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Oscillation Criteria for Second Order Nonlinear
Differential Equations with Damping

Aydin Tiryaki and Agacik Zafer

Abstract

Oscillation criteria are given for second order nonlinear differential equations
with damping of the form

(a(t)y(x)z) + p(t)E + q(t) f(z) =0, t > to,

where p and ¢ are allowed to change signs on [to,00). We employ the averaging

technique to obtain sufficient conditions for oscillation of solutions of the above
equation. Our results generalize and extend some known oscillation criteria in the
literature.
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second order.

1. Introduction

We are concerned with the oscillation of solutions of second order differential equations
with damping terms of the following form

(a(t)(z)@) + p(t) + q(t) f(x) =0, t > to, (1.1)

where a € C[[tg, ), R+], p,q € C|[to, <), R], ¥ € C[R, R4], and f € C'[R, R]. We shall
assume that xzf(x) > 0 for z # 0, and that for z € R

f(z) >k, (1.2)
and
¢ <YP(x) < e, (1.3)

where k, ¢, and ¢ are some positive real numbers.
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As is customary, a solution z(t) of equation (1.1) is said to be oscillatory if it has
arbitrarily large zeros; otherwise it is called nonoscillatory. Equation (1.1) is oscillatory if
all of its solutions are oscillatory. It is tacitly assumed that equation (1.1) has nontrivial
solutions which exist for all ¢ > #g.

In the special case a(t) =1, ¥(z) = 1, p(t) = 0, and f(x) = z, equation (1.1) reduces
to the linear second order differential equation

" +q(t)x = 0. (L)

Equation (L) has been investigated by several authors. Below is a list of some well known

oscillation criteria for equation (L) that exist in the literature:

(Leighton [5]): /00 q(t) dt = oo.

(Wintner [8]): hm / / r)drds =
t—oo t to Jto

t pr
(Hartman [3]): —oo < hm mf / / r)drds < limsup — / / q(r)drds < oco.
to Jto to Jto

t—oo

1
(Kamenev [4]): lim —/ (t — s5)™q(s)ds = oo for some integer m > 1.
to

t—oo tM

(Yan [10]): limsupim (t —s)™q(s)ds = oo, 1imsup/ (t —8)"q(s)ds > A(T)

t—00 to t—o0 T

¢
for all T > to, where A(u) is a continuous function such that / Ay (u)du = oo with
to

Ay (u) = max{A(u),0}.

(Philos [7]): H(t,s) € C(D,R), D = {(t,s) : t > s > to}, has a continuous and
nonpositive partial derivative on D with respect to the second variable and satisfies
H(t,t) = 0 for t > to, H(t,s) > 0 for t > s > tg; there exists a continuous function
h: D — R such that

aHt
;55 h(t,s)\/ H(t,s) forall (¢t,s) € D

and

lim sup

t 1 9
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Recently, Grace [1, 2], using the averaging technique and the arguments developed by
Philos, gave some oscillation criteria concerning the solutions of (1.1).

In this paper we shall also make use of Philos’s technique to establish new oscillation
criteria for equation (1.1). Our theorems improve and generalize several results obtained

previously.

2. Main Results

In what follows, Q(t) denotes

Q(t) = q(t) — 1% (E - a) Z((;)), t > to.

Theorem 2.1 Let conditions (1.2) and (1.8) hold, and D = {(t,s) : t > s > to}. Let
H € C(D, R) satisfy the following two conditions:

(i) H(t,t) =0 fort >to, H(t,s) > 0 fort > s > to;
(i1) H has a continuous and nonpositive partial derivative on D with respect to the

second variable.

If there exist an h € C(D, R) and a differentiable function p : [tg,00) — (0,00) such
that

—% = h(t,s)\/H(t,s) forall(t,s) €D (2.1)
and
tm sup [X (¢, to) - ﬁY(t,to)] — 5, (2.2)
where
X(t,to) = m/to H(t,s)p(s)Q(s) ds
_ 1 t p(s)  cp(s) 2
Y(t, to) = Htto) /to a(s)p(s){ (a(s) 05) >\/H(t, s) + c1h(t, s)} ds,

then equation (1.1) is oscillatory.
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Proof. Let z(t) be a nonoscillatory solution of equation (1.1). Without loss of generality
we may assume that z(¢) > 0 for all ¢ > T for some Ty > tg. The proof when z(t) < 0
for ¢t > T} is similar.

