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On Modified Baskakov Operators on Weighted Spaces*

Nurhayat Ispir

Abstract

The author presents a modification of the Baskakov operator for the intervals
[0,b,], where by, is an increasing sequence of positive numbers with either finite

or infinite limit. Convergence properties of such an operator for continuous and
differentiable functions in weighted space are established.
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1. Introduction

Baskakov [2] introduced the sequence of linear operators {L,, },
L, : C[0,00) — C0, A], defined by

oo Y
Lt =3 (5) e S )

Many results on convergence of these operators are known. Moreover, there are some
in which the derivatives of the Baskakov operator converge to the derivatives of functions.

But all of them are convergence conditions on a finite interval (for example, [1], [7], [8] ).

The aim of this paper is to study convergence properties of the modified Baskakov
operators in weighted spaces when the interval of convergence grows as n — oo. For this

we will use the weighted Korovkin type theorems, proved by A. D. Gadzhiev [3], [4]. Now,

we give Gadzhiev’s results in weighted spaces. We use the same notation as in [3].
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Let p(z) = 14+ 2% —o00 < z < 0o and B, be the set of all functions f defined on the
real axis satisfying the condition |f(x)] < Myp(z), where M/ is a constant depending

only on f. B, is a normed space with the norm || f||, = sup |£§i;| , f € B,. C, denotes the
z€R

subspace of all continuous functions in B, and C}’; denotes the subspace of all functions

f € C, with | 1|im f(x)/p(x) =k, where k is a constant depending on f.
ZT[—0o0

Theorem A. Let {T},} be a sequence of linear positive operators taking C, into B, and

satisfying the conditions

lim ||T,(t", ) — x”Hp =0,vy=0,1,2.

n—00

Then, for any function f € C /];’
lim |7, f — fll, =0,
n—oo
and there exists a function f* € C’,,\le such that
lim [T, f" — f*, > 1.
n—oo
Applying Theorem A to the operators

L Valfix), x€]0,a)
Lulfi) ‘{ f@), 0.0l

one then also has the following theorem.
Theorem B ([5]). Let {a,} be a sequence with lim a, = oo and {V,,} be a sequence
n—oo

of linear positive operators taking C, 0,4,] into B, [0,q,]- If for v =0,1,2

i [Va(t”,2) = 21l .0, = 0.
. k
then for any function f € C ,]0,0m]
nh—>n<;lo HV"f o f| pi0,an] = 0,

where B, [0.a,], Cp,[0,a,] and C’g [0,an] denote the same as B,, C), and C;];’ respectively, but
the functions are taken on [0, a,] instead of real axis R and the norm is taken as

/(@)

p,00,a,] — 0<z<an, p(x) :

11
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We now give a modification of the Baskakov operator.

Let {b,} be a sequence of positive numbers which has finite or infinite limit and {¢,}
be a sequence of functions ¢,, satisfying the following conditions.

(i) on is analytic on the interval [0, b,] for each positive integer n;

(ii) ¢n(0) =1 for every positive n;

(iii) (—1)’“90%“ () > 0 for every positive integer n, x € [0, b,,] and for every nonnegative
integer k;

(iv) There exists an integer m such that for all positive integers k and for some
nonnegative integer n +m

P (x) = =l (@) (1 + o (@)

where
0n(0) = O(). k=12, @)
and
40 avordy 3)

If we replace the interval [0, A] by [0,b,] in (1) and take ¢,,’s satisfying (i)-(iv) then we
call L,, the modified Baskakov operator.
Note that, if lim b, = A, then we obtain the Baskakov operators, defined in [2].
n—oo

2. Convergence in Weighted Spaces

Theorem 1 For any f € C,];,[O,bn] we have ||Ln f = fIl, (94,1 — 0 as n — oc.

Proof. Since the Baskakov operators L,, satisfy

©n(0)

1 1" /7
L,(1;2)=0,L,(t;x) = —x ,Ln(tQ;x) = (x2<pn(0) — xgon(O)) ,x >0,

we have |Ly(p; z)| < Mp(x),where M is a constant. Thus ||Ln(f, )|, ,)is uniformly

bounded on [0, b,]. Hence { L, } is the sequence of linear positive operators taking C, 0.,,]

into By jo,5,,]-
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Clearly, we can write

lim ||L,(1,z)—1]
n—oo

p0,ba] = 0-

Using properties (iv) and (ii) we get

’

Lo(t,z) = 5(-2¢,(0))
= 2Pn4m(0)(1 + a1,,(0))

= z(14 a1.,(0)),

and by (2)
L,(t —
s M = a17n(0) sup v 3
xe[OJJn] 1 + € (L‘E[O,bn] 1 + €z
1
= O(—) su x 5

Hence we obtain

i [Ln(t,2) = |, 104,,) = O-
Ao, the propestie (1) and (i) show that
Li(a) = 3 (22,(0) — 24, 0))
= n—;m'-ﬁQ(l + a1,n4m(0)(1 + a2,,(0))
—|—%x(1 + a1,,(0)).

