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On the L? Solutions of Dilation Equations

Ibrahim Kirat

Abstract
Let A € Mup(Z) be an expanding matrix with |det(A)] = ¢ and let K =
{ki---kq} C R™ be a digit set. The set T =: T(A,K) = {372, A 'k, : kj, €

K} C R"™is called a self-affine tile if the Lebesgue measure of 7 is positive. In this

note, we consider dilation equations of the form f(z) = ;1.:1 ¢jf(Az — kj;) with
q = 23:1 ¢j, ¢; € R, and prove that this equation has a nontrivial LP solution

(1<p<oo)ifandonlyif ¢; =1Vj € {1,...,q} and 7 is a tile.
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1. Introduction

Let A be an expanding integral matrix in M, (Z), i.e., all its eigenvalues A; have
modulus > 1. Let |det(A)| = ¢ and let K = {k1,---,ks} C R™ be a set of ¢ distinct
vectors. The affine maps S; defined by

Sij(x)=A""z+k;), 1<j<q,

are all contractions under a suitable norm in R™ (see [8, pp. 29-30]). The family {S;}%_,

is called an iterated function system (IFS) and there is a unique non-empty compact set
satisfying 7 = U§=1 S;(T) ([1], [5])- T is called the attractor of the system and is given
explicitly by

oo
T :=T(AK)={> A k) : kj, € K}.
i=1

2000 Mathematics Subject Classification. 26A15, 26A18

427



KIRAT

We call T a self-affine tile if it has a positive Lebesgue measure. We use m(7) to denote
the Lebesgue measure of the set 7. The case that m(7) = 1 is of particular interest and
we call such 7 a Haar tile. Grochenig and Madych [3] showed that for A € M,,(Z) and
K C Z", x1 generates a compactly supported orthonormal wavelet basis of L?(R") if
and only if m(7) = 1.

Dilation equations play an important role in computer graphics and wavelet analy-
sis. Recently, the existence of solutions of dilation equations has been studied by the

mathematicians in approximation theory and wavelet analysis [2], [3], [4], [6]. The recent

characterizations of LP solutions of dilation equations in terms of p-norm joint spectral
radius require considerable amount of computation.
Here we consider a special dilation equation and determine the ¢; explicitly. In this

paper, we study the L solutions of dilation equations of the following form

f(x) = chf(Ax — k;) (1.1)

where |det(A)| = ¢ = > 7_, ¢;, kj € R", ¢; € R. Tt is well known that there exists a unique

~

compactly supported distribution f satisfying (1.1) subject to the condition f(0) =1 (hat
stands for the Fourier transform). This distribution is called the normalized solution to
(1.1).

The main result of this note is that equation (1.1) has a nontrivial LP-solution
(1 <p<oo)ifand only if ¢; =1 for every j = 1,2,...,¢q, and m(7) > 0. Moreover, if

(1.1) has nontrivial LP-solutions, then f = y is such a solution.

2. Self-similar measures and dilation equations

A self-similar measure is defined to be a finite real measure on the Borel subsets of
R™ with mass 1 which satisfies an identity

q
M:ijuosj_la (21)
j=1

where 231:1 wj =1, w; € R. It is known that there is a unique finite real measure with

bounded support and mass 1 satisfying (2.1) [5]. Hutchinson introduced the important
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notion of open set condition: there exists a nonempty bounded open set U such that
S;U CU,j=1,...,qand the sets S;U are disjoint. We say that open set condition holds

with measure-theoretic disjointness if there exists a nonempty bounded open set U such
that S;U C U, j=1,...,qand u(S;U N S,U) =0 for j # k (U denotes the closure of U)
[9].

Let M denote the set of finite real measures on the Borel subsets of R™ with bounded
support and mass 1. For u,v € M, let

Lip,v) = sup{ju(6) — v(9) : ¢ : " — R, Lipg < 1}

where Lipgp = sip W, (@) = [ ¢dp. Then L is a metric on M. We note that the
zFy

metric L was originally defined by Hutchinson for probability measures [5]. ¢ is called a
contraction if Lipp < 1. Let (S, w)(v)(E) = 329_, wjv o Sj_l(E). Then (S,w): M — M
is a contraction map in the L metric [5].

LEMMA 2.1 Let m(7) > 0. Then for p in (2.1), open set condition holds with

measure-theoretic disjointness.

