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A Generalized Trapezoid Inequality for Functions of
Bounded Variation
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Abstract

We establish a generalization of a recent trapezoid inequality for functions of
bounded variation. A number of special cases are considered. Applications are
made to quadrature formulae, probability theory, special means and the estimation
of the beta function.
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1. Introduction

In [1], Dragomir proved the following trapezoid inequality for functions of bounded

variation. Here and subsequently in the paper, if f is of bounded variation on [a,b], we

b

denote its total variation on that interval by \/ (f)
a

Theorem A. Let f : [a,b] — R be of bounded variation on [a,b]. Then

/f g LOEIO )|

| =

b
b-a)\/ (). (L.1)

The constant 1/2 is best possible.

We introduce the notation I, : a = 2 < 21 < ... < &p_1 < T, = b for a division of
the interval [a, ], with h; := z;41 —2; (0 <i<n)and v (h) :=max{h; |i=0,...,n—1}
for the norm of the division. Then we may deduce from Theorem A that

1991 AMS Mathematics Subject Classification: Primary 26 D 15; Secondary 41 A 55.

147



CERONE, DRAGOMIR, PEARCE

b

/ F(0)dt=T(f,1,) + R(f.1.). (1.2)
where
T(f 1) = 2 S0 @0+ F ol (1.3
1=0

and that the remainder term satisfies
1 b
R(f. 1) < 5v (N (). (1.4)
a

Here the constant 1/2 is also best possible.

b
The main aim of this paper is to compare [ f (t) dt with

a

fla)(z—a)+ f () (b—=),

where z € [a, b] is a free parameter. The choice x = (a+b)/2 gives the trapezoid estimate

@10,

for mappings of bounded variation.
In Section 2 we derive our basic estimate, which provides an upper bound for the

difference between fab f(t)dt and the estimate proposed above for the case when f is a

function of bounded variation. We examine the important special cases when f has a
continuous derivative or is Lipschitz, monotone or convex. In Section 3 these results are
applied to the estimation of the error term in some quadrature formulee and in Section

4 to some estimates in probability theory, in particular, that of the mean E(X) of a

random variable X. Section 5 uses particular choices of f to obtain some apparently new
inequalities subsisting amongst various well-known means of a pair of positive numbers.
Finally a further special choice is taken in Section 6 to address the estimation of Euler’s
beta function.

For a compendious treatment of other inequalities of trapezoid type, see [2] and the

references therein.
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2. Some Integral Inequalities

We start with a basic integral inequality for mappings of bounded variation. For
convenience we set

b
=/f(t)dt—f(a)(x—a)—f(b)(b—x)-

Theorem 1 Let f : [a,b] — R be a mapping of bounded variation. Then

Vi \b/ (2.1)

(@) < [ (b—a)+

for all x € [a,b]. The constant 1/2 is best possible.

Proof. By the integration by parts formula for a Riemann—Stieltjes integral, we have

b

b
[@-ndrw=@-orolk+ [0

a

whence we derive the identity
b
/f(t)dt:(b—x)f(b)—i-(x—a —i—/x—t df (t (2.2)

for all = € [a, b].

If g,v : [a,b] — R are such that g is continuous and v of bounded variation on [a, b],

b
then [ g (t)dv (t) exists and
a

b b
[o®a®)| < sw 901V @)
J t€la,b] a
Thus
b
/ (z—t)df (t)| < sup |x—t|\/ . (2.3)
t€la,b]
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As

1
sup |z —t| =max{x —a,b—2a} = —(b—a)—i—‘x—
t€la,b] 2

(2.1) follows from (2.3) and (2.2).
Now suppose that (2.1) holds with a constant ¢ > 0, that is,

@) < [eo-a)+|o- 57| \i/(f)

for all z € [a,b]. For = (a + b)/2, we get

b
/f £ dt — )+f()(b—a)<c b—a)\/ (f)

Define f : [a,b] — R by
0 ifx=a
flx)y=4¢ 1 if x € (a,b)
0 ifx = 0.
Then f is of bounded variation on [a, b] and

b
/f(x)dxzb—a, \/(f):2.

a
For this choice of f, (2.4) provides
b—a<2(b—a)

or ¢ > 1/2, concluding the proof.
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Remark 1 a) The choice x = b supplies the “left rectangle” inequality

b b

[r@ds— @< ®-a\ 5.

a a

b) Setting © = a yields the “right rectangle” inequality

b b

[r@de-1®)6-0)<0-a V).

a a

¢) For x = (a + b)/2 we obtain the known “trapezoid” inequality (1.1). This is the
best possible inequality we can derive from (2.1) in the sense that the constant 1/2

18 best possible.