From (2) we can write

L, (t%,2)—2? .2
sup [l e ) s
2€[0,by] z€[0,bn]
n+m 1 z?
+ n O(n) sup 1422
1‘6[07})71,]
1 x
+0(3;) sup 57
1‘6[07})71,]
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Thus
: 2 2 _
nlin;OHLn(t L) — T ||p7[07bn} =0.
Therefore, the desired result follows from Theorem B. O

We now want to find the rate of convergence of the sequence of operators {L,(f;z)}.
It is known that the usual first modulus of continuity w(d) does not tend to zero, as
d — 0, on infinite interval. Now, we define a weighted modulus of continuity £, (f,d)

which tends to zero as § — 0 on infinite interval. A similar definition of the modulus of
continuity can be found in [6].

Let

DSy |f(x+h) = f(@)]
Onuf;0) = |h|§6s,;-l£[0,bn] (I+n%)(1+22)’

for each f € C’g [0,6u]" We call Q,,(f;0) the weighted modulus of continuity of the function

f on the space C;f [0,6n] - Since f € C;f (0,bn] there exists a positive real number zg such

that

Qn(f,9)

IN

sup  [f(z +h) = f(z)|
0<z<wzo,|h|<6
flxz+h) k"
1+(z+h)?
2x+0
1422

sup
zo<z<bn
0k sup

zo<z<bp

zo<z<bp

w(f,8) + 20k + ¢,

A+ o+ +

where w(f;0) is the usual first modulus of continuity of f on the interval [0, zg] and

}ir% w(f;0) =0 since f is uniformly continuous on [0, z]. Consequently,
%ir% 0, (f;9) =0, for every f € C;];,[O,bn]'

It is easily seen that

Qn(f;md) < 2m(1 + 62)Q,(f; 0)for any positive integer m.
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Thus for any A > 0, Q,(f;A0) < 2(1 + A\)(1 + 6%)Q,(f;6). This property of weighted
modulus of continuity Q,(f,d) and its definition show that for every f € C)’; (0,6n] and
x,t € [0, by)

[f(t) = f@)] < A+ 2®)(1+ (¢ — 2))Qu(f3 |t - 2])
and consequently

10 -l <2 (M 1) e aara s -0 @)

Theorem 2 If f € C;f (0,6n]7 then the inequality

L)~ S0 .
ARy <K () ®

holds for a sufficiently large n, where K is a constant independent of n.

e o) (p) D)
Proof.  Denoting ¢n "’ (z) 57— by Prn(x) we get

Lo(f2) — f() = g (%) - 1) Pt

0

since

[e'S)
Z Pkm(x) =1.
k=0

From (4) we can write

L (f.x) = f(2)] < 201+ 2%)(1+ 62)Qu(f;6n) D Prn(@)S(x) (6)
k=0

|=

=

where S(z) = (1 + M') (14 (2= £)"). Since

3

2(1462) if| £ — 2] <6,
S(x) <

2 (%‘@4 ik
21+ 62) =gt if|E — 2| >0,
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we obtain for all € [0,b,] and £ € [0, 00)

S(x)§2(1+63){1+u}. (7)

5
Using the inequality (7) in (6) we obtain

|Lo(fy2) = f(z)] < 16(1+22)Qn(f,0,)
X {1 + % > Poa(z) (& - x)4} i (8)
- k=0

Since

n

o0 4 (4) " 1" !
S Pon(@) (£ — ) = ot (220 _ 420 | gei0) _ 40 1>
k=0

nt

g3 (6 2u 0) | 1owal®) | 6%(20)) 2 (6 SHONPTA <30>> 4 25 2a(0)

and considering the properties (iv) and (ii) and by simple calculations, this can be written

in the form

[e%e] 4
k
Z Py () (— — x> = Aényc‘1 + Aimxs + Aime + A,1€7nx, (9)
k=0 n
where
Af, = mlemeEmedn g4 gy, (0))(14 asnem(0)

X (14 a2,n42m(0))(1 + a1,n43m(0))
— 4t 2m) (3 4y (0))(1+ @rm(0)) (1 + 20 (0))

— 4t E2m) () 4 g (0))(1 + @z (0) (1 + s 2m(0))

A3, = enmtmntIm gy gy (0))(1 + aznm(0))

6 2t (1 4 oy (0)) (1 + @9, (0))
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n+m

14+ a1.,(0
Al = 93— (14 a2,0(0))(1 + a1,n4m(0)) + gt a1n(0)

n2

1+ OéLn(O) Y12 14+ OéLn(O).

