Turk J Math
24 (2000) , 221 — 231.
© TUBITAK

The k-Derivation of a Gamma-Ring

Hatice Kandamar

Abstract

In this paper, the k-derivation is defined on a I-ring M (that is, if M is a
I-ring, d : M — M and k : ' — T are to additive maps such that d(aBb) =
d(a)Bb+ ak(B)b+ aBd(b) for all a,b € M, [ €T, then d is called a k-derivation of
M) and the following results are proved. (1) Let R be a ring of characteristic not
equal to 2 such that if xry = 0 for all x,y € R then r = 0. If d is a k-derivation
of the (R =)I'-ring R with k = d, then d is the ordinary derivation of R. (2) Let
M be a nonzero prime I'-ring of characteristic not equal to 2, v be an element of
Gamma and a is an element in M such that [[z,a],,a]y = 0 for all x € M. Then
aya =0or a € C,. (3) Let M be a prime I'-ring with CharM # 2, d be a nonzero
k-derivation of M, v be a nonzero element of I" and k(vy) # 0. If d(M) C C,, then

M is a commutative I'-ring.
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1. Preliminaries

Let M be additive abelian groups. If there exits a mapping of M x I' x M to M
( the image of (a,v,b), a,b € M, ~ € T', being denoted by (ayb)), satisfying for all
a,bce M, «a,B€el:

B1. (a +b)ac = aac+ bac, ala+ B)b=aab+ afb, aa(b+ c) = aab+ aac

B2. (aad)fec = aa(bfc),
AMS subject classifications. primary 16Y60, secondary 16W25, 16U70, 16N60, 16U80
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then M is called a I'-ring in the sense of Barnes [1]. This definition is due to Barnes, and
is slightly weaker than the original one due to Nobusava [7].

If, in addition, there exits a mapping of I' x M x " to T" (the image of (v, a, ), being
denoted by ~va/3) such that the following axioms are satisfied for all a,b,c € M, «,3 €T"

N1. Same as Bl
N2. (aad)fec = a(abf)c = aa(bfc)
N3. aab =0 for all a,b € M implies o = 0,

then M is called a I'-ring in the sense of Nobusawa.

Let M be a I'-ring in the sense a of Barnes. A subgroup A of the additive group M
is said to be a right (resp. left) ideal of I'-ring M if ayy (resp. yya) for all a € A,
v e, ye M. If Ais both a left and a right ideal, then A is said to be a two-
sided ideal or simply an ideal of M. When S and T are subsets of M, and Q is a
subset of T', we denote by SQT the set of all finite sums of the form Y s;v;t; where
si €S, %w€Q and t; €T. If Q= {v}, then SQT is denoted by ST end so on [4].
If I and J are a left ideal and a right ideal of M, respectively, then IQ2J is an ideal of M.
Similar properties hold depending on ideal properties of I and J. If al' MT'b = 0 with
a,b € M implies either a=0 or b=0, then M is called a prime I'-ring [5]. Moreover, a
T'-ring M is said to be completely prime aI'db = 0 with a,b € M impliesa =0or b =0
[6]. We also note that, for a I'-ring in the sense Nobusawa, primeness and completely
primeness are equivalent. Cr = {c € M : cam = mac VYa € ' and Vm € M} and
Co={ce€ M :cam=mac Vm € M} with a € T" are called the center and the a-center
of a I'-ring M, respectively. If Cr = M then M is called a commutative I'-ring. If M is
a ['-ring in the sense of Nobusawa, the center Cj; and the the a-center C, of a M-ring '
are similarly defined.

As it is well known, if R is a semiprime 2-torsion-free ring and t € R commutes with
all tx — xt for x € R then t € Z (the center of R) [2]. This corollary is used in the proofs
of many theorems on commutativity of rings. In this paper, we shall consieder a similar
problem on the I'-ring M. That is, let M be a nonzero prime I'-ring of characteristic not
equal to 2, v be a nonzero element of I', a is an element in M such that aya # 0 and a

commutes with all zya — ayz for £ € M, then a must be in C,.
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2. k-Derivation of I'-Ring

Let M be a I-ring (in the sense of Barnes), d and k two additive maps from M to M
and from T to T, respectively. If for all a,b € M and 8 € T, d(afb) = d(a)Bb + ak(5)b +
aBd(b) is satisfied, then d is called a k-derivation of M.