Further standard assumptions about f lead to useful corollaries.

Corollary 1 Suppose f € C)[a,b]. Then

a+b
e

for all x € [a,b]. Here as subsequently |-||, is the Li-norm

@) < [50-a)+]e-

b
11 = [ 15 @

Corollary 2 Let f : [a,b] — R be a Lipschitzian mapping with the constant
L > 0. Then

“;rbH (b—a)L

T —

)l < |5 0-a+

for all x € [a,].
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Proof. As f is L—Lipschitzian on [a,b], it is also of bounded variation. If Div[a,b]

denotes the family of divisions on [a, b], then

b n—1
V= sup DIf (@) — f (@)

In€Div[a,b] ;2

<L sup |®ip1 — il
I,€Divla,b]

:(b_a)La

and the desired result is proved. O

Corollary 3 Let f : [a,b] — R be a monotone mapping on [a,b]. Then

a+b
2

@< [50-a+ o~ 5217 0) - 7 @)

for all x € [a,].

For f : [a,b] — R convex on [a, b], we have the Hermite-Hadamard inequality

1(5) = 1a/bf(x)dx§7f(a)+f(b).

2 b— 2

The above results enable us to place bounds on the difference between the two sides of the

second inequality. Thus if f is convex and of bounded variation on [a, b], (1.1) provides

b b
0< f(a);rf(b) _bia/f(t)dtéé\a/(f)-

If f is convex and Lipschitzian with the constant L on [a, b], then Corollary 2.3 yields
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If f is convex and monotonic on [a, b], then by Corollary 2.4

b
o< 1O L [wa<liso s

Finally, if f € CV[a, b] and convex, then by Corollary 2.2

b
b
0 LI L [ a< Ly,

a

3. Applications to Quadrature Formula

We now introduce the intermediate points & € [z, xi41] (@ = 0,...,n — 1) in the

division I, of [a, b] and define

|
-

n

Tp (f, In, &) == ) (& — @) f (i) + (Tit1 — &) f (wit1)]

%

Il
=]

We have the following result concerning the approximation by Tp of the integral
b

I f (z)dz.

a

Theorem 2 Let f : [a,b] — R be of bounded variation on [a,b]. Then

b
/f(x) dz = Tp (f, I, €) + Rp (f. I, €). (3.1)

with remainder term satisfying

T+ Tip

R (£ 1,1 < | () + na [g - 2550

2 0<i<n

b b
] ViH<em\V . 62

The constant 1/2 is best possible.
Proof. Application of Theorem 1 to the intervals [x;, z;11] (i = 0,...,n— 1) gives

Ti41

/ Ft)dt —[f (xi) (& — i) + f (i) (g1 — &)

Tq
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T+ Tipa

& -1

1
< [5@' +

for all ¢ € {0,...,n—1}.
By this and the generalized triangle inequality,

n—1 | Fitt

IRp (f. 1. )| <> / f@)dt = [f (@) (& — @) + [ (ig1) (i1 — &)]

=0

_Tit+tTip

&- 25

Tq

] SV 0

=0 x;

]i/(f)

T; + X1
gi_%

T +Tip1
2

and the first inequality in (3.2) is proved.

For the second, we observe that

T + Ti1 1 .
fi—% < §hi, ZZO,...,n—l
so that
Ti+ Tiy1 1
— < -v(h
& - =g | = g (),

proving the theorem.

