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On QR-Submanifolds of a Quaternionic Space form

Bayram Sahin

Abstract

In this paper, we investigate mixed QR-submanifolds in a quaternionic space
form and pseudo umbilical QR-submanifold of a quaternionic space form under some
additional condition. Finally we give a necessary condition for QR-submanifold of

a quaternion Kaehler manifold such that dimv® = 1 to be a 3-quasi Sasakian

Manifold.
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1. Introduction

The main purpose of this paper is to continue study of QR-submanifolds in a quater-
nionic space form which were started in [1]. We prove some results being QR~submanifold
analogues of well known results for CR-submanifold of a complex space form.

Bejancu classified totally umbilical QR-submanifolds in a quaternion Kaehler man-
ifold. However, it is well known that the class of pseudo umbilical submanifolds in a
quaternionic space form is too wide to classify. Recently, Sato proved that any pseudo
umbilical submanifolds with nonzero parallel vector field in CP™(c) is totally real sub-
manifold. In the present paper, we have given a theorem for the pseudo umbilical QR-
submanifold with nonzero parallel mean curvature vector field in a quaternionic space
form similar to the obtained by Sato in the Kaehler setting. Particularly, we prove that
there exist no pseudo umbilical QR-submanifold with nonzero parallel mean curvature
vector field in quaternionic space form ¢ # 0.

On the other hand, Bejancu,Kon and Yano proved that any proper mixed foliate

CR-submanifold of a complex space form (¢ > 0) is complex submanifold or totally
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real submanifold. We prove that there exist no mixed foliate QR-submanifolds in a
quaternionic space form (¢ > 0).

Finally, we have considered QR-submanifold of quaternion Kaehler manifold with
dim v = 1. The present author and R.Giines, S.Keles have shown that QR-submanifold
have almost contact 3-structure in this case[4]. In this paper, we obtain a necessary

condition for QR~submanifold to be a 3-quasi Sasakian manifold.

2. Preliminaries

Let M be a Riemann manifold and M be -a Riemann submanifold of M with Riemann
metric induced by the Riemann metric on M . Denote by TM* and TM the normal

and tangent bundle respectively. 7 and 57 show the Levi-Civita connections on M and
M respectively. Moreover I'(TM) represents the module of differentiable sections of a

vector bundle TM. Then the formulas of Gauss and Weingarten are given by

VxY =VxY +h(X,Y) (2.1)

and

VxV =—-AyX + V3V (2.2)
forany X, Y e T'(TM)andV € T (TM l) , where V1 is the normal connection induced 7
on the normal bundle TM ', h is the second fundamental form and Ay is the fundamental

tensor of Weingarten with respect to the normal section V. Moreover its well known that
we have

gh(X,Y),V)=g(AvX,Y). (2.3)

Let M be a 4n-dimensional manifold and ¢ be a Riemann metric on M. Then M is
said to be a quaternion Kaehlerian manifold, if there exit a 3—dimensional vector bundle

V of type (1,1)with local basis of almost Hermitian structures Ji, Ja, J3 satisfying
J10J2 = —J20J1 = Jg (24)
and
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3
Vxda =Y Qap(X)Jp,a=1,2,3 (2.5)
b=1

for all vector fields X tangent to M ,where Qg are certain 1-forms locally defined on M
such that Qup + Qpa =0

Let M be quaternion Kaehler manifold and M be a real submanifold of M. Then, M
is said QR-submanifold if there exists a vector subbundle v of the normal bundle such
that we have

Jo(Vz) = vy (2.6)

and
Jo(v) € Tor (2) (2.7)
for x € M and a = 1,2,3, where v+ is the complementary orthogonal bundle to v

in TM*[1]. Let M be a QR-submanifold of M. Set D,, = J,(v+). We consider
Dy & Doy & D3, = Di and 3s— dimensional distribution D+ : z — Di globally

defined on M,where s = dimv;-. Also we have, for each + € M

Ja(Dax) = Vi; Ja(Dbm) =Dy (28)

where (a,b,c) is a cyclic permutation of (1,2,3). We denote by D the complementary

orthogonal distribution to D+ in 7M. Then D is invariant with respect to the action of
J, i.e. we have

Jo(Dy) = D, (2.9)

for any x € M. D is called quaternion distribution.

