled carbon nanotubes
(SWCNTSs) and double-walled carbon nanotubes (DWCNTs) under axial load using EBB, Timoshenko beam,
and Donnell shell models. Their results showed that the natural frequencies predicted by nonlocal theory are
lower than those of classical theory. In another study, Ghorbanpour Arani et al. [14] presented the thermal
effect on the buckling of DWCNTs resting on the Pasternak foundation using Eringen’s partial nonlocal elas-
ticity theory. They concluded that the strength of a DWCNT was related to the Winkler and shear modules.
Akgoz and Civalek [15] discussed the effects of length parameter on the buckling characteristics of micro-sized

beams with hinged-hinged and clamped—free boundary conditions.

Buckling of BNNTs in a PVDF matrix as an elastic medium subjected to combined electro-thermo—
mechanical loadings was investigated by Salehi-Khojin and Jalili [16], who showed that applying direct and
reverse voltages to BNNT changed buckling loads for any axial and circumferential wave numbers. Later, axial
buckling analysis of embedded DWBNNTs under combined electro-thermo—mechanical loadings was presented
by Ghorbanpour Arani et al. [17]. They concluded that the electric field and its direction have significant effects

on the magnitude of the critical buckling load.

On the other hand, Murmu and Adhikari [18] analyzed nonlocal vibration of bonded double-nanoplate
systems. Their study highlighted that the small-scale effects considerably influence the transverse vibration
of a double-nanoplate system. Moreover, they elucidated that increasing stiffness of the coupling springs in a
nonlocal coupled system causes a decrease in the small-scale effects during the asynchronous modes of vibration.
Furthermore, nonlocal buckling behavior of coupled nanoplate systems was reported by Murmu et al. [19], who
showed that the effect of nonlocal parameter values for the case of synchronous buckling modes is higher than for
the asynchronous state. Vibration analysis of the coupled system of double-layered graphene sheets embedded
in a Visco-Pasternak foundation was carried out by Ghorbanpour Arani et al. [20] based on nonlocal elasticity
theory. Their results indicated that the effect of nonlocal parameter decreases for higher values of the Winkler
and Pasternak modulus.

However, to date, no report has been found in the literature on the buckling behavior of coupled
DWBNNT systems embedded in an elastic medium. Motivated by this consideration, this study aims to present
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the investigation of nonlinear buckling analysis of coupled DWBNNT systems under combined electro-thermo—
mechanical loadings. Coupled DWBNNTSs are embedded with an elastic medium simulated by Pasternak type as
spring and shear foundations. Using nonlocal piezoelasticity theory the nonlinear buckling response of coupled
DWBNNTSs is obtained. In order to obtain the critical buckling load of the coupled system, using Hamilton’s
principle, the higher-order governing equations of motion are derived and solved by DQM. The effects of nonlocal
parameter, aspect ratio, elastic medium coeflicients, and different boundary conditions on the buckling behavior
of the coupled system for different states are taken into account. In order to validate this study, the results

obtained by Murmu and Pradhan [21] and Wang et al. [10] are compared with the results of the present work.

2. Nonlocal Piezoelectricity theory

In the classical theory of continuum mechanics, the stress at a point is only dependent on strain at that point,
while according to Eringen nonlocal elasticity theory [8] the stress at a point is related to the strain at all
points of the body. This phenomenon is known as small-scale effect, and is shown in constitutive equations
by the parameter epa. Recently, the nonlocal elasticity theory has been applied for nano/microstructures in
the literature by Ghorbanpour Arani et al. [22]. The nonlocal constitutive equations for a homogeneous and

piezoelectric nanostructure are written as:
(1—(epa)*’V3 o =17 (1a)

(1—(ea)*’V?) D =T, (1b)

where o and 7 are nonlocal and local stresses, respectively, and D and I' are nonlocal and local electric
displacements, respectively. ega and V2 are the small-scale parameter and Laplace operator, respectively,
where egdenotes an appropriate constant for each material and a is an internal characteristic length of the
material (e.g., length of B-N bond, lattice spacing, granular distance), where a = 0.145nm for BNNTs [23].

