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Abstract: An analytical solution for a functionally graded two-layer beam subjected to transverse loading is handled
based on the theory of elasticity. The upper and lower layers are fully bonded to each other and simply supported at
the edges. Poisson’s ratios are taken as constant and Young’s moduli are assumed to vary exponentially through the
thickness of the layers. Numerical results for the normal stresses and shear stress are given as a solution and the effect
of grading on the stress distributions is investigated. In the functionally graded beam solution it is required that one
side of the beam is stiffer while the other side is softer when Young’s modulus is assumed to vary exponentially through
the thickness. The exponential variation of the elasticity modulus may be symmetrical about the mid-plane when the

beam is designated as layered.
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1. Introduction

Functionally graded materials (FGMs) are inhomogeneous composites whose material properties vary gradually
in one or more directions. Due to their application to a great variety of structures in modern industries such
as aerospace, automobile, biomedical, and nuclear energy, FGMs have been widely studied during the past two

decades.
As the application of FGMs has increased, new methodologies have been developed to analyze the

mechanical behavior of structural elements made of these materials. Bakirtas [1] investigated the contact
problem of rigid punch on a nonhomogeneous elastic half space where the elasticity modulus was assumed to
vary exponentially with depth. Delale and Erdogan [2] studied the crack problem for a nonhomogeneous plane
with an exponentially varying shear modulus in the crack surface direction. Sankar [3] developed an elasticity
solution and Zhu and Sankar [4] developed a combined Fourier series—Galerkin method for a functionally graded
(FG) beam subjected to sinusoidal transverse loading. Zhong and Yu [5] developed a plane elasticity solution
for a cantilever FG beam by means of the semiinverse method. Ding et al. [6] considered the plane stress
problem of anisotropic FG beams with various end conditions and static loadings. Two dimensional elasticity
solutions for the bending and free vibration of FG beams on a Winkler-Pasternak foundation were considered
by Ying et al. [7]. Lii et al. [8] presented the semianalytical solutions of FG beams, with an exponentially
varying elasticity modulus in two directions, using the state space-based differential quadrature method. Free
vibration analyses of FG beams were given by Aydogdu and Taskin [9],Yang and Chen [10], and Sina et al. [11],
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and nonlinear vibration analyses of FGMs were given by Simsek [12], Ke et al. [13], and Shooshtari and Rafiee
[14]. Dag et al. [15] developed analytical and computational methods for the sliding contact problem between
rigid punches and a FG half plane assuming that the shear modulus of the half-plane varies exponentially along

the lateral direction.
Wang and Liu [16] investigated the bending problem of a bimaterial beam with a graded intermediate

layer under various end conditions. Kapuria et al. [17] studied the static and free vibration response of layered
FGM beams experimentally and theoretically. Morozov and Tovstik [18] considered the bending problem of
two-layer beam strips with nonrigid contact between them.

In this study, an analytical solution for a FG two-layer beam subjected to transverse loading is handled
based on the theory of elasticity. The upper and lower layers are fully bonded to each other and simply supported
at the edges. Poisson’s ratios are taken as constant and Young’s moduli are assumed to vary exponentially
through the thickness of the layers. Numerical results for the normal stresses and shear stress are given as
a solution and the effect of grading on the stress distributions is investigated. In the FG beam solution it is
required that one side of the beam is stiffer while the other side is softer when Young’s modulus is assumed to

vary exponentially through the thickness. This restriction is removed by designing the beam to be layered.