Every associative ring R is a I'-ring where R = I' in the sense of Barnes. Let be a
derivation of a ring R, that is, d is an additive map from R to R and d(zy) = d(z)y+xd(y)
for all ,y € R. Tt is clear that d is a k-derivation of the (R =)I'-ring R with d = k.

Remark : If M is a I'-ring in the sense of Barnes and d is a k-derivation of the I'-ring
M, k need not be determined uniquely. But if M is a I'-ring in the sense of Nobusawa
and d is a k-derivation of the I'-ring M, then k is uniquely determined. Particularly, if a
ring R satisfies N3 (or R is semiprime or R has unity or R has no nonzero zero divisor),
then R is a (R =)T-ring in the sense of Nobusawa. In this case, if d is a k- derivation of
the (R =)I'-ring R with characteristic not equal to 2, then d is the ordinary derivation of
this ring R if and only if d = k (This proves in Theorem 1).

Lemma 1: Let M be a I'-ring in the sense of Nobusawa. If d is a k-derivation of the
I-ring M, then k(aaf) = k(a)af + ad(a)f + aak(B) for all a € M and o, 3 € T

Proof: It is clear by using N3.

Lemma 2: Let M be a I'-ring in the sense of Nobusawa. If d is both a k- and
ko-derivation of the I'-ring M, then ki = ko.

Proof: Using the definition, k1 = ks is obtained by N3.

Theorem 1: Let R be a ring of characteristic not equal to 2 satisfying N3, d be a

k-derivation of the (R =)I'-ring R. d is the ordinary derivation of the ring R if and only
ifd=k.

Proof: Let R be a ring of characteristic not equal to 2 satisfying N3 and d be a k-
derivation of the (R =)I'-ring R. If d is the ordinary derivation of R, then it is clear that
d = k. Now we prove the converse. Let d be a k- derivation of the (R =)I'-ring R with k =
d. Since d is an additive map from R to R, we need only to show that d(xy) = d(z)y+xd(y)
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for allz,y € R. By hypothesis, we have d(zyt) = d(x)yt+xzd(y)t+ayd(t) forall z, y,t € R.
Replace y by yz and ¢ by tn in the equation where z,n € R, and using d(z(yz)(tn)) =
d(xzy(ztn)), we get xd(yz)tn + xyzd(tn) = zd(y)ztn + xyd(2)tn + xyzd(t)n + zyztd(n).
This gives z(d(yz)tn + yzd(tn) — d(y)ztn — yd(z)tn — yzd(t)n — yztd(n))m = 0 for all
m € R. Using N3, we have

d(yz)tn + yzd(tn) — d(y)ztn — yd(z)tn — yzd(t)n — yztd(n) =0 Vy,z,t,n € R.

Moreover, since d((yz)tn) = d(yz(tn)), using the definition of k-derivation we have

d(yz)tn — yzd(tn) — d(y)ztn — yd(z)tn + yzd(t)n + yztd(n) =0 Vy,z,t,n € R.
Adding up the last two equations, using CharR # 2 we have
d(yz)tn — d(y)ztn — yd(z)tn = 0.

This implies s(d(yz)t — d(y)zt — yd(z)t)n = 0, for all s € R. Using N3, we have
d(yz)t — d(y)zt — yd(z)t = 0. In the same way, we get,

d(yz) —d(y)z —yd(z) =0, Vy,z € R.
Hence, the theorem is proved.

From now on, (except where stated otherwise) M will be a I'-ring in the sense of
Nobusawa. For a,b € M and «, 3 € T, [a,b], and [«, ], will be denoted aad — baa and
abf — Bba respectively.

Lemma 3: Let M be a I'-ring and d be a k-derivation of M. Then the following
equalities are satisfied for a,b,c,z € M and «, 8,y € I":

i. [a’ b]ﬁ = _[ba a]ﬁa [Oé)ﬁ]a = _[ﬁa a]a
ii. [a+0b,cs=la,clg+bcls, [a+ 5,90 = [@7]a+[6:7]a
iii. [aab, z|g = [a, z]gab + ala, B0+ aalb, x|

iv. [abB,7]a = [, 7]abB + a[b, al,8 + ab[B,7]a
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v. ([e, Bl Y]a + [ @las Bla + [[87]a ala = 0

vi. [[a,b], c|g + [[c; a]s, bl + [[b, | g, a]s = O

vii. d([a,b]) = [d(a),b]s + [a, b]k(s) + [a, d(b)] 5
vill. k(e Bla) = [k(a), Bla + [, Blag) + [, k(B)]a-

Proof: Obvious.