Let M be a QR-submanifold of a quaternion Kaehler M. Denote by P the projection
morphism of TM to the quaternion distribution D and choose a local field of orthonormal

frames {v1,...,v,} on the vector subbundle v+ in TM~. Then on the distribution D+,

we have the local field of orthonormal frames
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{Ella ceey Els; E21) 1) EQS) E31) 1) E3s} (210)

where E,; = Jyv;, a=1,2,3 and i = 1, ..., s. Thus any vector field Y tangent to M can
be written locally as follows

3 s
Y =PY +) Y Wiy(Y)Ey (2.11)

b=1i=1
where Wy, are 1-forms locally defined on M by

Wbi(Y) = g(K Ebi)- (2.12)

Applying J, to (2.11) and taking account of (2.4) we have

S
JoY = JoPY +Y {Wy(Y)Ee — WeiY) i
i=1

—Wm‘(Y)’Ui (2'13)

where (a, b, ¢) is a cyclic permutation of (1,2,3). For Y € T' (T M) we can decompose as

follows

JY = ¢ Y + F.Y,a=1,2,3 (2.14)

where ¢,Y and F,Y the tangential and normal parts of J,Y, respectively. Similar way
we get

TV =tV + fuV. (2.15)

We note that a QR-submanifold is called mixed geodesic if h(X,Y) =0 for X € " (D)
and Y €I’ (Dl) and M is called mixed foliate if the distribution D is integrable and M
is mixed geodesic [2].

Now,we state the following well known result for later use.
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Theorem 2.1 ([1]) Let M be a QR-submanifold of a quaternion Kaehlerian manifold

M. Then the following assertions are equivalent with each other
(i)the second fundamental form of M satisfies

WX, J,Y)=h(Y, J,X)
for any XY € I'(D),a = 1,2, 3.
(i) M is D— geodesic
(iii)the quaternion distribution D is involutive.
A quaternionic space form is a connected quaternion Kaehler manifold of constant

quaternionic sectional curvature and its denoted by M (c). The curvature tensor of M(c)

is given by [7]

R(X,Y)Z = Ho(Z, V)X —g(X,2)Y
+ i‘ 9(Z, I Y)J. X — g(Z, J, X)J,Y (2.16)

a
+29(X, J.Y)J. Z}

forany X, Y, Z €T (TM) .

A normal vector field V is said to be parallel if VxV =0 for all X € T'(TM). Let
H = %traceh be the mean curvature vector of M in M. If second fundamental form £ is
of the form g(h(X,Y),H) = g(X,Y)g(H, H) for X,Y € T'(TM), then M is said to be
pseudo umbilical or equivalently Ay = ||H|*I.

For the second fundamental form h, the covariant derivation (Vxh) (Y, Z) is given by

(Vxh) (Y, Z) = Vxh(Y, Z) = h(VxY, Z) = h(Y,VxZ) (2.17)

for any X,Y,Z € T'(TM). On the other hand, for the submanifold M the equations of

Gauss and Codazzi are respectively

R(X,Y,Z,W) = R(X,Y,Z, W)+ g(h(X,W), Y, Z)) (2.18)
—g(h(X, Z), h(Y,W))

(R(X,Y)Z)" = (Vxh) (Y. Z) - (Vyh) (X, Z) (2.19)

for any X, Y, Z, W € T (TM) [7].

417



SAHIN

3. On QR-Submanifolds of a Quaternionic Space Form

We shall give some lemmas for later use.

Lemma 3.1 Let M be a quaternion Kaehlerian manifold and M be a QR-submanifold
of M. Then M is mized geodesic if and only if

Ay X eI (D) (3.1)

for any X €T(D) and V € T (TM™).

Proof. By the definition of mixed geodesic QR-submanifold and from the equation

(2.3) we have the assertion of the lemma. O

Lemma 3.2 Let M be a quaternion Kaehlerian manifold and M be a mized geodesic
QR-submanifold of M. Then

Agw, X = J,Aw, X (3.2)
and
VxW; eT (v) (3.3)
X el' (D) and W; €T (v).
Proof. From (2.5) we obtain
Vxd Wi = (VxJo) Wi+ J.VxW;
= Qab(X)JbWi + Qac(X)JcWi
+Javxwi.
By using(2.1) and (2.2) we have
~Asw, X+ VI Wi = Qup(X)JyWi+ Qae(X)J Wi

—J Aw, X + J,VxW;
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since M is mixed geodesic, from (3.1) we derive

Ajw. X = J,Aw, X
and
Vi JaWi = Qup(X) Wi — Que(X) T Wi = J, VWi

The left hand side of this equation belongs to TM=, thus VW, € T (v).

