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Abstract: The influence of induced magnetic field and wall conductance on oscillating hydromagnetic flow of viscous
incompressible electrically conducting fluid with arbitrary conducting walls in a channel has been analyzed. A uniform
magnetic field Hy is applied perpendicular to the walls. Solution of velocity field, induced magnetic, and temperature

field are obtained. The numerical calculation is carried out and results are illustrated using graphs and tables.
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1. Introduction

Many transport processes exist in the geophysics, mechanical engineering, and industrial applications in which
flow formation occurs in the presence of a magnetic field. The use of magnetic fluids with biological applications
has become widespread and has found application in numerous biological fields like medicine, biotechnology, and
diagnostics [1]. The steady laminar flow of a viscous electrically conducting fluid past a semiinfinite plate with
aligned magnetic field was studied by Glauert [2] and Gribben [3] for different aspects of the flow formation.
Furthermore, the unsteady boundary layer flow over a stationary semiinfinite plate in the presence of a magnetic
field was studied by Ingham [4] and Takhar et al. [5] for different physical configurations. Singh and Singh [6]
investigated the magnetohydrodynamic (MHD) effect on flows of viscous fluids with induced magnetic field.

The problem of the MHD flow of a viscous, incompressible, electrically conducting fluid with conducting
walls has many practical applications in astrophysics, engineering, and space science. Hydromagnetic Couette
flow was studied by Katagiri [7]. Chang and Yen [8] studied the effect of wall conductance. Singh and Lal
[9] explored the effect of magnetic field orientation and wall conductivity on steady MHD flow. Singh and Lal
[10] also studied unsteady MHD flow with arbitrary wall conductivity. Tezer-Sezgin and Dost [11] analyzed the
channel flow with arbitrary wall conductivity.

The heat transfer in fluid flows has gained significance in recent times because of its applications in recent
advancements of space technology. For example the aerodynamic heat transfer around high-speed vehicles has
importance in the present era with the advent of rocketry and supersonic flights. The velocity distribution
in the flow field and the study of the thermal boundary layer along with the influence of different forces (or
kinematical factors) on this boundary layer is a major aspect of heat transfer problems. The heat transfer in
MHD channel flow was discussed by Yen [12], Soundalgekar [13], and Jagdeesan [14].
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The induced magnetic field has many important applications in the experimental and theoretical studies
of MHD flow due to its use in many scientific and technological phenomena. In this paper, we have analyzed
the effect of an induced magnetic field and wall conductance on the oscillating hydromagnetic flow of viscous,

incompressible, and electrically conducting fluid with arbitrary conducting walls.

2. Mathematical formulation
Consider the oscillatory MHD flow of viscous, incompressible, and electrically conducting fluid confined between
two infinite conducting walls separated by distance 2L as in Figure 1. The origin is assumed to be at the middle
of the channel, the x-axis is taken in the direction of the flow, and the y-axis is perpendicular to it. A uniform
magnetic field Hy is applied perpendicular to the walls. Since the walls are infinite along the x-axis, all the
physical quantities depend only on y and t. The fluid through the conducting walls is governed by following
equations

ou* _ 1 dp* V82u* weHo OH

ot* p Oz* oy*2  dmp Oy*’

OH* dut  OPH:
=H z 2
g~ gy gy @
or* 9T+ our\> 1 (oH:\?
'mQ%*H8T2+u<0w> +0<5w> ’ )

where p is the density of the fluid, v is the kinematic viscosity, . is the magnetic permeability, n is the
resistivity, C} is the specific heat at constant pressure, x is the thermal conductivity, p is the coefficient of

viscosity, and o is the electrical conductivity of the fluid.
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Figure 1. Geometrical configuration of the problem.
The boundary conditions are:
OH* HE
u=GE - ot =0T =Traty" = -L
and . (4)
oH* H
u* = oy +ggh§ =0,T"=T5aty* =1L

We assume the flow under the influence of the pressure gradient in the X™*-axis of the following form:

1opP*
p Ox*

= A(l+ e @), (5)
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where A is the amplitude of the pressure gradient and € is the small perturbation parameter.