We define
W(t) = p(t)a(t)iﬁgigix(t) t> T, (2.3)
Differentiating (2.3) and using (1.1) and (1.2), we see that
W) = o)~ e O+ S O~ S
< —plt)alt)+ 220+ By
| mio’”“+%ﬂég]

Using (1.3) in the above inequality, it follows that

1 [L
c1 La(t)p(t)

and hence, in view of (¢) and (i), for t > T > Ty, we have

W(t) < —p(HQ(t) - xm@+ﬂmw4,rm:mﬁ_qw;

/ H(t, s)p(s)Q(s)ds < H(t, T)W(T)
_E [ [’;g)(p’(g W (s) + {erh(t. ) H(t,s)—l—r(s)H(t,s)}W(s)] ds
:H(t,T)[W(T)—J(t,T)]—i—/Tt “(Mm [ ()5 + crh(t, ) 5] ds, (2.4)
where
J(t, T clH kH { (s)\/H(t, s) + c1h(t, s) }]st.
Moreover, (2.4) implies that for ¢ > Tp,
H(t, To)[ X (£, To) — 4]3615/(@%)] < H(t, To)W (To) < H(t, to)|W (Tp)|. (2.5)
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In view of (2.4) and (2.5), one can easily obtain that

H(t, to)[ X (t,t0) — 4]j—clY(ﬁ,ﬁo)] =

[ [t.onsiaw - LA AT+ enteof Jas +

/t [H(t, 8)p(s)Q(s) — M{T(S)MJF erh(t, 5)}2] ds

T 46116

< Hitto) / 1p(9)QUs)lds + H(t to)| W (Ty)],

to

for t > Ty, and so we have

Jim suplX (6, t0) — Y (1 t0)] < [ |p(s)Qs)ids + W ()

to

Since this last inequality contradicts (2.2), the proof is complete.

Remark 2.1 In Theorem 2.1, if we take H(t,s) = (t —s)®, a > 1, we recover Theorem 1
in [1, 6]. Also, if ¢(z) = 1 and f(z) = =z, we obtain the Yan’s oscillation criterion

mentioned in the previous section.

A close look at the proof of Theorem 2.1 reveals that condition (2.2) may be replaced
by the conditions that

lim sup X(t,t9) = oo and lim sup Y (¢, ) < oc. (2.6)

t—oo t—oo

This leads to the following result.

Corollary 2.1 Let the conditions of Theorem 2.1 be satisfied except that condition (2.2)
is replaced by (2.6). Then equation (1.1) is oscillatory.

Remark 2.2 Tt is easy to see that (2.6) implies (2.2) but not conversely. Furthermore,

if we set H(t,s) = (t —s)*, a>1, p(s) = s, B €0,1), ¥(x) =1, f(x) = x in Corollary

2.1, we obtain the oscillation theorem given by Yan in [9].
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Example 2.1 Consider
(t7 Y2 —sinz)i) +sinti 4+ t2costx(l +2*) =0, t>1.

If we take p(t) = t and H(t,s) = (t — s)? then we see that, since the conditions of
Theorem 2.1 are satisfied, the equation is oscillatory. We should note that the oscillation

criteria given in [1-10] fail to apply for this equation.
In Theorem 2.1 the condition

lim sup X(¢,t9) = o0

t—oo

is necessary. In the remainder of this paper we do not require this condition and naturally
will have some other conditions instead. The following result provides a different such

oscillation criterion for equation (1.1).

Theorem 2.2 Let conditions (1.2) and (1.3) hold and h and H be as in Theorem 2.1,
and let

. .. . H(ts)
é}gfo{tlg&mf H(t,to)} > 0. (2.7)

Suppose that there exist a positive function p € Cttg,0) and A € Cltg, o) such that

lim inf Y (¢, to) < oc, (2.8)
1

1itm inf[X(¢,T) — mY(t, ) > A(T), for every T > tg (2.9)

— 00 Cc1
and

o] A2

/ ﬁds = 00, (2.10)
to a’(s)p(s)

where Ay (s) = max{A(s),0}. Then equation (1.1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.1, we see that (2.4) holds for all
t>T >tg. So, for t > T > Ty, we have

X(t,T) - 413 Y(6,T) < W(T) - J(t,T) 2.11)

C1
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and hence

1
lim inf[X (¢, T) — mY(t,T)] <W(T) —limsup J(¢,T)

t—o0 C1 t—oo

for all T > Tp.
Making use of (2.9) in (2.12), it follows that

W(T)> A(T) + limsupJ(t,T)

t—oo
for all T > Ty. Thus, from (2.13), for all T > Ty,
A(T) < W(T)
and

limsup J(¢,T) < 0o

WA [T AL
L, w2 f, o™
and hence by (2.10),

/°° W2(s) oo o

7, a(s)p(s)

From (2.14),

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

To complete the proof we show that (2.16) is not possible. For this purpose, we introduce

the functions u(t) and v(t) defined for ¢ > Tj as follows;

- 1 P RH(t,s) . o \ds
) = S ) /T a@pls) |

u(t) = clH(lit,To)/ [clh(t,s)\/H(t,s) +r(s)H(t,s) | W(s)ds,

To

where
_p(t)  apt)
"= w0

It follows from (2.15) that

tlirgo sup[u(t) + v(t)] < oco.

(2.17)
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Because of (2.7) one can find a positive constant M; such that

. .. . H(ts)
of (3320 inf H(t,t0)> > M (2.18)

Let Ms be an arbitrary positive real number. It follows from (2.16) that if 77 > Tj is
large enough then

t 2
/ W=(s) ds > My forallt > 1.
To a(s)p(s) kM,

B k “aiaal [T I©
ut) = e H(t, Tp) TOH(t’ M(/TO a(é)p(é)d€>

=t () (L )
> e o ()
_ %% for all ¢ > T1.