The local stress relation for piezoelectric materials under electro-thermal loading is [24]:

{r} =lc{e} = "{E} - {NT, (2)

where {h}, {E}, and {\} are strain vector, electric field, and thermal expansion, respectively; [C], [h], and
T denote matrices of elastic stiffness, piezoelectric parameter, and temperature change, respectively. Zigzag
structures for BNNTs have been considered in this study due to the favorable axial piezoelectric response
to tension and compression. For the EBB model, the stress-strain relation for piezoelectric materials under
electro-thermal axial loading is:

Tezx = C11€x — h11 By — Crio,T (3)

and local electric displacement relation based on piezoelasticity theory is:
r, = hll(fx - azT)+ cu by, (4)
where €1 denotes the dielectric constant for isotropic material and E, is defined as [24]:

9¢ (5)

E,=—
x 8$7

where ¢ is the electric potential.
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3. Governing relations

Figure 1 illustrates 2 DWBNNTSs coupled by Pasternak medium where the inner and outer radii of the
DWBNNTSs are r15 = r99 and r1; = ro1, respectively; L and h are length and thickness, respectively. Based

on EBB theory the general displacement fields are [24]:

o OW (z,t
Uz, 2,t) =Ulz,t) - z%
V(,z,t) =0 (6)

W(z, z,t) = W(z,t)

U Band W are the components of the middle surface displacement (i.e. displacement at z = 0), and nonlinear

strain—displacement relations can be demonstrated as:

confiz) = B+ J(QEP = B o
E,2'2(3:7 Z) =0 (7)
Yoz (x,2) =0

i ffffgff;fffffff i

Spring foundation

Spring foundation

r1IllflfffiIffllifﬁffffffllillfff o
Figure 1. Schematic of 2 DWBNNTSs coupled by a Pasternak foundation.

3.1. Electrostatic potential energy

Electrostatic potential energy (]]) for each layer of DWBNNT is [24]:

L
1
=5 / / (0uwEre — Dy Ey)dA da (8)
2 A
0
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Substituting Eqs. (3)—(7) into Eq. (8), electrostatic strain energy for each layer is:

I oU;;  1,0W;
1}_2/0 /Aij o224 Oz +§( oz

where ¢ is number of nanotubes and j is the inner or outer layer of nanotubes, where j7 =1 and 2 represent the

O2W; dpis —dpi;
P -2t} — {huea— €n g’; — hirasTH( ajj)]dAijdx, (9)

outer and inner layer, respectively. The resultant forces and moments in the middle surface of DWBNNT are:

in = fA O'IdAl

My = fA op2dA; (10)
Thus, total strain energy leads to:
L AU, AW, %W, AU,; [ Dpij

H = %fO [NI” ox + %ij( ox )2 - M:rij Ox2 + hllAij ox ( gx )+
i (11)

1 OWsi o, 0pij O?*Wi; O 0 O

—h114;; U222y — 2k g _9 A N2 o, TA —2)d

Pl i 8x)(8x) “ht 0zx2 Ox € Aij( ('h) ne jax]x

3.2. External work
For the DWBNNT, interaction forces between the inner and outer tubes are equal in magnitude and opposite

in sign and evaluated based on the Lennard-Jones model [16] as:

qu1 = 2mr11e(Wig — Whp)

12
q21 = 27T7"210(W22 — ng) ( )

where ¢ is vdW interaction coefficient and W;;(i,j = 1,2) corresponds to the transverse displacement of layers.

Therefore, the interaction forces between the inner and outer layer are:

q11711 = —q12712 (13)
g21711 = —q22712

Two DWBNNTSs are coupled by a Pasternak foundation, where the spring foundation and shear layer are
represented by k., and G, terms, respectively. The effect of elastic medium on a coupled system is presented

as follows [25]:
FRlastic medium = 12 (kw(wi2 — wa2) — GV (w12 — wa2)) 4 712 (kwwiz — GV wis) (14)

Hence, the external work due to the surrounding elastic medium and vdW interactions can be written as:

L
1
My = 5/(111‘/‘/116551j (15a)
0
L L
1 1 9 9
Mo = 3 q12Wiadz + 3]~ (7712 (kw(wi2 — waz) — GpV (wiz — wa2)) + 7712 (kwwiz — GpViwiz)) Wiadz
0 0

(15b)
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L
1
Qo = §/Q21W21d$ (15¢)
0
L L
1 1 9 9

Qog = 5 q22Waadz + 5 (7T7"12 (kw(w12 —wa2) — Gp V= (w12 — w22)) + T2 (kww22 -G,V w22)) Waadzx

0 0

(15d)

3.3. Hamilton’s principle
The higher order governing equations of motion for embedded DWBNNTSs can be derived from a dynamic

version of the virtual work principle well known as Hamilton’s principle:

ty

/ O] o) dt =0 (16)

to

Using Egs. (11) and (15) with Hamilton’s principle and integrating Eq. (16) by parts and setting the coefficient

of mechanical and electrical to zero, the motion equations are obtained as:

0U;j -
_agf;ij . ij% 0 (17)
oW
_%(Nmagzn) B 82(5)\:%11 hHAH(aa )(32;11 agjcr) —qu =0 (18)
OWig :
—%(Nmz 82;12) - 83\312 - h11A12(8%)(ag;12 8;;2‘) — Q2+ (19)

h (kw(W12 — Waz) — Gpa%zz(wu - W22)) =0

OWoy :
—%(szagfl) - 825\3{;21 - hllAzl(%)(ag;ﬂ 3;;1) — 21 =0 20)
Wao :
D (g Wy Moy g Dy DO o
h <—kw(W12 — Waa) + Gpai;(le — Wgz)) =0
W e Wi oW, P (22)
sy 200y, T g e, T80
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Using Eqgs. (1)-(4), Eq. (10) for nonlocal form of force and moment becomes:

9°N, oU;; 1 oW, dp
N, — 222 0 A 20 A Y32 4 h  A=2 — O, AT
(eoa) 92 1A=+ 50n ( o )° + hi 5y~ C1
(23)
9°M. OPW
2 T _
MI — (eoa) ax2 = _Clllw
Dimensionless parameters are defined as follows [24]:
S L L e
l E Tij i = Tij S
_ I; _ 21012 _ 12K 12
I = J = — AT =a, T k _— 24
S AijT'in K EA” % w EA12 ( )
G — 7TT12Gp - wh11 _ e F o N,
P EAp TR ! hiy P EA;

Using Egs. (24) and substituting Eq. (23) into Egs. (17)-(22), the dimensionless equations of motion are
obtained as follows:

(5Ul :
11wy 11w Pwy 30y N 162 @i 0 (25)
1—v2py 062 1—o?n2 06 0 2 082 2" ot
5W11 :
1 1 82u11 8w11 1 1 (971111 282’(1}11 _ 82w11 2 _ 841011
B 2 2 - 27( ) 5 — P11 ) +€nP1174
L—v?n 08 0§ 1—v?nu 0 o3 ¢ 1013
1 1 *wyy  Op1rc O*wny 0?@11- Owy

(26)
—9
1—v2n? 0t ¢ 0¢? 0¢2 o€
+ iagg 6;?411 e 82211‘ 6;21 PO AL R

—ce =0
M2 me d€? "odg?
6W12 :
. 1 i82u12 Bwu . 1 i 8’[1)12 28211;12 . @(_ 82w12+
1— 2 m2 652 65 1—2 M2 8§ 862 Alg b1 862
8411)12

1— 23, 08 oc oe o ae
0 0p12 Otwis 5 0*p12 Owis

_ _ 1 1 0*w 0p14 02w 02315 Ow
eil)ll;a64 )+]12 - 12 P12 12 ©Y12 12

e 7@11112 - En—%Qwu —ze2 2 s (27)
"og ot "oogt o¢ N1 nh " dg?
2 g2 2 2
_ 9 Mg d w1y 7 M7, = 0w = T2 0wa
e —= + 2kpwi2 — —kywoe — 2Gp——— + Gp— —
nt dé? By Pog? Yo 0€2

7 321012 2 5'21022 = 341012 = UiV 5’4w22
2k €2 212 2G €2 — Gpe2 = =0

w en 652 wen N2 652 + ;Den 854 Pen N2 654
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5W21 :
_ 1 i@ngl 6’LU21 _ 1 L 871121 282’11)21 = 82’11}21
1— o2y 062 06  1—vlne . 06 ' o2 P pe
8 1 1 8410 8@1‘ 82w21 82(,521‘ 8w21
9 _ T 4 21 .
t e T e e o L o@ o
2 5'9021‘ o w21 2 54@21‘ Owa _T21 2 721 d? w22

2
2d w1 _

+eq, o6 o¢t + e, 26t ¢ —cn22w22+cw21—|—ce @ e

(5W22 :
1 1 82’&22 8w22 1 1 8w22

1 0*wan 0P22 92was 28 P22 aw22_|_

ng, O&* ¢ og? d€?

4
e2pn 2 D¢t 2) + Ipp 7>

— ce,, de2

2 2
0 W92 A21 _ 0 w22

_1—u2n§ o¢2 ag _1—v2n2 ag) ¢ _ATQ(M 0€2

_|_

o 0o O*way 5 0*@Pos Owas Mo 3 o Moo d?was

22wy,

““Toe ogt T agt o g R OR, T O de

oMo dPwar - M2

ce,, — kw2 w19 + 2kywon +
"3, dE? me 2 P 0€2 Pog?

