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A Special Quasi-Linear Mapping and its Degree

Akif Abbasov

Abstract
In this article, for the purpose of expanding to the mappings between Banach
manifolds, a degree is determined in for the mappings between Banach spaces, which
are from the obvious class.

0. Introduction

This work is related to the topological methods of global analysis and is devoted to
the theory of degree mapping of domains of Banach spaces.
In 1912, time the degree concept was introduced by L.E.Brouwer for finite dimensional

(continuous) mappings using the basic results of algebraic topology basic results. Later,

the degree concep was defined in different ways and with its help many concrete problems
were solved.
However, as is well known, it is not possible to introduce a definition of degree for

arbitrary continuous mappings of infinite - dimensional domains [1]; e have to restrict the
class of mappings.

The first such class has been defined by Leray and Schauder [6]. It consist of mappings
of the kind ”identical + compact.” Other classes have also been introduced ( [2],[3],[4],[5],
e.t.c.). One of the suitable classes for studying nonlinear (pseudo) differential equations
of smooth functions is the class of Fredholm quasi-linear mappings introduced by A. I.
Shnirelman [7]. He introduced the definition of degree for such mappings as a limit of

degrees of finite dimensional mappings.

However, the definition given by A. I. Shnirelman uses global geometrical constructions
in Banach space and so cannot be used for the definition of degree of mappings of Banach
manifolds. The definition of degree that does not have the indicated deficiency is given in
this article. For this aim the new class of FSL mappings, for which the ”local” definition
of degree is given naturally, is introduced. But FSQL mapping f is determined as a

uniform limit (in each bounded domain) of sequence of FSL mappings f™* k= 1,2,....
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Then it is proved that in this case the degrees of FSL mappings are stabilized. So, d(f)
is determined as a limit: d(f) = limg_oo(f™" ). The coincidence of classes FQL- and

FSQL mappings is proved. In addition the main properties of degree, similar to finite-
dimensional mappings, and also equality of degrees of f, considered as a FQL or FSQL
mapping, are proved. For the sake of simplicity, constructions are conducted in Hilbert
spaces.

In later works the theories of quasi-linear manifolds (for example, the manifolds of
smooth mappings of finite- dimensional manifolds) and the degree of FSQL- mappings

between such manifolds, as well as the homological theory of degree of such mappings
will be presented.

1. FSQL-mapping

Let Hy and Hs be real Hilbert spaces, and let || |1, ||z be the corresponding norm
in them. Let {X"},a € M,, be a family of pairs of disjoint closed planes in H; of
codimension n, continuously depending on «; M, is manifold of dimension n. Suppose
{Y§},B € Ny, is an analogious family in Hy. Let M, Uan,Nn = UBXE. Let

us determine the projections m, : M, — My, pn : N, — N, in the following way:
Tix e ife € X5 p, iy =— 0, ify €Y.

It is obvious that the triples &(m,, M,, M) and 1 = (pn, N,,, N,,) are affine bundles.

Definition 1 Continuous mapping f : M, — N, is called a Fredholm Special Linear
(SFL), if Vo€ My, fl = f|xn is a affine invertible mapping from X7, on some Yi, fa €
Aff(Xg,YB") and f! depends continuously on a.
It is obvious that FSL-mapping induces bimorphism between affine bundles & and 7.
The restriction of FSL-mapping on any domain Q,Q C M,,, is also called FSL-mapping.
Let w,Q C M,, be a bounded domain in Hy; let f:Q — Hy be an FSL-mapping, and

AIl|, = swp inf{CI 2@, < CO+ el el < O+ [l f2@))), = € X2}
Q@ ZnnQ#¢
Definition 2 Continuous mapping f : Q0 — Hs is called Fredholm Special Quasi-Linear

(FSQL), if there exists a sequence of FSL-mappings i : Q — Ha,i = 1,..., unifomly

approximating f on 0 and

171l], = c@),vi>i@. &)
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Moreover, C(2) does not depend on i for i(£2).

Definition 3 Continuous mapping f : Hi — Hs is called a FSQL mapping, if in any
bounded domain Q0 C Hy unclear.
As we have already noted, FL and FQL mappings were defined by A. I. Shnirelman,

who also proved their basic properties and gave examples of FQL mappings (see[7]).

