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QR-Submanifolds and Almost Contact 3-Structure

Ruifat Giines, Bayram Sahin and Sadik Keles

Abstract
n

In this paper,QR-submanifolds of quaternion Kaehlerian manifolds with dimv— =
1 has been considered. It is shown that each QR-submanifold of quaternion Kaehle-

rian manifold with dimvt = 1 is a manifold with an almost contact 3-structure.
We apply geometric theory of almost contact 3-structure to the classification of QR-

submanifolds (resp.Real hypersurfaces) of quaternion Kaehler manifolds (resp.IR*™,
m > 1). Some results on integrability of an invariant distribution of a QR-

submanifold and on the immersions of its leaves are also obtained.

Key Words: Quaternion Kaehler Manifold,QR-Submanifold, Almost Contact 3-
Structure

1. Introduction

The geometry of QR-submanifolds of a quaternion Kaehlerian manifolds was firstly
reported by Bejancu[l]. Among all submanifolds of a quaternion Kaehlerian manifold,
QR-submanifolds have been intensively studied from different points of view by many
authors [1],[2],[4].

In case of dimv' = 1, the study of QR-submanifolds has a significant importance.

We show that QR-submanifolds of quaternion Kaehler manifolds with dim v+ = 1 admit
an almost contact 3-structure.

2. Preliminaries
Let M be a 4n— dimensional manifold and g be a Riemannian metric on M. Then
M is said to be quaternion Kaehlerian manifold (see, [1]) if there exists a 3—dimensional
vector bundle of tensors of type(1.1) with local basis of almost Hermitian structures
AMS Subject Classification: 53C15,53C40
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J1, Jo, J3 satisfying

J10J2 = —J20J1 = Jg (IIl)

and

Vxda=>_ Qap(X)Jy,a=1,2,3 (11.2)

for all vector fields X tangent to M ,where v/ is the Levi-Civita connection determined
by g on M and Q,y, are certain 1—forms locally defined on M such that Q5 + Qpa = 0.

Let M be (4m + 3) —dimensional differenntiable manifold and (¢, &q,7,.) be three
almost contact structures on M i.e. We have

(bZ(X) =-X+ na(X)ga; ¢a(§a> =0

77a(§a) - 1, na0¢a =0 (113)

where X tangent to M. Suppose that the almost contact structures satisfy the following
conditions

na(gb) =0,a#b, ¢a(§b) = _¢b(§a) =&
Na0Py = —Np0Pa = e (11.4)
(9000 (X) = La((X)) = (p0¢a)(X) — & (1a(X)) = de(X)

for any cyclic permutation (a,b,c)of (1,2,3). Then, we say that M is endowed with

an almost contact 3-structure. If M is a Riemannian manifold, then we can choose a
Riemannian metric g on M such that we have

(¢(IX) oY) = g(X, Y) - na(X)na(Y) (H-5)
%(X) =9 (Xa &a)

for any X,Y € x(M). In this case we say that (¢a,&a,Na),a = 1,2,3 define an almost

contact metric structure (See [5]). Taking account of ( IL.3) and (IL.5), we obtain

g (X, Y)+9(X,0,Y)=0,a=1,2,3

for any X,Y tangent to M.
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Let M be an m—dimensional Riemannian manifold isometrically immersed in M. We
denote by TM (resp. TM+) the tangent (resp. normal) bundle to M. Then we say that
M is a quaternion-real submanifold (QR-Submanifold) if there exists a vector bundle v

of the normal bundle such that we have

Jo(Ug) = vy (11.6)

and
Jo(vl) C To () (IL.7)
for x € M and a = 1,2,3, where v' is the complementary orthogonal bundle to v

in TM~+. Let M be a QR-submanifold of M. For sake of shortness we use D, for
Dor = Jo(vy), a = 1,2,3. We consider Dy, © Do, @ D3, = D} and 3s—dimensional
distribution D+ : 2 — D globally defined on M. Where s = dimv;. Also we have, for
each r € M,