_ 62@8 w12_2k 821022 = 62@8 ’LU12+2G 8w22
w nnm 852 wCn 652 p n7712 654 pEn 854
5(,02']' :

82’&1‘]‘ 2 84uij i(()ﬂ’u}ij 8w¢j

og2 ~ “ragt T, 0 ot

2 1 8311}” 82wi]’ 6’U)ij 84wij . 8 ng
T {3 oe o T oe oer T e

+2e

4. Solution method

G 22 9? Wiz el 3211122

i
Z]’y 854

=0

=0

(29)

In this section, the DQM is introduced to solve nonlinear higher order equations of motion. In this method the

partial derivative of a function with respect to spatial variables at a given discrete point are approximated as

a weighted linear sum of the function values at all discrete points chosen in the solution domain. According to

this method, the functions w;; , w;; , ¢i;, and their derivatives are [26]:
k

0
aié.k {uijawijaﬁzjij}'g:gn Z C(k) {uljm(gm) wzgm(fm) ‘pzjm(gm)}

where the weighting coeflicients of first-order derivative =Z;; are expressed as:

=(1) R(z;) o S,
— = T Db\ 7’5]71527"'7]\]7 7’7&]
7 (i — @) R(x;)

The term R(z;) is defined as:

and when i # j

=3 = Z_Zk, i=1,2,.,N; itki=j

238

ij=1,2

(31)



GHORBANPOUR ARANI et al./Turkish J Eng Env Sci

To obtain the weighting coeffcients for the second- to sixth-order derivatives, the matrix multiplication procedure

[21] is:

(1]

N
(2 _ =(1)=(1)
i Zuik —kj

k;l N
=03) _ =(1)=(2) _ =(2)=(1)
—ij T Z“ik “kj — Z “ik —kj
k 1 k=1
N
)=3) _ =3)=(1)
Z“ k Skj Z“ k Skj
k=1
N
~(5) Z“ ~(4) E(}:)Eg})
i J
k
N N1
=(6) _ =(1)=(5) _ =0)=(1) . - _
5 = Z“ik Epj = Z“ik B b= 1,2,.,N
k=1 k=1

(35)

DQM form of mechanical and electrical boundary conditions at both ends in each layer may be written in

dimensionless form as:

N
—(2
Uij1 = Wij1 = 0, Z :g,iwijm = 0, at E =0
Simple condition: my !
—(2
uijN = wijN = 07 Z :gvllmwijm = 0, at f =1
m=1
N
—(1
Ujj1 = Wij1 = O, Z :én),,wijm = O7 at f =0
Clamp condition: m=t

—(1
uijN = wijN = 0, Z :Svllmwijm = 0, at 5 =1

@ijl = 0, at €:

Electrical condition: oun =0, at  €—1

(36a)

(36b)

(36¢)

As DQM solutions are dependent on grid points, the well-accepted cosine interpolation points are chosen for

the present analysis. The nonuniform grid points are known as Chebyshev—Gauss—Lobatto points [21,24]:

&= % [1 — cos ((]i/’_ll))ﬂ-} i=12.,N

Based on governing equations, the electric potential and axial direction are:

{u} = — {[km] [k11) ™" [k1o] — [@2]}71 {[km] (1] ™" [kns] - U“?lﬂ {w}
}

{o}=- [[k’zz] [k12) ™" [kna] — [k21]} ) [[km] [r2] ™" [kra] = [kaa] | {w}

Using above equations, the governing equations in the transverse direction become:

[k} {w} = p[D]{w}

(37)
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where [k]and [D]are coefficients of modified stiffness matrix and in-plain load, respectively, defined in the

appendix. Eq. (38) can be written as:
[K]{w} =p{w}, (40)

where
(K] = [D]" [K] (41)

5. Numerical results and discussion

The results presented here are based on the following data used for geometry and material properties of a
DWBNNT [17,24]:

ri1 =791 = 10.27Tnm 1o =790 =11.43nm  l/r11 = l/roy =10  h=0.075nm
a, =12x10"° ag = 0.6 x107° E =1.8Tpa v=0.34

hi1 = 0.95C/m c=19.91x 10" N/m? p = 3.4870 gr/cm?

G, = 2.071273 N/m

ko = 8.9995035 * 1017 N/m?