Lemma 4: Let M be a prime I'-ring, U, {2 be nonzero ideals of M and I', respectively.
Then the following statements are satisfied for a,b € M and o, 3 € T":
i.ab=0=a=0 or b=0
ii. aUB=0=a=0 or [B=0
iii. al'UTb=0=a=0 or b=0
iv. aMQMpB=0=a=0 or (=0
v. If uav =0 for all u,v € U then a =0
vi. Cr=0&Cy =0
vii. Either Ct # 0 or Cys # 0 = M is a commutative I-ring.

viii. U C C,, for 0 # v € I' = M is a commutative I'-ring.
ix. 0#yeT and for allu,v € U [u,v], = 0= M is a commutative I'-ring [3].

Proof: The clarity of ii, iii, iv, v, viii is evident. Now we prove i, vi and vii.

i: Let aQ2b=0. So al' MQMTb C a$2b = 0. By primeness of M a =0 or b = 0, since
MQM #0:

iv: Let Cj; = 0. Suppose that Cpr # 0. Then, there exists a nonzero element a of Cp.
So, ayr — xzya = 0 for all v € T' and x € M. By this equation, replace v by yyd where
y € M and § € I, using a € Cr we obtain

0 = ayydx — xyyda= ayydr — xyady =ayydx — ayxdy = ay(ydx — x0y)
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That is, ay(ydx — xdy) = 0 for all 4,5 € T and =,y € M. So al'(ydx — xdy) = 0.
By primeness of M, we get xdy — ydx = 0 for all z,y € M, § € I'. This implies that
0 € Cpy for all § € I'. This contradicts by Cpy = 0.

vii: Suppose that Cr # 0. There should be a nonzero element a of Cr. That is,
xya = ayx for ally € ', x € M. We obtain

ad(zyy—yyz) = adzyy—adyyxr = y(dzy)a—ad(yyz) = yd(zya)—ad(yyx) = yd(ayz)—
ad(yyx) = (yda)yr — ad(yyzr) = (ady)yx — (ady)yx = 0. Hence al'(xyy —yvyx) = 0 for all
x,y € M, -~ €T. By primeness of M, we have xyy —yyx =0 for all z,y € M, ~€T.

So, M is a commutative I'-ring.

Theorem 2: Let M be a nonzero prime I'-ring of characteristic not equal to 2 and ~
be an element of I'. If there exists a € M such that [[z, a], a], = 0 for all x € M, then
aya=0oracC,.

Proof : We suppose v # 0 (otherwise aya = 0). By the hypothesis, we have
[[zBy,aly,aly = 0 for all x,y € M and § € I'. Using Lemma 3 (iii) and hypothesis,

we get
2[w, al5[B,7]ay + 2z, al,Bly, aly + 22[6,]aly, aly + 2[5, 7] Yay = 0. (2.1)
Replace x and y by [z, a], and [y, a],, respectively, then we have
[z, al[[8: Ve V]aly, aly =0, Ve,ye M VB eT. (2.2)
On the other hand, Lemma 3 (iv) implies
[8lz, aly6,7a = [8,7alz, aly0 + Blz, al4[6,7]a, Vz€M VB0 €T, (2.3)

In (2.2) replacing 3 by 5[z, a]46 where z € M, § € T, using (2.2) (2.3) and considering
CharM # 2, we obtain

[x, al4[8,Y]alz, aly[0,Yaly, aly =0 Vz,y,z€ M V3,6 €. (2.4)
In (2.4), replace 8 by B[m, alyo where m € M, o € T and use (2.3) and (2.4), we have
[x7 a]’)’[57 ’Y]a[ma a]va[z, a]’)’[éa ’7]11[:% a]’)’ =0.
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That is,
[, aly[8,]alm, al, L[z, al[6,]aly, aly = 0.

Since M is prime I'-ring, we get

[z, al4[8,Y]a[m,aly =0 Vz,meM VBel. (2.5)
Replacing z by [z, a], in (2.1), and using (2.5) and the hypothesis, we have

[, al5[[8,7a:Y]ay =0 Vz,ye M VBel. (2.6)
In the same way, if we replace y by [y, al, in (2.1) we obtain

z[[B,Ya:Valy, aly =0 Vo,ye M VB eT. (2.7)

In (2.6), replace y and B by [y, a]y and 320 where z € M, ¢ € T, respectively, and use
(2.5), (2.6), (2.7) and CharM # 2, we get

[z, aly[8; Va2, V]aly,aly =0 Vz,y,z€ M V3,6 €T.
In the last statement, replace z by zon with n € M, o0 € T', we have
[, a]4[8,7]az =0 or nldY]aly,aly =0 Vz,y,z,neM V3,6el.