We shall prove that the classes of FSQL and FQL mappings coincide. First let us
define some notions.

Let X™ X™ be closed planes in Hy having codimensions m and n,m > n. Let us
transfer each of them parallely to itself into the origin in Hy. Let us denote the obtained

subspaces by 'X™ and 'X™.

Definition 4 The number

sin(X™, X™) = sup {p(z,) X")N By(1)}
re/ Xm
is called the sinus of the angle between the planes X™ and X™.

Here, By(1) is sphere in Hy with radius 1 and a centre at zero.

Theorem 5 FQL mapping f : Hi — Hs is uniformly continuous and bounded in each
bounded domain Q2 C Hi.

Proof. Suppose that FL mapping ™ : £ — Hs uniformly approximates f on €2 to a
precision of €;0; that is

Vo € Q| f(x) = f*(@)ll2 <e (2)

Suppose that {X2} is a family of parallely closed planes in H; of codimension n, corre-
sponding to the EL mapping f™ according to definition (see Appendix), where f7 = f|xn
depends continuously on a. We may suppose that B = {a|X? N Q # ¢} C R". The com-
pactness of B implies that f! is uniformly continuous on o € B. So, for any given

Q
Ve > 0351, 527V041, as € B, HOél — 052|

R < 0,Vr1 € Xg1 NQ, Vs € ng nQ,

21 — z2ll1 < d2, || fa, (x1) — fa,(z2) ]2 < €.

From the parallelism of the planes X! we have

Vdy > 0ddy > o,Vx, € X" Vxa X7 Hxl — $2H1 < dy = HOél — OéQHRn < 01.

1) [eDRI
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That is, from the closeness of x1 and x5 implies the closeness of parameters a; and as.
So,

Ve > 036y > o0,Vx1 € Xgl ﬂQ, Vg € X(ZLQ ﬂQ, ||$1 —$2||1 > 52,

1f& (z1) = fa, I < e
Then
Ve > 0302 > 0, Va1, 20 € Q, |21 — 22| < b2,

£ (z1) = f"(@2)ll2 = | &, (#1) = fa, (z2)]|l2 < e (3)

Here, x1 € X7}, 22 € X},. So, FL mapping f" is uniformly continuous on €2. From (2)

and (3) we have

Ve > 030 > o,Va1,x2 € Qlz1 — 22| < 4,

[ f(z1) = flz2)ll2 < ([ f(z1) = [ (@)ll2 + ([ f" (21) — f*(z2)]l2 + [ [ (22) — f(22)[]2 < 3e.

This means that FQL mapping f is uniformly continuous on €.
2) Now let us prove the boundness of FQL mapping f on Q. Let us take a d; — net
a1, Oof compact B, such that

Ve > o¥a € B3o; € {a, ..., ax, 3™ > 0,Vr € X5 NQ, Vo, € X7 NQ,
1 — 2| < 02, || f0 (1) — [ (22)]|, < (4)
According to definition, VYo f is bounded. So,
3M > o0,¥i=1,....k¥z € X2, NQ||f7 ()], < M. (5)
From (4) and (5) we have
Va € Ba; € {an, ..., }, Yo € X7 NQ3z" € X7} (2') NQ,
Ifa @)z < Ifa, @)z + I1fa(@) = fa, ()2 < M +e. (6)
That means that FL-mapping f™ is bounded on . From (2) and (6), we have
Vo € QI f(@)lls < 1/ (@)ll2 + 11" (2) = f(@)ll2 < M + 2e.

This means that FQL mapping f is bounded on 2. O
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Theorem 6 Let f* : Q) — Hy be an FL mapping. Then there exists a sequence of FSL
mappings i : Q — Ho,i=1,2, ..., uniformly converging to f™ on €.