The effects of small-scale, spring and shear foundations, electric potential, and different boundary conditions
on the nonlinear buckling of coupled DWBNNTSs are discussed in detail. Figure 2 illustrates the out-of-phase
transverse displacement of coupled DWBNNT layers when the buckling loads are critical. Since the aspect ratio
of the outer layer is lower than that of the inner layer, the displacement magnitude of the outer layer is smaller
than that of the inner layer of the DWBBNT. In the out-of-phase state, the transverse displacement directions
of each DWBNNT are opposite. It is also found that the simply supported boundary conditions are satisfied at
both ends of nanotubes where the displacements and moments are zero. Transverse displacements of in-phase
state are demonstrated in Figure 3. It can be seen that the mode shape of both DWBNNTSs have equal quantity
and direction for outer and inner layers, separately. Also similar to Figure 2, the simply supported boundary
conditions are satisfied at both ends of nanotubes. Effects of different phases versus dimensionless nonlocal
parameter are presented in Figure 4. In the out-of-phase state, the coupled system is more stable than the
in-phase state, and so that the magnitude of the buckling load ratio (BLR) is more for the out-of-phase case.
Moreover, it is evident that the difference between in-phase and out-of-phase cases increases with increasing
nonlocal parameter. The effects of spring and shear modulus of elastic medium on the critical buckling load of
coupled DWBNNTSs versus dimensionless small-scale parameter for in-phase and out-of-phase states are depicted
in Figures 5-7. The buckling load ratio increases by increasing the elastic medium coefficients. The curves in
Figure 7 illustrate that the existence of both spring and shearing foundations has a significant effect on the
BLR in comparison with spring and shear foundations separately. The BLR versus the aspect ratio (I/r11)
for in-phase and out-of-phase cases is shown in Figure 8, where this figure demonstrates the effect of nonlocal
parameter on the nonlinear buckling as in previous figures. As can be seen, BLR increases for all values of the
nonlocal parameter when the aspect ratio increases, while for the out-of-phase state the BLR is higher than it
is for the in-phase case. In fact, in the out-of-phase case the coupled system is stiffer and the BLR is more than
it is for the in-phase state. Moreover, by increasing the aspect ratio, the nonlocal results tend to local results.
In order to illustrate the impact of boundary conditions on the BLR parameter, 3 different boundary conditions
are considered in Figure 9, where the in-phase state has a remarkable effect for all boundary conditions. It is

also concluded that for the clamp—clamp boundary condition, the effect of the scale coefficient is greater than
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that of the simply supported one in out-of-phase and in-phase. In other words, as boundary conditions become

stiffer, BLR will be decreased. Figure 10 depicts the distribution of dimensionless electric potential along the
dimensionless DWBNNTSs’ length for in-phase and out-of-phase states. It can be seen from this figure that

dimensionless electric potentials are zero at both ends due to the assumed boundary conditions in Eq. (36¢).

It is found that the magnitude of dimensionless electric potential for the inner layer is more than that of the

outer layer and the in-phase state is greater than the out-of-phase state.
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In order to validate the present work, a simplified case of the analysis is studied. For ega = 2 nm, the

buckling load versus aspect ratio of a SWCNT under compression longitudinal load is plotted and compared

with previous ones [10,21]. The results obtained by Murmu and Pradhan [21] and Wang et al. [10] are compared

with the results of this study in Figure 11. This figure demonstrates that there is very good agreement between

them.
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Figure 11. Comparison of the present results with those presented by Murmu and Pradhan (2009) and Wang et al.

(2006).
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6. Conclusion

Nonlinear buckling response of embedded coupled DWBNNTSs subjected to electro-thermo—mechanical loadings
was investigated using EBB where 2 DWBNNTSs were surrounded by a Pasternak foundation. Nonlinear
governing equations were solved numerically with DQM for in-phase and out-of-phase cases. The results
indicated that BLR for the in-phase case is greater than it is for the out-of-phase state where in the out-
of-phase state the stiffness of the coupled system is more than it is in the in-phase state. Furthermore, the
BLR was sensitive to the small-scale coefficient and aspect ratio, so that increasing aspect ratio and decreasing
small-scale coefficient lead to increases in BLR. In addition, the effect of clamped boundary condition was more
remarkable than the simply supported one for in-phase and out-of-phase states. The results of this study were
validated by Murmu and Pradhan [21] and Wang et al. [10]. The findings of present study can be used in

advanced applications of nano/micro mechanical devices such as nano/micro-electro-mechanical systems.
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