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The Pitch and the Angle of Pitch of a Closed Nonnull

Ruled Hypersurface Whose Generator is Spacelike in

Rk+2
1

Ayşe Altın, Aysel Turgut Vanlı

Abstract

In this paper, the pitch and the angle of pitch of a closed nonnull ruled hyper-

surface whose generators are spacelike are calculated in Rk+2
1 .

1. Introduction

A hypersurface in k+2- dimensional Minkowski space Rk+2
1 = (Rk+2,

∑k+1
i=1 dxi −

dxk+2) is called a spacelike (timelike) hypersurface if the induced metric tensor on the

hypersurface is a positive definite Riemannian metric (Lorentz metric) [2].If the tangent

vector at every point of a given curve in Rk+2
1 is a spacelike (timelike) vector,then the

given curve is called a spacelike(timelike) curve [6].
Let η :I→Rk+2

1 be a spacelike curve inRk+2
1 where I⊂R, and let {e1(t),e2(t),. . .,ek(t)}

be a given orthonormal vector defined at each point η(t). The set {e1(t), e2(t), . . . , ek(t)}
spans a space of the tangent space Tη(t)R

k+2
1 at the point η(t) of Rk+2

1 . Let us denote this

space by Ek(t). The set M = ∪t∈IEk(t) is a hypersurface of Rk+2
1 . A parametrization

for this hypersurface is

ϕ : I ×Rk → Rk+2
1 , ϕ(t, v1, . . . , vk) = η(t) +

k∑
i=1

viei(t) (1)
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if

rank(ϕt, ϕv1, . . . , ϕvk) = rank(η′(t) +
k∑
i=1

vie
′
i(t), e1(t), . . . , ek(t)) = k + 1

then the hypersurface M is said to be a ruled hypersurface, the space Ek(t) is called the

generator space of the ruled hypersurface at η(t) and the curve η is called base curve of

the ruled hypersurface. The line, whose director vector is ei(t), that passes through η(t)

is said to be ith generator line of the hypersurface.

For real numbers p > 0, the condition η(t+ p) = η(t) is satisfied, then the surface is

called a closed ruled hypersurface [4,p.518]. The smallest p > 0 satisfying η(t+ p) = η(t)

is called the period of the closed ruled hypersurface. A curve which intersects each space

Ek(t) orthogonally is said to be an orthogonal trajectory of M .

Adapting the algorithm of [5] to Rk+2
1 , if the initial basis {e1(t0), e2(t0), . . . , ek(t0)}

is given, then the basis {e1(t), e2(t), . . . , ek(t)} satisfying

< ei(t), ej(t) >= εiδij and < e′i(t), ej(t) >= 0, 1 ≤ i, j ≤ k (2)

is uniquely determined, where we donete the derivative of vector field eν along the curve

η by e′ν , and <,> donetes the scalar prodoct in Rk+2
1 .

In [3], H. Frank and O.Giering computed the k- number of the pitchs and the angles

of pitch for a simple closed C2 − (k + 1) dimensional ruled surface. That is not the

generalization of the pitch and the angle of pitch. Desired generalization has been done

in A.Altin [1].

In this paper,the results obtained by [1] is investigated in Rk+2
1 .

2. The Pitch of a Closed Nonnull Ruled Hypersurface in Rk+2
1

Theorem 2.1. Let M be a nonnull ruled hypersurface in Rk+2
1 . There exists a unique

orthogonal trajectory at each point of M.

Proof. An orthogonal trajectory, if exists, is of the form:

β : I →M, β(s) = η(s) +
k∑
i=1

fi(s)ei(s) (3)
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where f is a function from I into R. 2

Differentiating (3), we obtain

β′(s) = η′(s) +
k∑
i=1

f ′i(s)ei(s) +
k∑
i=1

fi(s)e′i(s). (4)

Since the curve β is orthogonal to generator space Ek(s), we have

< β′(s), ej(s) >= 0, for all j = 1, . . . , k. (5)

Replacing (4) in (5), we obtain

< η′(s), ej(s) > +
k∑
i=1

f ′i(s) < ei(s), ej(s) > +
k∑
i=1

fi(s) < e′i(s), ej(s) >= 0.