Suppose that [z,a]4[3,7]ez = 0 for all x,2 € M, [ €T. Replace 8 by By[d, ], where
ye€ M, ¢eT and using [z,a],[3,7]az = 0 we get

[x7 a]’)’ﬁy[[&a ,y]aa ,Y]az =0 Vﬁ erl.

That is, [z, al,Ty[[d,V]a;V]az = 0. So [z,a]y = 0 or y[[6,V]a,V]az = 0, Vz,y,2 € M,
Vo €T If [z,a]y = 0 for all z € M then a € C,. Now, suppose that y[[d,V]a,V]az =0
Yy,z € M, V6 eT. By (N3), we have

[[65 ’7](15 ’Y]a =0 Véerl. (28)
Since CharM # 2, by the assumption and (2.8), equation (2.1) implies

[z, al,Bly, aly + z[3,Y]aly,aly =0 Vz,ye M, V3el. (2.9)
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Replace © by 20z with z € M, § € T and use (2.9), then
([x, a]ly0z + x[d,v]a2)Bly,aly =0 VB €T.

This implies either a € C or ([z,a] 0z + [,7]a2) = 0 Vz,y,2 € M, Vé € I'. Hence,
we have ([x,al,0z + x[0,7]qz) = 0 Va,y,2 € M, ¥ €T. In view of (2.9) the equation

in Lemma 3 (iii) reduces to
[€0z,a)y = x0[z,a)y Vz,z€e M, VoeTl. (2.10)
Now, by Lemma 3 (ii) and (2.10) we get
0 = [[z, aly, aly] = [zvya — ayx, aly = —ay[z, d],.
From the last equality we obtain
ayrya = ayayr Yr € M. (2.11)

Moreover, by hypothesis we have av[z,a], = [z, al,ya. By (2.11), the left side of this

equation is zero. Hence
ayrya = zyaya Nr € M (2.12)

is obtained. By (2.11) and (2.12), we get xyaya = ayayr Vx € M. That is, aya € C,.
On the other hand, using (2.10), we get afaya — avyafa = [afa,a], = afla,al, = 0 for
all 8 €I', and so afBaya = ayafa V(3 € I'. Finally, using this equality and avya € C,,
we obtain ayaf[z,al, =0 for all z € M (3 €T, that is, ayal'[x,a]l, = 0 for all z € M.
Consequently, either aya =0 or a € C,.

One can prove the case of n[d,]q[y,a], =0 for all y,n € M, § € T similarly.

Remark: Let a and vy be nonzero elements of M and I', respectively. Then d : M —
M defined by d(z) = [a,z], and k : I' — T defined by k(8) = [v, 5], are two additive
maps. Moreover d is a k-derivation of M. We call d an inner k-derivation of M as an

inner derivation of an associative ring.

Lemma 5: Let M be a prime I'-ring, v and a be nonzero elements of I' and C,,

respectively. For each z,y € M and § € I, the following conditions are satisfied.
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L [7,8la=0

ii. [avz,ylg = avlz, y|p and [zya, ylp = [z, y]pye

iii. [afx,yly = [a,y]gye + aflz, Y]y

iv. If b € C, then [avb, z]g = [afb, x|, = ay[b, x]g = a[B,V]+b

v. If b € C, and if al'd C C, then b = 0 or M is commutative I'-ring.

Proof: (i) - (iv) obvious. (v) If aI'b = 0 then b = 0. Otherwise aI'bI'M is a nonzero
ideal of M contained in C. By Lemma 4 (viii) the proof is completed.

Lemma 6: Let M be a prime I'-ring, U be a nonzero left (right) ideal of the I'-ring M
and Q be a nonzero left (right) of the M-ring I'. The following statements are satisfied
for each a € M and v € T":

i. W UI'=0=v=0 TUy=0=~v=0)

ii. sQM=0=a=0 (MQa=0=a=0).

Proof: Obvious.

Lemma 7: Let M be a prime I'-ring, U be a nonzero left (right) ideal of the I'-ring

M and v be a nonzero element of I'. If U C C,, then M is commutative.