To solve Egs. (1), (2), and (3), we assume that:
u =uht cujet Hi = Hi+ € Hi e T" =T5+ e Tye™ " e< L. (6)

Substituting Egs. (5) and (6) into Egs. (1), (2), and (3), and equating the harmonic and nonharmonic parts

and neglecting the coefficient of €2, we get the following equations:

d*ub n pueHo dHy,

0=A
v dy*2 drp  dy*

dug ?H,
0= Ho <dy2> +n dy*? (8)
A>Ty dug\®> 1 (dHE\®
Oﬁdy*2+u<dy*> +0<dy*> )

d*u}  p.Hy dHy,

jwiuy = A 10
w*ud +de*2 1 dy (10)
wrrr = @, T (11)
iw =
1 0 dy* n dy*Z
A>Ty dug dut 2 (dH; dH*
C - *t*T* — it 9 2 0 1 “~ o 1 12
PEpte L=F dy*2? +em (dy*) (dy* + o\ dy* dy* (12)
The boundary conditions are transformed to:
" " dH; ocH} dH; ocH} " " "
Ug=uj]= 8y*0 —oh= By*l —oh T 0,7y=T1,IT=0 at y*= —L
and ) (13)
o . dAHI  oHI  dH: | oH} . N .
uy=uj =t =t = 0,75=T»,T7=0aty*=L

where o1, 09, h1, and ho are the electrical conductivity and thickness of the upper and lower plates, respectively.

We introduce the following nondimensional quantities:

y:y: u:@ u:ui I __Hg, I __Hg, QZTJ—Tlesz—Tl *:LLQ
L7 0 A*’ 1 A*a xo H()Rm’ 1 HORm’ 0 T2*T17 1 TQlea |y B
w = “’*VLQ, R,, = 4mu.ocLA* is the magnetic Reynolds number, R, = L—f* is the Reynolds number,
2 272
M? = LHolo g the Hartmann number, P, = % is the Prandtl number, P,, = ou.v is the magnetic

A%L?

P TePyrm— is the Eckert number.
Vel pP(Ty—Ty)

Prandtl number, and E, =

Using the above non dimensional parameters in Eqs. (7)-(12), we get the following nondimensional
equations.
d2U0 dH.

M?P—"0 = —1 14
dy? + dy (14)
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do*H, d
o 4 Ug

a2 a0

dQU1 Qde .
0 + M Tyl—i-l:zwul

PH o, B
dy? dy R,

2 2 2 2
P g (B0 (MEn\® (A,
dy? dy PR, dy
a0, dug\ [ dus MR, \* (dH,,\ (dH.,,
7dy2 — sz,ﬂl = —2PTEC ((dy) (dy + PmRe dy dy

The boundary conditions in nondimensional form become:

dH, 1

© dH.
o =y = T — L, = 0,5

7dy

_élezeozelzoaty:—l

and

dH, dH,
ug = up = gt + oo Hyy = 0,55 + g-Hyy = 0,00 = 1,0, = Oaty =1

where ¢ = 2ihi and Po = 22h2 416 the dimensionless wall conductance ratios.
oL oL

The solutions of Eqgs. (14)—(19) under the boundary conditions of Eq. (20) are as follows.

_ (20 + ¢a¢s) (coshM — coshMy)
O™ "M (2M ¢coshM + dypssinhM)

_ (2¢ + ¢a95) . b3 . 1 (o3
Heo = 32 00 peosh M + damsinhM) (mhM y+ ¢>8mhM> e <¢> - y)

E.P,A?

b = —

Ly (L 2( h2M h2M)+L B 2( hM —coshMy)
2M2 Re Pm cos coSs Yy 2M3 Rer cos CcoS Yy

) o) o)

b —b b —b
uy=cy e’V —cofe” Y 4czve’?Y —cyye Y+ A

Hyi=c1e"Y4cpe™ Y 436"V fcge™02Y

61 = cscoshry+cgsinhry+2E. P, Ay [A2 (cle(M“l)nyQe*(Merl)y)
+A3 (CQQ(bel)yfclef(M—bl)?Q +A4 (036(M+b2)y70467(M+b2)y>