Using (2) leads to

< η′(s), ej(s) > +εjf ′j(s) = 0.

Thus we have

fj(s) = −
∫
εj < η′(s), ej(s) > ds+ cj .

If we denote

−
∫
εj < η′(s), ej(s) > ds = Fj(s) (6)

then we have

fj(s) = Fj(s) + cj 1 ≤ j ≤ k. (7)

Since cj is chosen arbitrarily, there are many curves satisfying (5). However, there exists

a unique orthogonal trajectory passing through each p0 ∈M which is of the from

p0 = ϕ(s0 , v10, . . . , vk0) = η(s0) +
k∑
i=1

vi0ei(s0).
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Definition 2.1. Let M be a closed nonnull ruled hypersurface in Rk+2
1 and let

{e1(t), e2(t), . . . , ek (t)} be the orthonormal frame of M at the point η(t). Let β denote

the orthogonal trajectory at η(t). The distance between β(t) and β(t+p) is called the pitch

of M.

Theorem 2.2. Assume that Lt is the pitch of a closed nonnull ruled hypersurface M

whose generator η is a spacelike curve in Rk+2
1 .

If M is a spacelike then

Lt =
√
L2

1t
+ L2

2t
+ · · ·+ L2

kt
.

If M is a timelike then

Lt =
√
| L2

1t
+ L2

2t
+ · · ·+ L2

(k−1)t
− L2

kt
|.

Proof. Let M be a closed spacelike ruled hypersurface in Rk+2
1 , that is, ei (1 ≤ i ≤ k)

is a spacelike vector field in Rk+2
1 .

If we choose p0 of Theorem 2.1 as η(t) then we have νit = 0, subsequently fi(t) = 0

and thus ci = −Fi(t). From (7), for s = t+ p, we have

fi(t+ p) = Fi(t + p) − Fi(t)

and

fi(t+ p)− fi(t) = Fi(t+ p)− Fi(t).

This, together with (6), implies that

fi(t+ p)− fi(t) = −
∫ t+p

t

εi < η′(s), ei(s) > ds. (8)

Now, let

fi(t+ p)− fi(t) = Lit 1 ≤ i ≤ k.

Lit is called the pitch on the ith generator at the point q(t). Clearly,

~β(t)β(t + p) = L1te1 + L2te2 + · · ·+ Lktek. (9)
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The length of this vector renders the pitch of the closed spacelike ruled hypersurface M

at η(t). We have

Lt =
√
L2

1t
+ L2

2t
+ · · ·+ L2

kt
.

Let M be a closed timelike ruled hypersurface in Rk+2
1 , that is the normal vector field

of M is spacelike. Then one of the ei (1 ≤ i ≤ k) must be a timelike vector field. Assume

that ek is a timelike vector field.

From (9) we have

Lt =
√
| L2

1t
+ L2

2t
+ · · ·+ L2

(k−1)t
− L2

kt
|.

The pitch Lt, by (8), is independent of the choice of orthogonal trajectory.

3. The Angle of Picth of a Closed Nonnull Ruled Hypersurface in Rk+2
1

Definition 3.1. Let M be a closed nonnull ruled hypersurface in Rk+2
1 and let

e1(t), e2(t), . . . , ek(t) be unit director vectors at the point η(t) of the generator η. Let

ek+1(t) denote the unit tangent vector of orthogonal trajectory at η(t). The angle between

ek+1(t) and ek+1(t+ p) is called the angle of pitch of M where ek+1(t+ p) is the tangent

vector of the orthogonal trajectory at η(t + p) and p is the period of the closed curve η.