Lemma 3.3 Let M be a foliate QR-submanifold of quaternion Kaehler manifold. Then
we have the following expression;

g(AV%X, JaY) = g(Avq JaXa Y) (34)
for any X,Y €' (D),V; €T (v})

Proof. From (2.3) we have

9(Av, X, J,Y) = g(h(X, J,Y), V)

since D is integrable, from theorem2.1 we get

9(Av, X, J,Y) = g(h(J,X,Y), V)

Thus we have g(Ay, X, J,Y) = g(Ay, J. X, Y).

Lemma 3.4 Let M be a mized geodesic QR-submanifold of quaternion Kaehler manifold.
Then we have the following expression;

vYE‘a'L' = Qab(Y)Ebi + Qac(Y)Eci - JaAVq,Y + BavY‘/ti (35)
foranyY e '(D),E,; €T (Dl) )
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Proof. By using (2.5), (2.1) and (2.2) we have

vXE‘a'L' = (vXJa)V;'i‘JavXVti
= Qab(X)Jthi +Qac(X)Jthi
+Javx‘/;.
VxEgq + h(X, Eai) = Qab(X)Ebi + Qac(X)Eci

+Jo(—Ay, X + V)
= Qa(X)Epi + Qac(X)Ee;
—J, Ay, X + B, V%V,

+C. V% Vi

Taking acount of that M is mixed geodesic we obtain

VXEa'L' = Qab(X)Ebi + Qac(X)Eci
—Ju Ay, X + B,V Vi.

Theorem 3.5 There exist no mized foliate QR-submanifold of quaternionic space form
with ¢ > 0.

Proof. We suppose that M is mixed foliate QR-submanifold of quaternionic space form
with ¢ > 0.First,from (2.16) and (2.19) we get

(Vxh) (¥, Eai) = (Vyh) (X, Eai) = =5 9(X, LYV,

forany X, Y € I'(D) and E,; €T (Dl) . On the other hand, since M is mixed foliate we

derive

c
WX, VyEqi) — h(Y,VxEq) = —59()(, JY)Vi,
from (3.5) we have
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—h(X, J,AVY) + h(Y, J. Ay, X) = —g 9(X, J.Y)Vi.

Since M is mixed geodesic, Ay, Y € T' (D) ,from Theorem 1 we derive

—h(JaX, AvY) + h(JaY, Ay X) = =2 g(X, JuY Vi

Thus for X = J,Y we derive

R(Y, AY) + h(JaY, Ay, 1Y) = =Sg(Y, V)V,

or

c
9 (WY, AvY), Vi) + g (h(LuY, Av, JaY'), Vi) = —59(Y, Y)g (Vi, Vi)

by using (2.3) we obtain

C
g(AvY, AvY) + g (Av, J.Y, Ay, J.Y) = —59(5/, Y)g (Vi, Vi)

from (3.1) and (3.4) we get

C

9(AvY, Av,Y ) + g (Av,Y, Jo Ay, J.Y) = —59(5/,}/)9(%,%)
C

9 (AvY, AvY) + g (AvY, AvY) = —59(Y.Y)g(V;, Vi)
C

29 (Av,Y, AyY) = —59(5/,}/)9(%,%)

thus we have

C
0 <29 (AvY, AvY) = —59(Y,Y)g (Vi, Vi)

which proves assertion.
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Theorem 3.6 There exist no pseudo umbilical QR-submanifold of a quaternionic space

form M(c), c # 0 with nonzero parallel mean curvature vector field.

Proof. We suppose that M be a pseudo umbilical submanifold of M(c),c # 0 with

nonzero parallel mean curvature vector field. Then we have

VxH=—-AyX = —||H||> X,¥X € T (T M)
where ||H|| is a constant . Therefore we have

R(X,Y)H = 0.

On the other hand, from (2.16) we get

g (R(X,Y)H, ;H) = gg(X, JY)g(H, H)

for any X,Y € T'(D). Since D is nondegenerate and g(H, H) # 0 we have c =0

4. A Theorem on QR-Submanifolds in Quaternion Kaehler Manifolds with

dimv+ =1

Let N be (4m + 3) —dimensional differentiable manifold and (¢q,&q,7,) be three

almost contact structures on N. i.e. We have

(bZX = X+ %(X)ﬁa, ®ala =0 (4.1)
Ta (ga) 1,1,004 =0 (4.2)

where X tangent to IN. Suppose that almost contact structures satisfy the following
conditions

Na (&) = 0,a#b,¢a (&)=~ (&) =& (4.3)
Na0Qp = —Mp0Pg = Ne (4-4)
(pa0s) (X) —&a (77b (X)) (¢b0¢a) (X) — & (7711 (X)) = ¢cX (4-5)
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for any cyclic permutation (a,b,c) of (1,2,3). Then,we say that N is endowed with an
almost contact 3—structure [5].If N is a Riemannian manifold, then we can choose a