Ja (Dax) = /Uii) Ja (Dba) = D¢z, (IIS)

where (a, b, ¢) is a cyclic permutation of (1, 2, 3). Next, we denote by D the complementary

orthogonal distribution to D+ in T M, we see that D is invariant with respect to the action
of J,. i.e. we have

Ja(Dx) =D, (H.Q)

for any x € M. D is called quaternion distribution . Also note that Di,, D2y, D3, are
mutually orthogonal vector spaces of Ths(z) (see [1]).
In [3] D.E.Blair introduced the concept cosymplectic structure as it follows. An almost
contact metric structure (¢, &, 1, g) is a cosymplectic structure if and only if
(Vx9)Y =0,(Vxn)Y =0,

where V is Levi-civita connection on M.

Definition 2.1 An almost 3-contact structure (¢a,&a,Na) @S
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a) a 3-cosymlectic structure if

(Vx¢a)Y =0, (Vx7a)Y =0 (11.10)

b)a 3-Sasakian structure if

(VX¢a) Y = %(Y)X - g(X, Y)a (H'll)

¢) a nearly 3-Sasakian structure if

(Vx¢a) X = %(X)X _g(XaX)ga (11'12)
where V denotes the Levi-Civita connection and X,Y, Z are arbitrary vector fields on M.

For Y € x (M), we decompose as follows

JY=PY +FY,a=1,273 (11.13)

where P,Y and F,Y the tangential and normal parts of J,Y, respectively.
The formula Gauss and Weingarten are given by

VxY =VxY 4+ h(X,Y) (I1.14)

and

VxV =—-AyX + VLV (IL.15)

for any vector fields X,Y tangent to M and any vector field V normal to M. Where
V is the induced Riemann connection in M, h is the second fundemental form, Ay is

fundemental tensor of Weingarten with respect to the normal section V and V- normal
connection on M. Moreover we have the relation

g(Av X, Y) = g(h(X,Y),V) (I1.16)

3. QR-Submanifolds with dim v+ =1

Let M be a QR-submanifold of a quaternion Kachlerian manifold M such that the

1

dimension v' is equal to one. In this case v’ is generated by unit vector field, say N.
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We shall show in the sequel that N is precisely determined with one of the almost contact
3-structure. Let —J,(N) = &,,a = 1,2, 3 and hence the distributions D, are generated by
the vector fields &,. It is natural expect that a QR-submanifold of quaternion Kaehlerian

manifold with dimv' = 1 is almost contact 3-structure, we describe it as follows;

Proposition 3.2 Let M be a quaternion Kaehlerian manifold and M be a QR-submanifold

of M. Then M is a manifold with almost contact 3-structure.
Proof. For any X € T'(TM), put
6oX = PoX, Fo(X) = 12(X)N. (IIL.1)
Then g(F, X, N) = n,(X) and
1a(X) = g(X, &a)- (1I1.2)

Moreover g(P, X, P,Y) = g(Jo X, J,Y) — g(Fo, X, F,Y') implies

g(¢aXa ¢aY) = g(X, Y) - na(X)na(Y) (HI'?’)
and
J?X = J,P,X + J,F, X
or
—X = P2X + n4(X)JuN.
Hence

P2 X = =X +na(X)&a- (IIL.4)

On the other hand, from (I11.2) and (II1.4) we obtain ¢, (&) = 0 and 7, (&) = 1,
respectively. Moreover

(Na0¢a) X = na(¢aX) = 9(¢aXa §a) =0
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for any X € T'(T'M) . From (I11.1) and (II1.2)

na(gb) =0

and

¢a(§b) = Ja(gb) - Fa(gb)
== —Ja(JbN)
= —J.N=¢.

By using (I11.13) and (II1.4), we obtain

(naO(bb)(X) = na(¢bX)
= g(¢bXa ga)
= nc(X)

and

(9a00p)(X) = &a (m(X)) = ($109a)(X) — & (M4 (X))
= (¢b(¢a(X)) =& (%(X))
= (bc(X)

This shows that on a QR-submanifold of a quaternion Kachlerian manifold dim v+ = 1
there exists a natural almost contact 3-structure. i.e. tensor field ¢, of type (1,1), 1-form
7, and unit vector field &, satisfy (I1.3),(11.4) and (IL.5).