2. Elasticity analysis for graded two-layer beam
Figure 1 shows a layered FG beam of thickness h and length L. The beam is assumed to be in a state of plane

strain normal on the zy plane, and the width in the z-direction is taken as unity. While the bottom surface of
the beam is free of tractions, the upper surface of the beam is subjected to symmetric normal tractions:

py(x) = pcos Pz, (1)

where

p="7. 2)

It is assumed that Poisson’s ratios are taken as constant and Young’s moduli are assumed to vary exponentially
through the thickness of the layers as follows:

Ei(y) = Egie"?, (3)

where Ejy; denotes the elasticity modulus at the interface of the layers. The subscript (i = 1,2) denotes the
upper layer and lower layer respectively, and ~; are the constants characterizing the gradual variation of the
material properties of the layers along the thickness direction. Figure 2 shows the variation of Young’s moduli in
the thickness direction of the layered FG beam. As can be seen in the figure, many options can be obtained for
the exponential variation of Young’s moduli when the beam is designated as layered: for example, softer-softer,
stiffer-stiffer, and softer-stiffer top and bottom faces.

The differential equations of equilibrium are:

80'm‘ 87-,;1”-
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= 0. (4)
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Figure 1. Geometry of a layered FG beam subjected to  Figure 2. Variation of Young’s moduli in the thickness
symmetric transverse loading. direction, (h1 = h2, Eo1 = Eo2 = Ejy).

Assuming that the FGM is isotropic at every point, Hook’s law can be written as

Ou; Ov;
ori = (Ni + 2#2')781; + Aiai;,
ou; Ov;
in = )\z 8.73 + (>\z + 2/141) ay 9
8ui 81%
Tayi :ui(aiy+87x)’ (5)

where w;,v; (i =1,2) are the - and y-components of the displacement vector and A; and u; are the Lamé
constants.

_ vi Ei(y)
@ = T -
_ Eiy)
pi(x) = T+ ) (6)

Substituting Eq. (5) into Eq. (4), the following equations in u;(z,y)and v;(x,y)are obtained.

0 8uz 8%’ 0 aui (9’01'
_— . I . _ . —t —
o ((Az+ w) g TN ay> + 3y (uz( oy " ox )) 0

9 du; v 9 (. Ou v\
7z (ui( a9y + 5 )) + 99 (Az 5 (N +2ui) ay> =0 (7)

The solutions are assumed in a form such that satisfies the boundary conditions on the left and right end faces
of the simple supported beam [3].

ui(z,y) = i(y) sin Bz
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vi(x,y) = ¥;(y) cos Bz (8)

Substituting Eq. (8) into Eq. (7) and applying Eqgs. (3) and (6), the following ordinary differential equations

are obtained.

d2 i d 7 dwz
(1= 20) 50 431 = 20) 22 = 282 (1 = vy — Bt = Ba(1 = 2030 = 0
dy dy
dpi AP di;
B2 1 o+ 201 - ) T 21— ) D — (0 - 2 )
The solution of Eq. (9) can be obtained as:
4
y) =Y Aye?,
j=1
4
y) = Aigmieti, (10)
j=1

where s;;(i =1,2;5 =1,...,4) satisfies the following characteristic equation.

st + 255 + (4 = 26%)s7 — 28715, + B(B2 + i) = 0 (11)

1

The roots of the characteristic equation are given by

v
( %—\/452+73+4¢/3|%|1/
17V2'
1 2
Si2 =735 | =%~ 46% +~2 — 4if |l

- + \/4 B2+ 77 + 4if il

(12)

514—;< 'Yz+\/462+7 _4’Lﬁ|7l| )

and
(Sij + 2’}/2'%) (2812]-(1 — l/i) + 282']' ’Yi(]. — 1/7;) — 52(3 — 2VZ))
B(B? — 477 (=1 +vi)vy) '

Substituting Egs. (8) and (10) into Eq. (5), the stress components for the beam can be written as follows:

(13)

mi; =

4

E; g
(y) ZAU [6(1 — l/i) + Vimijsij] e’Y cos Bx,

oi(T,y) = mjzl
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Ez(y) . -
X = el A . . 1—vuv; - SijyY
oy, (z,y) A 2 i 1BV + ( v;)mi;8;5] e*Y cos Bz,
E(y) -
. — ? e ] eSii¥Y gf
Tayi(T,Y) 21+ ) ]-Ezl A;j[sij — Bmij] €¥9Y sin fz, (14)

where A;;(i = 1,2;j =1, ...,4) are the unknown constants that will be determined from the boundary conditions
on the top and bottom surfaces of the beam and the interface continuity conditions.