Proof. Let {X2°} be a family of parallel closed planes, having codimension ng

corresponding to FL-mapping f™°. It is obvious that B{a|Xa° NQ # ¢} is compact,

as  is bounded. Therefore the continuous family {f7°|a € B} of affine mappings is

uniformly continuous on B. So, the family of planes {Y0|Y70 = f7o(z2°)} is uniformly
continuous is . Hence Ve > 0 there is a final number of elements ay,...,ar € B such
that

Vo € B3a; € {a, ..., ax},sin(Y°, Y0) <e. (7)

Let us transfer the planes of Y'°,i = 1, k, parallely to itself to the origin of Ho and take
the intersection of all these subspaces. Let us denote this intersection by Y™, m > ng.
Taking into account (7), let us project Y™ on Y « € B orthogonally and partition
each plane Y'° into planes of codimension m that are parallel to the projection of Y™.
As a result we get a continuous family of planes, {Y(;’?B(a, B) € B x R™ ™} having codi-

mension m, and satisfying the following conditions: O

a) Va,Vp1, B Y5 /Y5,

b) Ya Yo = | Jy;
B
C) Vai,ao € B, V(31,02 € R™™ "0 Sin(Ya11761’Y£762) < €.

Because of affine isomorphism of mappings of f°, « € B, each plane of X[!° can be
divided into parallel subplanes X5 = ( go)—l(Ygﬁ) of codimension m. The obtained
family { X5} will be continuous is (a, §) as (f7°)~" is continuous in a. Let us take the
subspace Y,,, C Hos, having dimension m, perpendicular to some Ya"& Bo- Because of the
smallness of €, all the planes Y5 will be transversal to Yy,. So, Vo, 8 Y3 N Yy, will

consist of one point. Let us draw the plane of ’ Y5 over each such point, parallel to

m

o B0 As aresult we is get a continuous family { Y(fﬁ} of parallel planes. According to

Theorem 5, the sef f(€2) is bounded, so it is contained in some sphere Ba(R). According

to the construction
Vo, B sin(Y)"5,' Yo'ls) < e

Because of the smallness of € we may state that the planes Y"; and Y"; are sufficiently

close to one another in B (R).
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Note 7. In what follows we shall make use of this construction several times.
Let Va,ﬁP&% 1Y —' Y5 be an orthogonal projection. It is continuous in («, 3)

and by the construction

Now let us consider the mapping

Pg?ﬁ(y) -y

< eV, B3, Vy € Bo(R)NY,.
2

I iQ — Hy f™ = fa'g fap(x) = Pllgo fr(z)x € QN X5 (8)

QOXZL,B

It is obvious from the construction that f™ :  — Hs is an FSL mapping and
Vo € Q| f™(x) — [ ()], <e
Similarly, we can of prove the following theorem is the inverse of Theorem 6.

Theorem 7 Let f* : Q — Hy be an FSL-mapping. Then there exists a sequence of
FL-mappings f™ : Q — Hs,i=1,2,..., uniformly approximating f™° on Q.
From theorems 6 and 8 the identity of the classes of FSQL and FQL mappings follows.

Note 9. Theorem 5 is valid for FSQL mapping as well.
Making use of the above technique we may also prove the following theorem.

Theorem 8 Let f: Hi — Hy,g: Hy — H3 be FSQL mappings. Then go f : Hy — Hj
will also be an FSQL mappings. Here Hs is a real Hilbert space.
Making use of the coincidence of classes FQL and FSQL mappings, as an example of

FSQL mappings, we may give the following example (see [7]).

Let f :]0,2) x R — R by a smooth function and grad,f # OVT,z. Then the operator
[ Hi(SY) — Hyp(SY), k > 2), defined as f : x(7) — f(r,2(7)), (1) € Hp(S™"), will be
FSQL mapping.

Here

S0
Hy(SY) = {x(r)\|x|2= xl72d7'<oo}
k b= k]

is Sobolev space.
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2. The degree of an FSQL mapping

Let f : Hi — Hs be an FSQL mapping; suppose that the following apriori estimate
is satisfied

Izl < &l f(@)ll2) 9)

where ¢ is some pozitive monotonous function. Therefore all solutions of the equation

f(x) =yo, yo € Ha, (10)

will be contained in the ball Q+{x| |||, < q§(|y0|2)}.

The degree deg(f) of mapping of f is the number of solutions of equation (10). To
give an exact definition of deg(f), we need to introduce some notions.