Riemann metric g on M such that we have

g(¢aXa¢aY) = Q(XaY)—Ua(X)%(Y) (4-6)
na(X) = 9(X, &) (4.7)

for any X, Y € T'(T'N). In this case we say that (dq,&a,7a),a = 1,2,3. define almost

contact metric structure (see,[5]). Taking account of (4.1) and (4.6), we obtain

9(0aX,Y) 4+ g(X, ¢aY) = 0. (4.8)

Definition 4.1 An almost contact 3—structure (¢a,Ea, Na) 18

a) a 3—cosymplectic structure if

(Vx¢a)Y =0,(Vxn,)Y =0 (4.9)
b) a 3—Sasakian structure if
(Vxba) Y = 1a(Y)X = g(X,Y)Ea (4.10)
¢) a quasi-3—Sasakian if
9((Vx9a)Y,Z) +9((Vy¢a) Z, X) + g ((Vza) X,Y) =0 (4.11)

where V denotes the Levi-Civita connection and X,Y, Z are arbitrary vector fields on N.

Now, Let M be a QR-submanifold of quaternion Kaehler manifold M such that the

1

dimension v+ is equal to one. In this case v is generated by unit vector field, say N.

Let —J,(N) = &,,a =1,2,3. and hence the distributions D, are generated by the vector

fields &,.Since v+ is generated by unit vector field, we have

LY = 6aY +1a(Y)N (4.12)

for any Y € T (T M), where n,(Y) = g(Y, &,)-
In this section we will make use of the following proposition whose proof was given in
[4].

From now on we will denote by M a QR-submanifold with dim»+ = 1.
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Proposition 4.2 Let M be a quaternion Kaehler manifold and M be QR-submanifold
of M. Then M is a manifold with almost contact 3-structure. i.e. tensor field ¢, of type

(1,1),1—form n, and &, satisfy (4.1)-(4.7)

Let M be a QR-submanifold of quaternion Kaehler manifold M. Then by using (2.1),

(2.2),(2.3),(2.14) and (4.12) in (2.5) and taking the tangent parts we obtain

for any X,Y, Z €T (TM)

g((vX¢a) Y),2)

%(Y)Oé(Xa Z)— a(Xa Y)Na (Z)
Hoa (X, &) +m (Vx&a) g (d6Y, Z)
+{_a (Xa &b) + e (nga)}g ((ch Z))

(4.13)

Theorem 4.3 Let M be a quaternion Kaehler manifold and M be QR-submanifold of
M. If hX,&),a =1,2,3 have no components in vt and Dy, a = 1,2,3 are parallel in
M. Then M is a manifold with quasi Sasakian 3-structure.

Proof. From (4.13) we have

and
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g((vX¢a) Y),2)

g((vY¢a) Z),X)

g((vZ¢a) X),Y)

%(Y)Oé(Xa Z)— a(Xa Y)Na (Z)
Ho (X, &) +m (Vx&a)bg (Y, Z)
+{_a (Xa gb) + 7 (nga)}g ((ch Z)) )

%(Z)Oé(Y, X) - O‘(K Z)Na (X)
+{a (K ) + 1o (nga)} (¢bZ; X)
{=a (Y, &) + 1. (Vyéa)}g (9cZ, X))

Q@ v

na(X)a(Za Y)— a(Za X)Ma (Y)
—{a(Z,&) +m (Vz&a) g (96X, Y)
+{—Oé (Z’ gb) + Ne (nga)}g (¢CX5 Y)) ’

(4.14)

(4.15)

(4.16)
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for any X,Y,Z € I'(TM) . Thus using (4.14),(4.15) and (4.16) we obtain

9(Vx0a)Y), Z2) + g ((Vy¢a) Z) , X)
T9((Vz0a) X),Y) = {a(X,&)+m (Vxéa)rg (9Y; 2)
H—a (X, &) +1e (Vxéa)tg (0cY, Z))
Ha (Y. &) +m (Vy&a) g (902, X)
H=a (Y, &) + 1 (Vy&a) g (¢cZ, X))
+Ha(Z,&) +m (Vz€a)tg (46X, Y)
H=a(Z,&) +ne (Vz8a)}g (09X, Y))
Hence if D,,a = 1,2,3 are parallel and « (X, &,) =0, then M is a manifold with 3-quasi

Sasakian structure.
O
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