The boundary and interface continuity conditions for the beam can be defined as follows.
O—yl(xa hl) = —pcosﬂx
Tajyl (.’L‘7 hl) =0
Oy1 {E,O :Jyz(x 0)

(z,0)

(2,0) = Tay2(x, 0)
1 (2,0) = us(z,0)
(z,0)

Tyl (2,0

v1(z,0) = vao(x,0)
O—y2(x7 7h2) =0
sz2( h2) (15)

Using the boundary and interface continuity conditions given by Eq. (15), eight equations to find A;; can be

obtained.
4

EOle’hhl ‘
D Ay [Brr+ (1= 1) majsyy] e = —p
j=1

(1 —+ Vl)(l — 21/1)

4
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s
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. Eos(1
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j=1

4
D (Ayj— Agj) =

j=1

4
D (Aiymay = Agyma;) =0
j=1
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Jj=1
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4
> Agj [ — Bmg;] e =0 (16)
j=1

After determining A;;(¢ = 1,2;j = 1,...,4) from Eq. (16), the stresses and the displacements at any point in

the layered beam can be evaluated.

3. Results and discussion

The effect of vertical grading on the normal stresses and shear stress is given in the figures. In the numerical
solutions Poisson’s ratio was taken as 0.25 (v; = 0.25). In the figures, Ej; and Ejsdenote the elasticity moduli
on the top and bottom surfaces of the layered beam, respectively.

Figure 3 shows the axial stress 0,(0,y) distribution along the symmetry plane (z = 0) of the layered
beam for various values of the inhomogeneity parameter (7;) in the thickness direction or Ej;/FEy in the case
of v1h1 = v2hs. The axial stress is compressive in the upper portion (near the loaded surface) and tensile in
the lower portion (near the free surface) of the layered beam. The compressive stress increases on the loaded

surface but the tensile stress decreases on the free surface when the loaded surface is stiffer than the free surface
(Ep1 = 10Ey = 100E2). In contrast, the compressive stress decreases but the tensile stress increases when

the loaded surface is softer. In the case of a homogeneous layered beam ~;h; = 0 (E); = Ep), the axial stress

distribution becomes linear.
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E,=E, N
05 E, =10E, // e B, =01E,
/ - E,=E,
————— E, =10E,
. 0
h/2
———— E,, =10E,
E,, =E,
05 s T E,, =0.1E,
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Figure 3. Axial stress o,(0,y) distribution along the Figure 4. Transverse shear stress 74, (L/2,y) distribution
thickness of the layered beam for various values of Fr;/Fo:  along the right face of the layered beam for various values
variation of Young’s modulus is not symmetrical about the — of Ep;/FEqo: variation of Young’s modulus is not symmet-
mid-plane, (hy = ha, h/L =1/7, Eoy = Eo2 = Ep). rical about the mid-plane, (hy = ha, h/L = 1/7, Ep1 =
Eo2 = Ep).

Figure 4 shows the shear stress 7,,(L/2,y) distribution along the right face of the layered beam for
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various values of E};/Ey in the case of y1h; = ~2hs. For the homogeneous layered beam the shear stress
distribution resembles the typical parabolic profile as in beam theory and the maximum value occurs at the
middle point of the face (y = 0). For an FG layered beam the maximum value of the shear stress moves to
the softer layer. The shear stress is zero at the top and bottom point of the face, which is consistent with the
boundary conditions.

When the inhomogeneity parameter of the lower layer is v9ho = —71hq, variation of Young’s modulus of
the layered beam becomes symmetrical about the mid-plane. That variation keeps the peak values of compressive
stresses and tensile stresses equal in the layered beam (Figure 5). The maximum absolute value of ¢, (0,y)
decreases when the upper and lower surfaces of layered beams are softer than the mid-plane, and the point
where the maximum stress occurs is close to the mid-plane (Ej; = Epo = 0.1Ep).