Remark 2 o) Choosing & = x;41 (i =0,...,n— 1) provides

b

/f(x)dxzDL (f,In)+ Rr(f, I,) .

a
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Here Dy, (f, 1) is constructed from the left rectangle rule

n—1

Dy (f )= f(x:)hi

=0

and the remainder satisfies
b
Re (£, L) < v () V().

b) Taking & =x; (1=0,...,n—1) gives

b
[ #@)ds=Di (1) + Re (7.12).

where Dg (f, I,) is built from the right rectangle rule

n—1

Dr(f,1n) = > f (@i41) b

=0

and the remainder term satifies
b
\Re (f. 1) < v (h)\/ ().

¢) Finally, if we choose & = (x; + xi41)/2, we get (1.2) with (1.3) and (1.4).

Corollary 4 Let f : [a,b] — R be Lipschitzian with constant L > 0. Then we have (3.1)

and the remainder satisfies

T+ i1
2

|Rr (f, In,6)| < L [%V(h) + max

0<i<n

& —

]<Ly(h).

Corollary 5 Let f : [a,b] — R be monotone on [a,b]. Then we have the quadrature

formula (3.1) and the remainder satisfies

T+ XTip1

&- 20

|Rr (f, I, §)| < [%V(h) + max

]lf(b)—f(a)l
<vW)|7 ()~ f ().
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4. Applications to Probability

Proposition 1 Let f : [a,b] — R be a probability density function of bounded variation

on la,b] and F : [a,b] — R the corresponding distribution function

F(Jc):/f(t)dt, x € [a,b].

Then

a+x
2

F@) - @ -0+ @@=l < o+

] \?(f) (1.1)

for all a <y < x. In particular, choosing y = (a + z)/2 gives

fla)+ f(x)
2

| =

F(z) - (z—a)| <

(@—a)\/ () (4.2)

for all x € [a,b]. The constant 1/2 in (4.1) and (4.2) is best possible.
Proof. The result is immediate from Theorem 1. O
The following approximation holds for the expectation of a random variable.

Proposition 2 Let X be a random variable having distribution function F and expecta-
tion E (X). Then

n—1
1 T+ Xy
E(X) - z; F (i) (§it1 = &) = & < 5v (h) + max |\ — sz . (43)
=
Proof. We apply Theorem 2 to F' to get
b n—1 n—1
/F () dt =Y F (i) (& —2i) = > F (wig1) (wiss — &) (4.4)
v i=0 i=0
1 T, +T b
< |z o i it )
< |3 00+ gu [ - 740 Vi
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But
b
V(F)=F(b)-F(a)=1
and
b b
/F(t)dt: tF ()" —/tf(t)dt: bF (b) — aF (a) — E(X) =b— E (X)
By (4.4),
n—1
b—E(X)—F(a)(& —a) _ZF(%)(Q ;)
i=1
n—2
— Y F (wig1) (g1 — &) = F (0) (0 — &n1)
=0
< %V (h) + Jax. &-1 +2xi+1
or
n—1
SE(X) = Y0 F (50 (6~ 1)+ €| < v () + max |6 - LT
i=1 =
and the proposition is proved. O

Remark 3  a) Suppose the division is reduced to the endpoints, that is, a = xg < 21 =
b and & =& € [a,b]. Then by (4.3)

|E(X>—£|§%(b—a>+‘§—“+b‘

2
for all & € [a,].
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b) Suppose a =xo <z <x2=">and & € [a,z],p € [z,].
Then by (4.3)
[E(X) = F(2) (§ = p) — pl

1
§maX{|x—a|,|b—x|}+max{‘§— a—;—x

IN

1 b
5(6—@)—1—‘3&—@;— ‘—i—max{‘g—a;x

foralla<¢&<z<u<hb.
In particular, if § = (a +2)/2 and p = (x +b)/2, then

1
< Z
-2

‘E(X)_%F(x)(a—b)—“b‘ (b—a)-i—‘x

for all x € [a,b].

5. Applications to Special Means
We now derive some results for various well-known means. For a,b > 0 we have the

arithmetic mean
A=A(a,b):=(a+b)/2

and the geometric mean

G =G (a,b) := Vab.