From now on will denote by M a QR-submanifold with dimv* = 1.

Theorem 3.3 Let M be a QR-submanifold of a quaternion Kaehlerian manifold. If for
any X, Y e T (TM), h(X,Y) has no component in T (UL) and Dg,a =1,2,3 are parallel

in M, then M is a manifold with cosymplectic 3-structure.

Proof. For any X,Y € T'(TM), from (I1.2) we have

VxJoY = Qup(X) Y + Que(X)JY + J,VxY.
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Taking account of (I1.13),(I1.14),(I1.15) and (III.1) we obtain

(Vx¢a)Y + (Vxna(Y)) N + h(X, ¢.Y)
—0a(Y)ANX +1a(Y)VEN = Qup(X) Y + Qap(X)ns(Y)N
+Qae(X)beY + Que(X)n(Y )N
+B,h(X,Y) + C.h(X,Y).

Comparing the tangential and normal parts both of sides of this equation, we have

(Vx0a)Y = 0a(Y)ANX + Qup(X)9pY + Quc(X) @Y (IIL5)
+B.h(X,Y)
and
(Vxna(Y)) N = =h(X, $aY) + 1a(Y)Vx N (I11.6)
+Qab(X)77b(Y)N + Qac(X)nc (Y)N
+CLh(X,Y).

Now, we decompose h(X,Y) into components h'(X,Y) and h?(X,Y) in v' and v

respectively as

R(X,Y) =h'(X,Y) +h*(X,Y)

where we can put h!(X,Y) = o (X,Y) N for some scalar valued bilinear function .. Thus
(II1.5) and (II1.6) gives

(Vx¢a)Y = 1a(Y)ANX + Qup(X) Y + Quc(X)pcY (I11.7)
_a(Xa Y)ga
and
(Vx1a) (V) = =X, ¢aY) + Qup(X)m6(Y) + Qac(X)ne(Y). (I11.8)

On the other hand, since {, = —J, N we have
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nga = _(vXJa)N - JavXN

for any X € T'(TM). Thus by using (IL.2),(IL.8),(II.15) and taking tangential parts we
obtain

VX&I = Qab(X)gb + Qac(X)gc + ¢aANX

for any X € T'(TM) . Thus we have

9(Vx&a: &) = Qan(X) + 9(0a ANX, &).

From (II.4) and (I1.16) we derive

nb(nga) +a (Xa gc) = Qab(X) (IIIQ)

Similarly, we get

Ne(Vx&a) — a (X, 8§) = Qac(X) (II1.10)

Combining (I11.7) and (IIL.8) with (II1.9) and (II1.10) we have

(VX¢a) Y = na(Y)ANX + (nb(nga) +o (Xa gc)) oY (IH'll)
+ (nc(nga) -« (Xa gb)) ¢CY -« (Xa Y) ga

and

(Vx1a) (V) = =X, $aY) + (m(Vx&a) + a (X, &) m(Y) + (IT1.12)
(ne(Vx&a) = (X, 6)) ne(Y)

for any X, Y € T'(TM). From (I1.16) and (II1.11) we get

((VX¢a YZ —77a( ( + b(nga) (¢bKZ)
t+a (X, &) g(ppY, Z) E (Vxéa( a(X,6)) (oY, Z) (IIL.13)
X, Z).
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Thus if A(X,Y") has no components in T’ (Ul) and D,,a =1, 2,3 are parallel in M, then
from (IT1.12) and (IIL.13), we get (Vx¢a)Y = 0 and (Vx7n,) (Y) = 0 that is M is a

manifold with cosymplectic 3-structure.
As immediate consequence of theorem we have the following;

Corollary 3.4 Let M be real hypersurface of quaternion Kaehler manifold M. If M is
totally geodesic and &, are parallel in M then M is a manifold with cosymplectic 3-
structure.