Let f* k=1,2,..., be the sequence of FSL mappings, uniformly converging of f in
the ball Q% Roo(||yol|2 +26), 6 > 0. Let us consider the equation

f (@) = yo; (11)

we are looking for its solutions, contained in the ball 7. This problem may reduced to
a finite-dimensional one.
Indeed, each FSL mapping f"* being bimorphism between affine bundles &,, and

Mn,, induces continuous mapping f,, : M,, — N,, between bases M,, and N,, of
the corresponding bundles. Here, M, and N,, are nj - dimensional manifolds. S,
Juu (@) = B, where f™ (Xa¥) = Y.

Let yo € YBT;’“. Then equation (11) reduces us to the finite-dimensional equation

fnk(a) = Bo- (12)

Let us prove that at sufficiently big k the finding of the solutions of the equation
(11) contained in Qf° is equivalent to the finding of the solutions of the equation (12),
contained in ,, (Q%°) C M,,, where m,, is a projection from &,, = (M, Tn,, My,).
Indeed, let x € Qfo and f™*(z) = yo. Then there exists a € m,, (2 such that z € X7*;
therefore fy, (o) = fo.

Conversely, let f,, (@) = fo. This means, that f™* is a affine isomorphism between
the planes X/* and Yj*.

Therefore, there exists unique point z € X+, such that f™*(z) = yo. However, it may

be that point z will lie outside the set of Q%0. Let us show that this is impossible.
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Lemma 9 There exists ko such that if k > kg, x € Mnk,ﬂ'nk(O) € T, (QF0) and f+ (z) =
Yo, then x € Qo

Proof.  According to the condition (1), will be found such C > 0, that ||| f"*| HQR <C
0

as sufficiently big k. Therefore, preimage of the point yyg, if it is contained in the domain
Tk (7n,, (wF0)), is in sphere Q°1, where Cy = C(1 + ||yol|,)- Let ko be so big that

|f"k _f|ch = Sup ||f"k(x) _f(x)HQ < 55Vk > kOa
€1

where § is the same, as in definition Ry. So, if z & Qfo then Ry < ||z|1 < Cy; but then

|/ @) = I1f @)z = [f™ = floe, > (lvollz +26) — 6 = [lyoll2 + 6,

so that z cannot be a preimage of the point yo. Therefore ||z|1 < Ro.
Thus, equation (11) reduces to the finite-dimensional equation (12). Therefore we can

give the following. a

Definition 10
deg(f"*) = deg(fny)-

Theorem 11 Suppose that FSL mappings f™, f*" : Q — Hy are sufficiently close to
each other in Q). Then

deg(f™) = deg(f™").

3. Proof of Theorem 13

Let {X1, {Yﬁn,'} be continuous families of closed planes of codimension n’ correspond-
ing to FSL mapping f* (see definition 1); let {X7,},{Y} (2 7'} be analogous families for

f". Similar to the proof of theorem 6, we obtain continuous families {'X(T,'v,}, {X(T,::v”},
satisfying to the following conditions:

a) m/ > n/ m// Z n//;

b) V(ai, 7, (a2”,7%) IXm' ! HIXagﬁ;?

) V(o 71), (O/QIa’Yg)IXm" "H Xaty vy

d) Y(o/,7"), (o, ") sin(X2 ) X% ) < e, sin(X7 ) X% ) < 6

o’ ’Y” 3
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/ ’
VA m’ m’ _ m’ .
e) Ya ,’yl,'yQXa/ﬁi||Xa,ﬁé, Xa,v,, | |Xa 7, = | |Xa,7, is a plane of
,yl
codimension n’;

"

1"
£) Yo'y oy, XX, 7,,, = UXa”v”’ o= U Xa,, » is a plane of
'

codimension n”.

’
Let Vo/,~ n7/ X = Xa, , and Yo/, 4" 7% i Xa,, " = Xa,, » be

ortogonal projections. According to our construction they induce isomorphisms between
the corresponding bundles, and

o'’ ’Y”

Jc)H1 <Yz eQn XM, Vo, q';

’
m
|z — =l I

77’(
| — 7 (@), < 6V € QN X .,V

where 6 > 0 is a small number, corresponding to € > 0 (according to uniform continuity

of mappings f™ and f* in 0).

