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Multipliers between Orlicz Sequence Spaces *

P. B. Djakov & M. S. Ramanujan

Abstract
Let M, N be Orlicz functions, and let D(¢ar,€n) be the space of all diagonal
operators (that is multipliers) acting between the Orlicz sequence spaces £y and {n.
We prove that the space of multipliers D (¢, n) coincides with (and is isomorphic
to) the Orlicz sequence space ¢ M, where My, is the Orlicz function defined by
My (X)) =sup{N(\z) — M(z), z € (0,1)}.
Key words and phrases. Orlicz sequence space, multipliers.
Let M(t),t > 0, be an Orlicz function, that is a non-decreasing convex function
such that M(0) = 0 and M(t) — oo as t — oo. Orlicz sequence space f); defined by
the function M (t) is the linear space of all sequences of scalars x = (x;)° such that

> M(z;) < oco. Equipped with the norm
|#llar = inf{p: > Mz /p) <1}
i

it is a Banach space.
An Orlicz function M(t) is said to satisfy the As-condition near 0 if M(2t) <
CM(t), t € (0,1) for some constant C' > 0. The following facts are known:

Proposition 1 Let M be an Orlicz function. Then the subspace

har = {z = (2;): Y M(|lil/p) < oo Vp>0}
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is a closed subspace of €pr, and the vectors (e,)3° (where e, = (eni), eni = 0 if i # n,
and epyn, = 1) form a basis in it.

Moreover, hy, = £y if and only if M satisfies the As-condition.

We refer to [1] for a proof of this proposition and the basic theory of Orlicz sequence
spaces.

Let M(t) and N(t) be two Orlicz functions. A sequence of scalars A = (};) is called
a multiplier between the Orlicz spaces £y and {y if for each z = (z;) € €3y we have
Az = (M\z;) € €n. Tt is easy to see by the Closed Graph Theorem that each multiplier A

defines a continuous diagonal operator
T)\ . EM — EN.

Therefore we identify multipliers with diagonal operators and denote by D({ys, n) the
space of all multipliers between ¢); and ¢5. Regarded with the usual operator norm it is
a Banach space.

Consider the function

My (s) = max(0, tzl[JOpl]{N(st) —M(t)}), s>0. (1)

Evidently it is an Orlicz function, and by its definition we have
N(ts) < M(t) + M5 (s), (2)

which generalizes the classical Young inequality.

Two Orlicz functions M (t) and M (t) are equivalent, if
Je>0,t0>0 : c 'M(c ') < M(t) < cM(ct), Vte0,to.

Equivalent Orlicz functions generate one and the same Orlicz sequence space and define
equivalent norms on it. It is easy to see that if one replaces the functions M and N with

equivalent Orlicz functions M and N, then the functions M ~ and M ~ Will be equivalent.

Proposition 2 If A € {lyy then it is a multiplier from €y into {n. Moreover, the

following generalization of the Hélder inequality holds:

Az([n < 2([Allarg,

xHM V)\EEMZ*V, Vo € lyy. (3)
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Proof. First, observe that if S is an Orlicz function then

[wills > 1 = ll(wi)lls < ZS(IMI)- (4)

Indeed, since S is a convex function and S(0) = 0 we have for every § > 1 that
S(B1t) =SB+ (1 —p71)-0) < B7LS(t). Therefore, from the definition of the
norm ||(y;)||s, it follows that for every 3 such that 1 < 3 < ||(y;)||s we have

1< ZS(|?J¢|/5) <p7! ZS(|?J¢|)-
So, letting § — [[(y:)|ls we obtain |[(y:)lls < >_; S(lyil)-
Fix A = (\i) € €arz, and z = (2;) € £y, and let
p > [Allarg, 7> lllar

Consider the sequences A = \/p and & = z /-
Then

Do N(idil) < 3 M(al) + 0 My (M) <2,

and from (4) it follows that | AZ||x < 2, thus |[Az|x < 2pr. Letting p 1 | Allarz, and

r 1 ||z||» we obtain the claim.

Theorem 3 For every pair of Orlicz functions M, N the sequence spaces D(€ar, ¢n) and

Lnry, coincide as sets, and moreover, they are isomorphic as Banach spaces.