Making use of (2.18), we see that there is a T, > T; such that

H(t,T)

> M, forallt > T
H(t o) =+ rant=12

Thus, we get
u(t) > My for all ¢ > To.

Since Ms is arbitrary, this means that

lim u(t) = oo (2.19)

t—oo

Next, we consider an arbitrary sequence {t,}52; in (tg,00) with lim ¢, = co. By
n—oo

(2.17), there is a number M such that
u(ty) +v(ty) <M for n=12,3,.... (2.20)
In view of (2.19) and (2.20),

lim w(t,) = oco. (2.21)

n—00
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and
nlingo v(ty) = —00. (2.22)
Now, because of (2.20) and (2.21), there exists a number N such that,
- v(ty) < M - 1
u(ty) = ulty) 2
or
v(ty) < 1
w(tn) 2
for every n > N. This and (2.22) give
(2.23)

=0

2
lim ~ (tn)
n—oo u(ty

On the other hand, by the Schwarz inequality, since

=l ) [clh@n,s) H(ta, ) + r(s)H ““’”]W(s)ds}Q

) = e
- | ah(t.5) 761 5] | /T s>w<s>ds}2
T /T oW i
x ﬁ /T a(s)p(s) [clh@n, 5) + rwm] “ds
- et | (s)0(3)[e1ht. ) +1(6) T3 s
we have
fét:)) < kLClY(tn,TO) for any positive integer n. (2.24)

Clearly, inequality (2.18) guarantees that for n large enough,
(2.25)

H(tna TO) > Ml-
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Then, by combining (2.24) and (2.25), we obtain

V2 (tn) 1
u(tn) - M1k01

A

Y (tn,to) for all large n,

which, due to (2.23), implies that

lim Y (t,ty) = 0. (2.26)

n—00

Clearly, since the sequence {t,} is arbitrary, (2.26) contradicts (2.8). The proof is there-

fore complete.

Example 2.2 Consider
(2% (1 + e "Ny — 4t 2e¥a + 3t 22 e (1 + 2% =0, t>1.

It can be checked that the oscillation criteria given in [1-10] do not apply for this equation.
By taking p(t) = e=2! and H(t,s) = (t — s)?, we see that with A(t) =t~ the conditions

of Theorem 2.2 are satisfied. Therefore, the equation is oscillatory.

Theorem 2.3 Let conditions (1.2) and (1.3) hold. Let H(t,s) and h(t,s) be as in
Theorem 2.1, and (2.7) holds. Suppose that there exist a positive function p € C[tgo0)
and A € Cltg,00) such that (2.10) and the following conditions hold:

lim sup Y (¢,t0) < oo (2.27)
t—o00
and
1
limsup[X (¢, tg) — ——Y(t,t0)] > A(T) for every T > to, (2.28)
t—o00 4k01

then equation (1.1) is oscillatory.

Proof. We proceed as in the proof of Theorem 2.2 and obtain (2.11). Taking the
limit superior in (2.11) as ¢t — 0o, we obtain (2.12) except that liminf and limsup are now
interchanged. Then, (2.13) through (2.19) are valid with exceptions that in (2.13), (2.15),
and (2.17) we have liminf instead of limsup. Now, the sequence {t,} cannot be arbitrary;
it is chosen such that lim, _oo[u(ts) + v(tn)] = liminf; . o[u(t) + v(t)]. Continuing as in
the proof of Theorem 2.2, one can easily see that (2.26) holds, and therefore (2.27) cannot
be true. This completes the proof.
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Theorem 2.4 Let (1.2), (1.3), and (2.7) hold, and H(t,s) and h(t,s) be as in Theorem
2.1. If there exist a positive function p € Cl[tg,0) and A € Clto,0) for which (2.9),
(2.10), and

liminf X (¢, t0) < 0o (2.29)
t—oo

are satisfied, then equation (1.1) is oscillatory.

Proof. From (2.9), we have

. 1
A(to) S 11tn—1><1>£lf[X(t’tO) - MY(t, to)]
1
< 1itnlg1fX(t,t0) ~ Ther 1i£1ling(t,to)
1
< limi _ .
< htrgéng(t, to) The, hglolng(t, to)

and therefore by (2.29),
liminf Y'(¢,t9) < 0.
t—o00

The remainder of the proof now proceeds exactly as in that of Theorem 2.2.

Remark 2.3 If ¢)(xz) = 1, then Theorem 2.3 and Theorem 2.4 reduce to Theorem 6 and
Theorem 7 in [2], respectively, and extend to equation (1.1) the results of Theorem 3
and Theorem 4 in [2] provided that (1.3) holds. Furthermore, when H(¢,s) = (t — ),
a > 1, ¥(z) = 1, and f(z) = x, Theorem 2 in [10] is improved in the sense that
limsup,_, ., X (¢,t0) < oo is replaced by (2.29).
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