Proof: By hypothesis, uyx = zyu € U forx € M, w € U. Hence MyU C U. If
M~U = 0 then TM~UT = 0. It is clear that if M is a prime I'-ring, then I' is prime
M-ring. So, I' = 0 or 7UT’ = 0. By Lemma 6 (i), v+ = 0. This is a contradiction.
Consequently, M~U # 0. Moreover, since uyx € U C C.,, by Lemma 5 (i) and (ii) we
have for every m,x,y € M,u e U, g € T myuf|z,y], = mPuylx, yly = mBluyz,yl, = 0.
That is, M~AUT'[z,y], = 0. The primeness of M implies that [z,y], = 0 for all x,y € M.
By Lemma 4 (ix), M is a commutative I'-ring.

The proof is similar if U is a right ideal of M.
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Lemma 8: Let M be a prime I'-ring, d be a nonzero k-derivation of M, v be a nonzero

element of I' and d(M) is contained in C,. If a € C, then a € Cj(..

Proof: It is clear by using Lemma 3 (vii).

Lemma 9: Let M, d and « be as in Lemma 8. If d(z)vd(y) = 0 for all z,y € M,
then d(M) is a left or right ideal of M.

Proof: Replace & by a8z where z € M, § € T in the equation d(x)yd(y) = 0,
we have d(z)Bzvd(y) + zk(8)zyd(y) = 0. Replace S by fmd with m € M, § € T in
the equation, we get (d(z)Bm + zk(8)m)dzvyd(y) = 0. Since M is a prime I'-ring, this
statement implies (d(z)8m + zk(8)m) = 0 or zyd(y) = 0. Suppose that for all x,m € M
and 8 € T (d(z)Bm + zk(8)m) = 0. Then (d(zBm) = xLd(y) so d(M) is a left ideal
of M. Now, let zvd(y) = 0 for all z,y € M. Replace y by yBm with m € M and
B € T in the preceding statement to obtain zyyk(8)m + zyyBd(m)) = 0. In the last
equation, replace 8 by fnd, where n € M, § € T, we get zyyB(nk(§)m + ndd(m)) = 0.
That is zyyl'(nk(0)m + ndd(m)) = 0 for all n,m,z,y € M, 6 € T. This implies
nk(6)m + ndd(m) = 0 for all n,m € M and § € T. One can then easily show that
d(M) is a right ideal of M.

Theorem 3: Let M be a prime I'-ring of characteristic not 2, d be a nonzero k-
derivation of M, v be a nonzero element of I' and k(vy) # 0. If d(M) C C, then M is

commutative I'-ring.

Proof: By hypothesis and Lemma 3 (vii), we have d([m,n],) = [m,n]y) € C, for
all n,m € M. In this statement, replace m by d(x)Bd(y) and n by z where z,y,z € M
and 8 € T and use Lemma 5 (iv), we obtain d(z)[8, k(7)].d(y) € Cy. By Lemma 8,
the last statement and hypothesis implies d(x)[8, k(7)].d(y) € Ci(yy and d(M) C Cj(,

respectively. Hence, we get,

[d(2)[8, k(V)]zd(y), 2]k =0 z,y,2€ M, BeL.

Using Lemma 3 (iii) and d(M) C Cy4), we obtain
d(@)[[8, k(7)]z k(1)]=d(y) =0 w,y,z€ M, BeT.
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In the last equation, replace 3 by (d(s)d, where s € M, § €T. Use Lemma 3 (iv), and
CharM # 2, we get d(x)[53, k(7)].d(s)[6, k(7)].d(y) = 0. Replacing § by (d(n)o, where
n e M, o€ wehave0=d(z)[8,k(v)].d(n)od(s)[d, k(7)].d(y). That is,

d(@)[3, k(+)].d(m)Td(s)[6, k(1)].d(y) =0 V5,2 € M, B,5el.
The primeness of M gives us
d(@)[3, k(7)].d(n) =0 Va,y,z€ M, Bel.
By Lemma 5 (iv), we obtain
0 =d(2)[8, k(y)]d(n) = [d(z)Bd(n), 2]k(y) = [d(@)k(y)d(n), z].

This implies d(x)k(y)d(n) € Cg, for all § € T, that is, d(x)k(y)d(n) € Cr. If there are
some elements x, n of M such that d(z)k(vy)d(n) # 0, then M is a commutative I'-ring
by Lemma 4 (vii). If d(z)k(v)d(n) = 0 for all z,n € M, then d(M) is a right (or left)
ideal of M by Lemma 9. Since 0 # d(M) C C, by the hypothesis, Lemma 7 implies M

is commutative I'-ring.
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