As well as the homogeneous case, the shear stress 7,,(L/2,y) distribution is symmetrical about the
mid-plane when Young’s modulus of the layered beam is symmetrical (y3he = —7v1h;1) in the FG case (Figure
6). The shear stress increases with the decreasing Fj; /Ey, andthe maximum value of the shear stress occurs

at y = 0 in both cases.

0.5
v, ,\‘
h/2
-0.5
-1
12 2
0.00,y)/p t,(L/2,y)/ p
Figure 5. Axial stress o,(0,y) distribution along the Figure 6. Transverse shear stress 74, (L/2,y) distribution
thickness of the layered beam for various values of Ej;/Ey:  along the right face of the layered beam for various values
variation of Young’s modulus is symmetrical about the of Ex;/Eo: variation of Young’s modulus is symmetrical
mid-plane, (h1 = ha, h/L =1/7, Eoy = Eo2 = Ep). about the mid-plane. (h1 = ha, h/L =1/m, Eo1 = Ep2 =
Eop).

Figures 7 and 8 show the axial stress ¢,(0,y) and the shear stress 7,,(L/2,y) distributions along the
thickness of the layered beam for various values of Ego/Ep; with the homogeneous lower layer, respectively. In
the case of a stiffer lower layer (Ep2 = 10Ey;) the axial stress 0,(0,y) and the shear stress 7,,(L/2,y) decrease
in the upper layer but increase in the stiffer lower layer. It may be observed in Figure 7 that the axial stress
0.(0,y)that occurred in the layers takes the same value in the interface for Epy = Fo .

Figures 9 and 10 show the axial stress ¢,(0,y) and the shear stress 7,,(L/2,y) distributions along the
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thickness of the layered beam for various values of h/L, respectively.Small values of h/L correspond to long,
thin beams while larger values of h/L correspond to short, thick beams. When decreasing the value ofh/L

both the axial stress ¢,(0,y) and the shear stress 7,,(L/2,y) increase, as expected from beam theory.

h/L=05/n
hiL=1/n
h/L=1/
05 0.5 i T
Y o, 2 0 -
hl/2 hi/2 .
05 -0.5 ;
1 -1
20 10 0 10 20 -20 -10 0 10 20
0.(0,y)/ p o.(0,y)/p

Figure 7. Axial stress o0.(0,y) distribution along Figure 8. Transverse shear stress 744 (L/2,y) distribution
the thickness of the layered beam for various values of along the right face of the layered beam for various values
Eo2/FEo1, in the case of homogeneous lower layer. (h1 =  of Fo2/Fo1 in the case of homogeneous lower layer, (h1 =
ha, h/L =1/7, Ep1 = 0.1Eo1, Epa = Eo2). ha, h/L =1/m, Ep1 = 0.1Eo1, Era = Eo2).
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Figure 9. Axial stress 0,(0,y) distribution along the Figure 10. Transverse shear stress 7,,(L/2,y) distribu-
thickness of the layered beam for various values of h/L, tion along the right face of the layered beam for various
(hl = h27 Ept = Epe = OlEO) values of h/L (hl = hz, En1 = Eps = OlEo)
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4. Conclusions

An exact solution is obtained for the FG two-layer beam subjected to cosinusoidal transverse loading, based

on the theory of elasticity. The exponential variation of the elasticity modulus may be symmetrical about the

mid-plane when the beam is designated as layered.

In the case of a simple beam when the stiffer side is loaded vertically, grading has a stress-reducing effect

on the unloaded softer side but the stress on the loaded stiffer side increases, and the reverse is true when the

softer side is loaded.

The symmetrical variation of the elasticity modulus about the mid-plane keeps the peak values of

compressive stresses and tensile stresses equal in the layered beam. The maximum absolute value of ¢,(0,y)

decreases but the shear stress 7,,(L/2,y) increases when the top and bottom surfaces of layered beams are

softer than the mid-plane.
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