Corollary 3.5 Let M be real hypersurface in IR*™(m > 1). Then M is totally geodesic

if and only if M is a manifold with cosymplectic 3-structure.

Proof. Since M = IR*"(m > 1) we have Vx.J, = 0. Thus from (I11.13) we get

9(Vxa)Y, Z) = (Y (X, Z) — (X, Y) na(Z) (IT1.14)
for any X,Y,Z € T'(TM). Let M be a totally geodesic real hypersurface of IR*™(m > 1)
then from (II1.14) we have
9(Vxa)Y,Z) =0

and from (I11.8) we obtain

(VX%) (Y) =0

for any X,Y € T (TM). Thus M is a manifold with cosymplectic 3-structure.

Conversely, if M is a manifold with cosymplectic 3-structure, from (I11.14) we get

Na(Y)ANX = a(X,Y) &

or

mY)ANX =a(X,Y)&
n(Y)ANX = a(X,Y) &
n3(Y)ANX = a(X,Y) &

since &1, &2, &3 are linearly independent we get o (X,Y’) = 0. Thus proof is complete.
From (II1.14) we have the following corollary.
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Corollary 3.6 Let M be real hypersurface in IR*™(m > 1). Then M is a manifold with
Sasakian 3-structure if and only if a (X,Y) = g(X,Y) for any X, Y € T (TM).

Corollary 3.7 Let M be totally umbilical real hypersurface in IRY™(m > 1). Then M is
a manifold with nearly Sasakian 3-structure.

Proof. For any X,Y € T' (T M), from (II1.7) we get

g((vX¢a) X,Y)= %(X)g(h (Xa Y),N) - a(XaX) %(Y)
= na(X)g(Xa Y)—g (XaX) g((Y, €a)-

Thus M is a manifold with nearly Sasakian 3-structure.

Theorem 3.8 Let M be a QR-submanifold of quaternion Kaehler manifold such that
(Vx0a)Y =0,X,Y € (D). Then the quaternion distribution is involutive.

Proof. By using (I11.6), we obtain

9([(X, Y], &) = 9(VxY, &) — 9(Vy X, &)
= Xg(Y, &) — 9(Y, Vx&a) = Y9(X, &) + 9(X, Vv &a)
=9(X,Vv&) — 9(Y,Vx&)
=—-29(Y,Vx&)
=29(VxY, &)

for any X, Y € T'(D) and ¢, € T'(D*). Since D is invariant under ¢, there exists nonzero
vector field Z € T'(D) such that Y = ¢,Z. Thus we have

9([Xa Y], a) = QQ(VX¢aZa €a)
=29((Vx%a)Z + ¢a(Vx Z), &)
= 2g(¢a(VXZ)a§a)

here, by using (II.3) we obtain g([X,Y],&,) =0 i.e. [X,Y] e (D).

Corollary 3.9 Let M be a QR-submanifold of quaternionn Kaehler manifold. If D is
involutive, then each leaf of D is totally geodesic in M.

Proof. The proof is obvious from proof of the Theorem 3.7.
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Theorem 3.10 Let M be a QR-submanifold of quaternionn Kaehler manifold. Then we
have
PANX = X << PYUx &= —¢u X

for any X € T'(D). Where P is the projection morphism of TM to the quaternion
distribution D.

Proof. From (II.2) we have
~VxJaN = (X, JuN) = Vx&
_(gXJa)N - Ja(%XN) - h(X, JaN) = Vx¥&a-
By using (I1.2) and (I1.15) we obtain
~Qut(X)JyN = Qac(X)JeN = Jo(ANX + TV x N = h(X, &) = Vixéa.
Here,(I1.1) and [1] we have
_Qab(X)JbN - Qac(X)JcN + JaPANX
+77b(AnX)§c - nc(AnX)gb - na(AnX)N
B,y xN - CovtxN

_h(Xa §a) =P Ux &t na(nga)ga
+77b(VX§a)§b + UC(VXga)gc

thus we obtain J,PANX = P \Vx &,. Hence we get assertion of theorem.
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