+As (646(M7b2)y70367(]V[7b2)y> —Ag (cleblyf@e*bly) —Ay (03eb2y704e*b29)]

(15)

(16)

(21)

(22)
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3. Results and discussion

To study the effect of Reynolds number, magnetic Reynolds number, Hartmann number, wall conductance,
Prandtl number, magnetic Prandtl number, Eckert number, and frequency of oscillations on MHD flow, numer-

ical calculation has been carried out and the results are exhibited graphically in Figures 2-13.
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Figure 2. Steady velocity profile ug.
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Figure 4. Steady temperature Profile 0g for ¢2 =1, Figure 5. Steady temperature Profile 6y for Re = 0.5,
P,=0.7,Pm =0.1, and E. = 2. Rm =05 M=2 and ¢1 =1.

The steady part of the velocity is presented in Figure 2; velocity is maximum along the middle of the
channel and decreases with the increase of Hartmann number and wall conductance of the lower and upper
walls of the channel.

The steady part of the induced magnetic field is presented in Figure 3, where it is clear that the magnitude
of induced magnetic field increases as we move towards the lower wall and decreases with the increase of
Hartmann number in the lower half while it increases in the upper half of the channel. The magnitude of
induced magnetic field increases with the increase of lower wall conductance and deceases with the increase of
upper wall conductance.
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Figure 6.

Unsteady velocity profile u; for ¢1 = 1,

¢2=1,and w=>5.

Figure 7. Unsteady velocity profile u; for

R,, = 0.5, and M = 2.
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Figure 8. Unsteady induced magnetic field profile Hg1

for ¢)1:1,¢2:1, and w=05.

Figure 9. Unsteady induced magnetic field profile Hz1
for Re =0.5, Ry, =0.5, and M = 2.
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Figure 10. Unsteady temperature profile #1 for ¢2 =1, Figure 11.

P,=07,P,, =0.1,E. =0.2, and w = 5.
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Figure 12. Unsteady shear stress at the upper wall Figure 13. Unsteady rate of heat transfer.

(y =1) of the channel.

The steady part of the temperature profile is presented in Figures 4 and 5, where with the increase in
Reynolds number, Prandtl number, and Eckert number the temperature of the fluid increases, while all other
parameters decrease the temperature of the fluid.

Steady shear stress at the lower wall (y = —1) and upper wall (y = 1) of the channel is given by:

dy y=F1 (2M pcoshM + ¢4pssinh M)
The numerical values of steady shear stress at the lower wall (y = —1) and upper wall (y = 1) are presented

in Table 1. Shear stresses decrease with increase of the Hartmann number and wall conductance at the lower
wall and increase at the upper wall of the channel.

Table 1. Steady shear stress at lower and upper wall of the channel.

M| ¢ | g2 |y=-1]y=1

1 1 0.65048 | -0.65048
1 1 0.39979 | -0.39979
3 1 0.52861 | -0.52861
1 5 0.55372 | -0.55372

DO DO W[ DD

Steady rate of heat transfer at the lower wall (y = —1) and upper wall (y = 1) of the channel is given
by the following.

(d@o) _ E.RA?
iy — 4

! 1+ B\’ (2Mcosh2M)
e RPr, o

e () oz () (o) 1)) e

The numerical values of the steady rate of heat transfer at the lower wall (y = —1) and upper wall (y = 1) are

presented in Table 2, depicting that the steady rate of heat transfer decreases with increase of the Reynolds
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number, Prandtl number, and Eckert number and increases with all other parameters at both the lower and

upper wall of the channel.

Table 2. Steady rate of heat transfer at lower wall (y = 1) and upper wall (y = 1) of the channel.