™ — Ho V!, o f™ = [ (@) = 7 onll (x), x € QY XTI s

’
ovxm'
Y

Q= HysVa "

= fg/lbll:,y//, fg//L:Z,YH (x) :fn Oﬂ-()é” ’Y”( ) S Qﬁ X()(” ,),//7
Qnrxm”

all y1

According to the construction,

VerHfm ), 7 ( 2|, <e ||fm”(x)—f"”(x)||2 <e
Moreover, f™ will be FSL mapping between the families {'X”"} and {Yﬁ’il}. Let us
denote it by fI"'. Then

deg(f) = deg(f™), (13)

as both mappings induce one and the same finite - dimensional mapping. This is also
valid for the mapping fm”, in that will be a FSL mapping (let us denote it as fg")
between the familes {/ X7, } and {Yéﬁ:’}; that is

o'’

deg(f") = deg(f""). (14)
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Now led us consider the intersection of families {’X(T,:W,} and {’X(T,:W, . It will
consist of parallel planes, as the familes themselves are parallel planes. Let us denote
this intersection by {X§'}, m > max{m/,m”} - f{* and f3", being considered in the
family {X7", will be FL mappings. Let us denote them accordingly by f{* and f3*. Let
us consider continuous families {Y"§ \ YV} = fI"(X")} and {Yo\ \ Y55 = f"(X3")}.
By analogy with the proof of Theorem 6, let us approximate them correspondingly with

families {’ YI"KF){’,} and {"Yillmi}, such that

1 ymAl 'y mA
a) V(A1, A} le,xl Y1,A2,A'27

" m rymH ||y mA
b) v()‘la)‘l)a()‘Qa)‘Q) Y17A17A1' Y17A27)\'2'7

I\ i (1Ml m+1’ sy mAl m—+1"
) V(A1, A}) sin( Y Y17>\17>\’1) < ¢, sin( LENVEYE Y1,>\1,>\’1’) < €,.

. . . m+l m1 / m1 m1""
Making use of orthogonal projections PA,X’ : YI,AJ\’ — 5/17)\7)\, and P)\)\,,

Y1m)\+)l\’, —! Ylm)\"’)l\’, we shall get the FSL mappings:

Q= Hyy WA N fmt = S (@) = Pus o f{(2), w € QN XU

m—+l
Xy

1" 1" _ lll lll 1"
Qs Hayy WA, Nt o = T S (1) = Pumio f"(x), € QNXYT
AN

According to the construction,
Vo € wl| " (@) - [ @), < e [/ @) - @), < e

Now let us consider the intersection of the families {Ylm)\"’)l\l,} and {’ YQm)\"’)l\l,l,}. It will

consist of parallel planes, as both families themselves consist of parallel planes. Let

us denote it by {Y,F} - f mH and fmH” | being regarded correspondingly as continuous

families Xf, \ Xt, = (f™)(V}F)} and {X§,\ X5, = (f™) " (V;)}, will be FSL
mappings. Let us denote them correspondingly by fFf and f§. It is clear from the

constructions that
Vo € Q||ff(x) - fé“(ac)”2 < €.

Lemma 12 deg(fF) = deg(flnl, deg(f¥) = deg(fgn)-

10

(15)
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Proof. Let us prove that first equality from 515). FSL mapping ff induces a finite -

dimensional mapping
fig: My — Nig.

and the FSL mapping fI"' induces a finite-dimensional mapping
fl n : Mpr — Npr.
According to the construction the triplet (M g, 71,5, My/) and Ny g, p1,k, Ny will be affine

bundles with the fibres isomorphic to the finite - dimensional space of R*~". Here,

. A, /.
Tk Mg — My, mg: (o, 7) — s

pik: Nk — Noyprg s (8,0) — 5.