For a,b > 0 we have the harmonic mean

H=H(a,b):=2/(a " +b71),

the logarithmic mean

a ifa=»5
L=1L(a,b):= _

_b-a ifa #b,

Inb—1Ina

the identric mean
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a ifa=0b

1 (B\TE

and for p € R\ {—1, 0}, the p-logarithmic mean

I:=1(a,b)=

|: bp+1 _ ap—i—l :|1/P
—_ if a # b;
Ly,=1L,(ab):={ Lp+1)(b—a)

a if a =b.

It is well-known that with L_; := L and Lo := I, the net (L,) is monotone nonde-
creasing in p € R. In particular, we have the inequalities

H<G<L<I<A.

In what follows we establish some rather more involved inequalities for the above
means by the use of (2.1), which we express in the equivalent form

b
bia/f(t)dt—bf(b()):zf(a)+x.f(bz:£(“) (5.1)

< B(b—a)—i—|x—f4|] bia\z/(f)-

Define f : [a,b] C (0,00) — R by f (z) = 2P, p € R\ {—1,0}. Then

b
1
= [ =y,

bf (b) — af (a)

b_a :(p-l-l)Lg(aab),
PO _ it (an),
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b

b
Vin =5 [ ona=pen.

a

1
b—a

We deduce from (5.1) that
2 0 oo d| < |5 00 o - A 27
which is equivalent to
‘ng:} — Lg‘ < B (b—a)+|z— A|] V=1, z€lab].
The choice x = A yields
p—1

_ 1 _
‘ALZ_} - Lg‘ <5 0b-aLi ]

If instead we define f : [a,b] C (0,00) — R by f (z) = 1/z, then

f(b) —f(a) _ -2
ﬁ =-G (a,b),

b

b
Vin =i, [ 15 @li=aey.

a

1
b—a

From (5.1), we deduce that
-1 —2 1 -2
L' —aG7? < §(b—a)+|x—A| G™*,
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or equivalently
9 1
|laL — G?| < 5[(b—a)+|x—A|]L, x € [a,b].
Choosing z = A, we get

0<AL-G*< - (b—a).

|~

Finally, define f : [a,b] C (0,00) — R by f () = Inz, so that

b
1
b_a/f(t)dtzlnl(a,b),

bf (b) —af (a)

— =InT (a,b)+1,

From (5.1), we deduce that
1
|z — L| < §(b—a)+|x—A|, x € [a,b].

With z = A, we get

6. Application to Euler’s Beta Function
Let 8 be the Euler beta function given by

1
B(p,q) = /tp_l (1-t)?"'adt,  pq>0.
0
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Proposition 3 If p,q > 1, then

Bwa)=Tp,qIn. &) + R(p,q, 1., §)

where

|
-

n

T (p,q,In, &) = [(& —a) 2l (L= 2) "+ (@i — &)l (L — i)

%

Il
=]

and the remainder R (p, q, I, §) satisfies

T+ i1

|R| < [%l/ (h) + max|& —

]maX(p—l,q—l)B(p—l,q—l)-

Proof. For p,q > 1 define f,4:(0,1) = R by

Fra ()=t 1 (L =)

We have
fillﬁq t)=[+q—2)t—q+ 1]t1”—2 (1- t)Q—Q,

so that

1 1
\/(fp7q):/|le>,q(t)|dt
0 0
1
/|p+q—2 t—q+ 1P 2 (1 —t)7 2 dt
0

<max(q—1,p—1) [ 72(1 q2dt

O\H

=max(¢—1L,p—1)B(p—1,¢—1)

and the proposition is proved.
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Remark 4 The choice & = (z; + xit1)/2 yields

B(p.q) =T (p,q,In) + R (p,q, In)

where

i
L

T (p,q,1n) =

|:$f_1 (1 — .ﬁi)q_l + .ﬁf_:ll (1 — $i+1)q_1 hi

| =
I
=)

%

corresponds to the trapezoid rule and the remainder satisfies

IR (p,q,1n)| < %V(h)maX(p—Lq—l)ﬁ(p—l,q—l)

for allp,q > 1.
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