Proof. Let m’ denote the Lebesgue measure restricted to 7 and let m” be the normalized
m’. Then (S,w)™(m”) — pin the L metric. Also 7° # ) and m(97) = 0 [8] (Here we use
the standard notation of topology). This implies that open set condition holds (choosing
U = 7° as the nonempty bounded open set). Hence (S,w)™(m’) satisfies open set

condition with measure-theoretic disjointness for each n € N. It follows that open set
condition holds with measure theoretic disjointness. O

We note that for self-similar probability measures, Strichartz conjectured that open
set condition implies open set condition with measure-theoretic disjointness in general

[9]. Lemma 2.1 shows that this conjecture holds true in our case here.

LEMMA 2.2 Suppose that
q q
f(x) :Zij(Ax—kj)a where ch =gq,
j=1 j=1

has a non-trivial LP-solution (1 <p < oo). Thenc; >0, 1 <j <gq.
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Proof. Suppose that f is the nontrivial normalized solution. Then f is supported by 7°
and m(7) > 0. We can treat

fx) = chf(Ax —k;)

as
q
p=2 wiuos;"
j=1

where p(E) = [, fdm.

Let U = 7° and ||44|| denote the total variation of ;1. We claim that w; > 0. Otherwise,
we see that > |w;| > 1, let u(U) = ¢, then u(S;U) = cw;, u(S;U) = cwy, J = (41,5 Jm)
is a multi-index, so that |[u|[ = 3= 5 _,, [K(SsU)| = c 32 52, lwa| = ¢ i1 lwi))" — oo

as n — 00, a contradiction. O

Now by Lemma 2.2, in order to have a non-trivial LP-solution of (1.1), we must
have ¢; >0, 1 < j < ¢. In order to solve the dilation equation (1.1), we can start with a
nonnegative compactly supported function ¢ € LP(R™) (1 < p < co) and use the iteration
scheme ¢, :=T"¢p, n=0,1,2,..., where T'¢ := 231:1 c;j¢(Ax — kj). It follows that f >0
a.e. and = [ fdm is a probability measure. Also note that supp(x) C supp(f) C 7.

Let LipS; = r; and let pu = 231:1 wjp o Sj_l. We define the self similarity dimension

of i to be the unique positive a such that

231:1 wjlogw;

a= )
q . .
Zj:l wjlogr;

There is a unique positive number s such that 231:1 r; = 1. When w; = rj, which we

call the natural weights, s is the self-similarity dimension of u. In the case of natural

weights, w; = % since the r; are all equal. It is known that o < s and if the w; are not

the natural weights, then o < s [9].

THEOREM 2.3 Let A € M,,(Z) be an expanding matriz. Then
q
flx) =" eif(Az — kj)
j=1
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where |det(A)| = 75_, ¢i = ¢, kj € R", has a nontrivial LP-solution (1 < p < o0) if and
only if c; =15 €{1,...,q} and m(T) > 0.

Proof. The sufficiency is easy since f = x7 when ¢; =1 Vj € {1,...,q} and m(7) > 0.
We now prove the necessity. Suppose that f is the nontrivial normalized solution. Then

the support of f, supp(f), has positive Lebesgue measure. As in Lemma 2.2, we can treat

flz) = Z ci f(Ax — k;)

as
q
p=> wipo S}
i=j

where w; = %. By Lemma 2.2, we have w; > 0. Let o be the self-similarity dimension of

. Since the open set condition holds with measure-theoretic disjointness (Lemma 2.1),
there exists a measurable set G which supports p such that pg(G) = 0 V3 > «, where
wp is the B-dimensional Hausdorff measure [Theorem 2.1, 9]. Suppose that the w; are
not the natural weights. It follows that o < s < m. This yields that m(G) = 0. Let
supp(f) = F. Hence u(F \ G) = 0 since G supports u and m(F \ G) > 0. This means

that u(F\ G)= [ fdm = 0. This is a contradiction since m(F \ G) > 0 and f(z) >0
F\G

for x € F'\ G a.e.. Hence the wj, j = 1,..., ¢, must be the natural weights and f = x7
where 7T =T (A, K). O

We note that Theorem 2.1 in [9] was proved for similarities but the theorem is
obviously true for expanding matrices. In general, it is difficult to determine if m(7") > 0.

However, for K = {0,k} CR", we have the following simple corollary.

COROLLARY 2.4 Suppose that A € M, (Z) is an expanding matriz with | det(A)| = 2.

Then
fx) =c1f(Ax) + c2f (Ax — k), ke R"

has a nontrivial LP-solution if and only if c; = ca = 1 and {k, Ak, ..., A"k} is a linearly

independent set.

Proof. The proof directly follows from Theorem 1.1 in [7] and Theorem 2.3. O
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