In this case (again according to the construction) fi x will be-bimorphism between the
indicated bundles. So,

deg(f1,x) = deg(fin',
thas is
deg(f}) = deg(f7").
Hence (acc. to the Definition 12) we get the first equality from (15).
Now let us prove that Hausdorff distance, dist(X, llfu nQ, ng NQ), between the planes

X{“M and Xgu, is small. Here,
dzst(XfMﬂQ XSMQQ) max(sup infp(z1, 22), supmfp(xl,xg },x € XF a0 € Xk palt2
zp ¥t T1
a

Lemma 13 Let X,Y be Banach spaces; let X1, Xs be closed planes in X and suppose
that f1, fo : X — Y are continuous mappings satisfying the following conditions:

a) fi — Y is an isomorphism from X at Y3 = f1(X); moreover, || fi|x < C,|fi 'y, <
C;

b) Vo € X N By () f1(z) - fa(x H2 <6

¢) dist(f1(X1) N By(R), f2(X2) N By (R))e.

11
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Then
dist(X1 N By (r), Xoa N By(r)) < 2Ce.

Here B,(r) and By(R) are balls in X and Y radius r and R respectively.
Proof. Let 21 € X1 N B,(r),,x2 € X3 N By (r). From isomorphism f; : X — Y7 we
have
o1 = w2]| < C[lfi(x1 = fulz2)|| = 1f1(21) = frlw)|| = C7 |1 — 2.
Hence it follows that

[ f1(z1) = faw2)[| = ([ f1(21) = fi(22)) + fi(w2) — fa(22))| >

> [|f1(@1) = fu(@)ll = [ fr(x2) = fa(z2)]| = C7 w1 — 22l — .

Let us denote by d the distance between the X; and X, planes. As d < ||z1 — z2]|, then

from the last inequality we have
e>C'd—e=d<2Ce.

— Xk

k. xk
Let 7y, « X >

1 be the orthogonal projection. It is obvious that Mk| & = 7k

M

1,1
VY induces isomorphism between the families {X¥ ,} and {X5 ,}. From the Lemma 15
it follows that 7% is close on  to identical mapping. Then the mappings ff(z) and

konk(z),z e {XF 1, will also be close on Q. So,
2 1,n

deg(ff) = deg(f§ o n") = deg(f§) - deg(n*) = deg(f5. (16)

From equalities (13), (14), (15) and (16) we get:

deg(f™ = deg(f™").

Theorem 13 is proved.
Now we may give the following. O

Definition 14 where f* k = 1,2,..., is sequence FSL mappings, uniformly approxi-
mating FSQL mapping f on 2.

12
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4. The main property of the degree

Theorem 15 Suppose that FSQL mapping f : Hi — Hs satisfies condition (9), and
deg(f) # 0. Then equation (10) has a solution for any yo € Ha.

Theorem 16 Let {f:} be the family of FSQL mappings which depend continuously (but
in each sphere By (r) is uniformly continuous) on parametert € [0, 1], and for all t € [0, 1]

the apriori estimate (9) with the function ¢, independent on t, is tasified. Then

deg(fo) = deg(f1)-

Theorem 17 Sappose that the FSQL mapping f : Hiy — Ha satisfies condition (9).
Then
deg(f,y1) = deg(f,y2),y1,2 € Ha.

Theorem 18 Let f be an FSQL (FQL) mapping, satisfying condition (9) and deg,(f)
is degree of f as FQL mapping, defined by A. I. Shnirelman (see[7]). Then

deg(f) = deg;(f).

Theorem 17 is proved analogous to the theorem given in [7] and the proofs of theorems,
18, 19 and 20 are not difficult.

5. Appendix

Let X,Y be real Banach spaces, let 0 be abound domain in X, and suppose that
m, + X — X, is a linear mapping from X to a u - dimensional space X,,, and X/ =

), a € X,.

Definition 19 Continuous mapping ™ :w =Y is called a Fredholm Linear (FL), if
a) some linear mapping 7, : X — X, is fixed;
b) on each plane XX(a € X,,), passing through Q, f# = fﬂ|X” is an affine invertible

mapping from X* onto its image Y/* = f(X#) that is, closed in Y and has codimension

w1 and f# depends continuously on a.

Definition 20 Continuous mapping f : X — Y is called Fredholm Quasi - Linear
(FQL), if there exists a sequence f** of FL mappings, k = 1,2, ..., uniformly approxi-
mating f on each bounded domain Q C X such that

13
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el < c@), ||(f)]| < C(9),

with k > ko(Q), if a € 7, (Q) and C(Q) does not depend on k, if ko(€2).

(1]

2l

3]

(4]

(5]

(6]

(7l
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