1 _
Ak,n =13 ns n2

Using condition (2) we see that

. 1. .
A, =0(=),j=1,2,3and 4.

Substituting the equality (9) in (8) we get
200 (f- Lolo 4y 3, 2
|Ln(fs @) = f@)] S 16(1+ @) (f300) {1+ 570(2) (¢ + 27 +a” +2) o

1/4

Choosing §,, = n~"/* we can write

[Ln(fy2) = f(x)] < 16(1+22)Q,(f;60) {1+ 2t +2° + 2 + 2}

Therefore, we obtain sup % < KQ, (f, n_1/4) ) 0
z€[0,by]

Remark 1 As it is seen in Theorem 1, L,(f;x) converges to f(x) in the weighted
space, C)(0.5,], whose weight function is (1 + x?). But, in Theorem 2 we obtained
the rate of convergence for the modified Baskakov operator only in the weighted space
Cps j0,,)s P(T) = 1+ x2. Hence it is still an open problem to obtain rate of convergence
in the case of the weight function (1 + x2)% 1 < «a < 3 without any extra condition on

function f.

3. Approximation by the derivatives L%T)( fix)

Let C,(,T) [0, 00) denotes the set of r times continuously differentiable function on [0, o)

belonging to C) (0,5,]-
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If o (z)’s satisfy (i)-(iv) and f € C,(,T) [0, 00), then obviously the series

Zf< > ()¢ )(k_!)k

is infinitely differentiable on [0, b,] and

(1) AT_ f (B) o) () 20 (10)

118

L%T) (fa $) =

k=0

where A,,-1 denotes the difference operator of the function f with step 1/n and A7 _, is
the r-th iterate of this operator [7].

By the mean-value theorem, we can write

1
ATf (E) :_Tf(r) <M>,0<9k<1.
n n n

Then, the series (10) has the form

L2 = Y1) ) (k : 9‘”) ot (@) E2 (1)

n k!
k=0

Theorem 3 Let {¢,} be a sequence of functions satisfying (i)-(iw). If f € C,(,T_l)[O, 00)
and its r-th derivative, (), belongs to the Lipschitz class with exponent o and the constant
M this is denote by f\") € LipoaM, that is

0 (x) —f(’“)(t)‘ <Mz —t*,0<a<1 for any z,t >0,

then

D (f5) = 10 @)
lim sup =0.
n—00 1[0, 1+ z«

Proof. Let L\’ (f, x) be the operators defined in (11). Consider the inequality

LO(fi) = @] < 3|0 () = 1) )] SRl ) S

(1) g«) _1‘|f(r)(x)

+
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Since (") € Lip, M, we get

‘f(?“) (M) —f(’“)(x)‘ < M‘k"_e’”ﬂ —x‘
n n

and

IN

‘ £ (x)‘ max (M, ‘ 0 (o)D (1+2%)
= Mp(l+a%)

where My is a constant depending on f. Thus, we have

nr

o] 1\ _2)k
L (fia) — f(r)(x)‘ < Mkz | tlur | ()" k) () C 1:!)
=0
+ My |G 0) - 1) (a0,

Applying the Holder’s inequality, we obtain

0o 9 ok a/2
LY (fi0) = [ (@) < Af(Z(%?—x)iﬁLwﬁ“RmLﬁL>

Using property (iv) we can write

L%T)(f;x) _ f(’“)(x)‘ < M(_n—lT)T [%(1 + a2,n(0))
2 (1 4 03, (0)(1+ @t (0))2%]
+My [ S o\ (0) — 1‘ (14 z).

Therefore, considering the conditions (3) and (2), we obtain the result.

As a consequence of this theorem we also have the following theorem.

Theorem 4 Let f € C,(,T_l)[O,oo) and let ") € LipoaM. Then

LY (fr0) = [0 @)
sup T - =O<—>,O<a§1
z€[0,by,] +x n

holds for a sufficiently large n.
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