Re Rm M d)l ¢2 PT Pm Ec Yy = -1 Yy = 1

05102 |2 1 1 0.7 0.1 | 0.2 | -1.9613 | -3.0157
1 02 |2 1 1 0.7 101 |02 -78322 | -12.053
05105 |2 1 1 0.7 1 0.1 | 0.2 | -0.3175 | —0.4853
05102 | 4 1 1 0.7 101 |02 -0.1091 | -0.1104
05102 |2 3 1 0.7 0.1 | 0.2 | -1.5734 | —2.4192
05102 |2 1 ) 0.710.1 | 0.2 | -1.4212 | -1.5734
05102 |2 1 1 3 0.1 | 0.2 | -8.4058 | -12.924
05102 |2 1 1 0.7 105 | 0.2 | -0.0827 | -0.1238
05102 |2 1 1 07101 |04 -3923 | 6.0314

The unsteady velocity profile is shown graphically in Figures 6 and 7. Clearly, the unsteady velocity is
maximum along the middle of the channel. It increases with increase of Reynolds number, Hartmann number,
and frequency of oscillations near the lower and upper wall and decreases in the middle of the channel, with an
opposite effect for the magnetic Reynolds number. It is also observed that unsteady velocity profile decreases
near the lower wall while it increases near the upper wall with the increase of lower wall conductance, whereas
upper wall conductance has the reverse effect.

The unsteady part of the induced magnetic field is shown graphically in Figures 8 and 9. Its magnitude
is minimum at the middle of the channel and it increases with Reynolds number and lower and upper wall con-
ductance while it decreases with increase of the magnetic Reynolds number, Hartmann number, and frequency

of oscillations
The variation in unsteady temperature profile is presented graphically in Figures 10 and 11. It is evident

that unsteady temperature profile increases with Reynolds number, magnetic Prandtl number, and frequency

of oscillations, while it increases with the increase of all other parameters.

Unsteady shear Stress at the upper wall (y = 1) of the channel is given by:

d
(u1> = ¢101 8" + Bbre + c3ybye + cyybre 2.
dy ) -

The unsteady shear stress at the upper wall of the channel is presented graphically in Figure 12. The unsteady
shear stress increases with frequency of oscillations, Reynolds number, magnetic Reynolds number, and upper

wall conductance while it decreases with Hartmann number and lower wall conductance of the channel.
Unsteady rate of heat transfer at the upper wall (y = 1) of the channel is given by the following.

do
<d1> = cyrcoshr+cgrsinhr+2FE P, Aq |:A2 (M+by) (cle(M+b1)+026*(M+bl))
Y/ y=1

+A3 (M—bl) <CQ€(M7b1)—|—6167(M7b1)> +A4 (M+b2) (C3€(M+b2)—|—0467“w+b2))
+As (M—b3) <C4€(M7b2)+6367(M7b2)> —Aghy (clebl—l—cze*bl) —A7by (038b2+0467b2)} (29)

The unsteady rate of heat transfer is presented graphically in Figure 13. It is evident that unsteady rate of heat
transfer decreases with the frequency of oscillations, Reynolds number, lower wall conductance, and magnetic

Prandtl number, while it increases with the increase of all other parameters.
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Additional information is available in the Appendix (on the journal’s website).

4. Conclusions

The main conclusions of this study are as follows:

1. The steady part of the induced magnetic field increases as we move towards the lower wall and decreases
with the increase of Hartmann number in the lower half while it increases in the upper half of the channel.
It also increases with the increase of lower wall conductance and deceases with the increase of upper wall
conductance. While the unsteady part of the induced magnetic field is minimum along the middle of the

channel, it increases with lower and upper wall conductance and decreases with Hartmann number.

2. The maximum velocity is along the middle of the channel, and the steady part of the velocity profile
decreases with the increase of Hartmann number while the unsteady part of velocity shows a reverse
effect. The steady part of the velocity profile decreases with the conductance of the lower and upper
walls of the channel. It is also observed that unsteady velocity profile decreases near the lower wall
while increasing near the upper wall with the increase of lower wall conductance, whereas upper wall

conductance has the opposite effect.
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Appendix
11 11 , :
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