Suppose that M is a closed nonnull ruled hypersurface in Rk+2
1 . Let {e1(t), e2(t), . . . ,

ek+2(t)} be an orthonormal frame at the initial point β(t) = η(t). For all s ∈ [t, t+ p], an

orthonormal frame {e1(s), . . . , ek+2(s)} at the point β(s) can be written as

ei(s) =
k+2∑
j=1

aij(s)ej , 1 ≤ i ≤ k + 2. (10)

Since β is an orthogonal trajectory, then, at s = t+ p, we have

eµ(s) = eµ, 1 ≤ µ ≤ k

ek+1(s) = a(k+1)(k+1)(s)ek+1 + a(k+1)(k+2)(s)ek+2 (11)

ek+2(s) = a(k+2)(k+1)(s)ek+1 + a(k+2)(k+2)(s)ek+2
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Since M is a closed spacelike ruled hypersurface whose generator η is spacelike in Rk+2
1 ,

the orthogonal trajectory must be a spacelike curve. Thus, the angle between ek+1(s)

and ek+1(s+ p) is defined.

Assume that M is a closed a timelike ruled hypersurface whose generator η is spacelike

in Rk+2
1 . Then the normal vector field of M is spacelike. Since ek is a timelike vector

field, ek+1(s) and ek+1(s+ p) must be two spacelike vectors.

Theorem 3.1. Let M be a closed nonnull ruled hypersurface whose generator η is

spacelike in Rk+2
1 . The angle of pitch of M is

θt = −
∫ t+p

t

< e′k+1(s), ek+2(s) > ds.

Proof. We can divide the proof in two cases: 2

1.case.

Let M be a closed spacelike ruled hypersurface whose η is spacelike in Rk+2
1 . Thus,

ei(s) and ei 1 ≤ i ≤ k + 1 are spacelike vectors, and ek+2(s), ek+2 are timelike vectors.

Hence, {e1(t), e2(t), . . . , ek+2(t)} is the orthonormal frame at the initial point η(t) = β(t)

and the orthonormal frame is {e1(s), e2(s), . . . , ek+2(s)} at the point β(s) for all s ∈
[t, t + p], where β is the orthogonal trajectory of M . Let us denote the angle between

ek+1 and ek+1(s) by θ(s).From (11) we can choose

a(k+1)(k+1)(s) = chθ(s), a(k+1)(k+2)(s) = shθ(s),

a(k+2)(k+1)(s) = shθ(s) and a(k+2)(k+2)(s) = chθ(s).

Hence, we get

eµ(s) = eµ, 1 ≤ µ ≤ k

ek+1(s) = chθ(s)ek+1 + shθ(s)ek+2 (12)

ek+2(s) = shθ(s)ek+1 + chθ(s)ek+2.
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Using (12) we have

e′k+1(s) = ek+2(s)θ′(s) and − < e′k+1(s), ek+2(s) >= θ′(s).

Thus,we have

θt =
∫ t+p

t

dθ = −
∫ t+p

t

< e′k+1(s), ek+2(s) > ds.

2.case.

Let M be a closed timelike ruled hypersurface whose η is spacelike in Rk+2
1 . Thus,

ek(s), and ek are timelike vectors, and ei(s), and ei 1 ≤ i ≤ k + 2 (i 6= k) are spacelike

vectors.

Hence, {e1(t), e2(t), . . . , ek+2(t)} is the orthonormal frame at the initial point α(t) =

β(t) and the orthonormal frame is {e1(s), e2(s), . . . , ek+2(s)} at the point β(s) for all

s ∈ [t, t+ p], where β is the orthogonal trajectory of M . Let us denote the angle between

ek+1 and ek+1(s) by θ(s).From (11) we can choose

a(k+1)(k+1)(s) = cosθ(s), a(k+1)(k+2)(s) = −sinθ(s),
a(k+2)(k+1)(s) = sinθ(s) and a(k+2)(k+2)(s) = cosθ(s).

Hence, we get

eµ(s) = eµ, 1 ≤ µ ≤ k

ek+1(s) = cosθ(s)ek+1 − sinθ(s)ek+2 (13)

ek+2(s) = sinθ(s)ek+1 + cosθ(s)ek+2.

Using (13) we have

e′k+1(s) = −ek+2(s)θ′(s) and − < e′k+1(s), ek+2(s) >= θ′(s).

Thus,we have

θt =
∫ t+p

t

dθ = −
∫ t+p

t

< e′k+1(s), ek+2(s) > ds.

which completes the proof.
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