Proof. First, observe that if S is an Orlicz function then

[(wills <1 = ZS(Iin) < [I(wa)lls- (5)

7

Indeed, since S is a convex function and S(0) = 0 we have for « € (0,1) that S(at) <
aS(t). Therefore for every a such that ||(y;)]ls < a <1

[(wa)lls <o = Zs(lyil/a) <1l= Zs(lyil) <ad S(yil/a) <a,
so letting o — ||(y:)|ls we obtain > N(Jui]) < ||(v:)lls-
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Consider, in the space of multipliers D(¢ps, £), the operator norm
I\llo = sup{lAalln : llzllar = 1}
From Proposition 2 it follows immediately that
D(lnr,n) D Loy,

and

lello < 2lpllarg, Vi€ larg,.

Further we show that
D(EM, EN) C eMz*v

and

lellary, <2[lpllo Vi€ D(lar, En).

We may assume without loss of generality that M (1) = 1 and N(1) = 1. Then we
have

Vi lleillar=1, [leilly =1

Fix a multiplier A = (A;) € D(lnr, €n) such that ||[A]lo = 1/2. Then |N\;| = ||Ae;il|v <
1/2|e;llar = 1/2.
Since M and N are Orlicz functions they are continuous. Thus for every i = 1,2, ...

there exists an x; € [0, 1] such that
My (1Xf) = N([Ailzi) — M (),
that is
N(|Ailws) = M (i) + My (IAil)- (6)
Consider the sequence (z;)$°. Since by our assumption ||A|lp = 1/2, we have by (5)
Vi N(|Ailzi) < [[Nizieillv < 1/2||zeillan < 1/2,
therefore

M(xi):N(|)\i|xi)—MX;(xi)<1/2, 1=1,2,.... (7)
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We shall prove by induction that Y M (z;) < 1/2. It was shown that the statement
is true for n = 1.
Consider the sequences £ = Yl wiei, n=1,2,.... Assume that the claim is true

for some n. Then

n+1

so [[€"F1]|ar < 1. Therefore we obtain by (6) and (5)

n+1 n+1

D M) <Y N(IAila) < A v <172,
1

1

which proves the claim.
Since >°7 M(z;) < 1/2 for every n we have >.7° M(z;) < 1/2, thus € £y and
lz||ar < 1. Now from (6) and (5) it follows

D MR <Y N(Aife) < lPally < 1/2]|2]ar < 1/2,
1 1

hence \ € £y and |||y < 1.

Suppose 1 € D(€pr,€n) is an arbitrary multiplier. Consider the sequence A = p/p,
where p = 2||plo. Then we have A € arx and |[Marz, = [[1/pllary, < 1, hence p € £ary
and

llallarg < 2(pllo-

The theorem is proved.

Remark 1. An Orlicz function S is called degenerate, if S(¢t) = 0 for some ¢ > 0; then
the corresponding Orlicz sequence space {g coincides with .. In view of the theorem

D(lpr,lNn) = loo if and only if the Orlicz function M3 is degenerate.

Ezample. Tt is well known that for p,q > 1

b, 1/r=1/q—1/p, if p>g¢;
eooa ifpSQ-

D(E;Daeq) = {
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Let us see how this result follows from Theorem 2. Consider M(t) = ¢?/p and
N(t) = t%/q. If p > q then it is easy to see that for each fixed s € (0,1) the expression
N(st) — M(t) = (st)9/q — tP/p attains its maximum for ¢ € [0,1] at t = s9/(P=9), Thus
for s € [0,1]

M () = (1fa —1/p)s0/ 70 = o r

with 1/r =1/q —1/p, hence D(¢4,¢,) = £,. In the case p < g, if s7 < ¢/p, then
N(st) — M(t) = (st)?/q —t"/p <0, t€][0,1].

Therefore M (s) = 0 for s < (¢/p)'/9, that is M} is a degenerate Orlicz function, hence
Dby, ly) =l

Remark 2. Let D.({pr, ¢n) be the space of all compact multipliers between the spaces
£y and £y . It is easy to see by Proposition 1 that each multiplier from the subspace hass

is compact (as limit of finitely-supported multipliers), thus
th*v C DC(EM,KN).

In particular, if the function M}, satisfies the Ay-condition near zero, then each multiplier

between the spaces £j; and ¢ is compact, that is
D(lpr,¢n) = De(bps, En).
Up to our knowledge the following question is open:

Question. Is it true that every compact multiplier between the spaces £j; and { is

a limit of finitely-supported multipliers ?
Obviously, a positive answer to that question would imply that
De(brr, In) = hary,,

so we would have
D(lpr,ln) = De(bps, En).

if and only if the function M}, satisfies the Ag-condition.
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