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Some Characterization of Curves of Constant Breadth

in E" Space
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Abstract

In this paper, the concepts concerning the space of constant breadth were ex-
tended to E™-space. An approximate solution of the equation system which belongs
to this curve was obtained. Using this solution vectorial expression of the curves of
constant breadth was obtained. The relation | 02" f(s) ds = 0 between the curvatures
of curves of constant breadth in E™ was obtained.
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1. Introduction

Curves of constant breadth were introduced by L.Euler [3]. F. Reuleaux gave a
method obtaining some curves of constant breadth and has found use in the kinematics
of machinary [11]. Some authors have obtained the geometric properties of plane curves
of constant breadth [2], [7].

W.Blascke defined the curve of constant breadth on the sphere [1] and M. Fujivara had
obtained a problem to determine whether there exist ”space curve of constant breadth”
or not, and he defined ”breadth” for space curves and obtained these curves on a surface
of constant breadth [4]. 0. Kése presented some concepts for space curves of constant
breadth [8]. M. Sezer investigated differential equations characterizing space curves of

constant breadth and gave a criterion for these curves [12]. A.R. Forsyt had given the
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theory of curves in E* [5]. The curves of constant breadth were extented to the F4-space

and some characterizations were obtained by [9].

Definition 1 In E™ Euclidean space, if a normal hyperplane on a X(s) = P point of a
simple closed (C) curve meets (C) curve at single Q point other then P point, Q point is
called opposit point of P.

In E™ Euclidean space, if the distance between opposite points of simple closed C curve

is constant, this curve is called the curve of constant breadth.

In this paper, this kind of curves were extented to E™-space and some characterizations

were obtained.

2. The Curves of Constant Breadth

Let X = X (s) be a simple closed curve in E™-space. These curves will be denoted by
(C). The normal plane at every point P on the curve meets the curve at a single point Q
other then P. We call the point () the opposite point of P. We consider a curve having
parallel tangents V; and ‘71* in opposite directions at the opposite points X and X* of
the curve. A simple closed curve of constant breadth having parallel tangents in opposite

directions at opposite points can be represented by the quation

—

X (s) = X(s) + ) mals)Vi(s), (1)

where X and X* are opposite points and ‘7; denote the Frenet-Serret frame in E™-space.

We have from equation (1)

dX* dX*di*_ Las*
ds ds* ds ' ds

dm dm
= (L = —mak)Vi + (=2 +maky —maka)Ve

e d

+ ;’;3 +m2k’2—m4k3)V3+(%+m3kz3—m5k4)V4+,,, )
dmn dm,

" ( ds +mn—okn—2 = mnkn—l)vn_l + ( ds + mn—lkn—l)vna
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where k; is the curvatures of the curve. Since V;* = —V;, we obtain
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ds” d
G- =1+t —maoky

ds
dm? +miky —mgks =0
ds

dTTZg‘ + moks — myksz =0

dgz“ + mgks —msky =0

dmy, —
dZ' Y mp—okn_2 —mpkn_1=0

dgl, +mp—1kn—1=0.

If we call ¢ as the angle between the tangent of the curve (C) at point X(s) with a given

fixed direction and consider % = k1, we can rewrite equation (3) as

= my — f(9)

dmo

= —m + pkams

U = —pkams + pkama

% = —pkn_omp_2 + pkn_1my
%ﬂ_ = —pkjn_lmn—la

where f(¢) = p+ p*, p= 1%1 and p* = 1% denote the radii of curvatures at X and X*,
1

respectively. If ¥ — ! then equation (4) can be written as
y d¢ 3

m

m

1=m2—f
5 = —my + pkamg
3 = —pkama + pkamy

n—1 — —pkn_omp_o + pkn_1my

’
n — —pkn_1mn,_1
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where the functions p and k; are a function of ¢ and

ma = hy ' (m] + hof)
ms = h;l(mé + hlml)

my = h;l(mg + hgmg)

(6)
Mp—1 = h;iQ(m%—Q + hn—3mn—3)
mp = h;il(m%_l + hn—an—Q)
where hg = 1 and hi_l = i, (1 =1,2,3,...,n—1). From first equation of equation
system (6) we obtain
miy = hy ' + (hy)'ml + (b )
Here if age = hl_l, as = (hl_l)' and 4; = (hl_lf)', then
m'2 = aggm'f + aglm'l + Ay (7)
having second derivative this will be
myy = azam{” + (ahy + azt)m? + ahym{" + A}, (8)

If we put equation (8) in the derivation of second equation of equation system (6), we get

the following equation

my = hy azemi? + [(h ) + hy an]m{?

9)
+[(h Yaz1) + by "ha)mY + by Yhamy + (hy A7)

After using abbreviations az3 = h;lagg,agg = (h;lagg)' + h;lagl,agl = (h;lagl)' +

hythi,azo = dby, azo = hy 'hy, A = (hy ' A1) the equation (9) is shortened as below

mg = aggm(lg) + aggm(IQ) + aglmgl) + azgmi + As. (10)

Second derivation of this equation will be

(3)

mff = agami®) + (a3 + ag2)m 7

+ (ahy + az)mi? + (aby + azo)mi” + ahomy + A

(11)
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If we put equation (11) in the derivation of third equation of equation system (6), we get

following equation

mﬁl = h;laggm(;l) + [(hglagg)l + h;lagg]mf’)
+[(h§1a32)' + h;lasl + h;lhgagg]m(f) (12)
+[(hytas1) + hytaso + hy 'hoasy + by thohy m{Y
+(h3 tazo)'mi + (h3 ' A2) + hy 'ho Ay + hy 'hohi ' f.
Here if we do following abbreviations
asa = h3'ass, as3 = (hy'azs)’ + hy'aze, ase = (hy 'ass) + hy'ass + hy ' heags
asr = (hy'as1)" + hy 'aso + hy "haasy + hy ' hahi !, aso = (hy 'aso)’
Az = (h3'As) + hy'ho Ay 4+ hthohi ' f,
the equation (12) is turned to
mly = agmiY + agmiP + appmi? + agmY + agom + As. (13)

If this process is going on like that, then derivation of m,, can be written by the power

of derivation of m; as following

ml, = hy gy m-nymt” + (A a1y 1)
a1yl e [ agno) + - (14)
+(h;i1hn—2)lh;i3hn—4h;i5 X -h4h§1a30]m1 + (h;ilAn—Q)l
+h;i1hn—214n—3 + (h;ilhn—Q)lh;ighn—4h;i5 T 'hgjthhl_lAO
where Ag = f. If ag, a1, ... ,ay, stand for coefficients of m(ln), m(ln_l), ... ,m}, my respec-
tively, then the equation (14) will be
aom{™ + aym{" ™V 4t an_m +apmy = f (15)
where
fo= —[(h L An—a) 4+ hy b b2 A s+ - -
H(hy Ly hn—2) hylshn—ahy s - hythahg hohy ' Ag).
If we choose a; = —(%0'-, (¢=1,2,...,n), then equation (15) will be written as
(n) _ ~ (1) — f(9)
my S =am + -+ apmy + .
1 177 n il a0(¢)
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Having successively integration, we obtain

m{"Y = (2@ (s)m" Y 4t @ (s)ma) ds + [ L) ds

ao(s)

w2 = [2(6— )@ (m" D 44 @alshm) ds + (6 - 5) L) ds

_ _e)2, _ N _$)2 F(s
m(ln 3 = 0¢ —("52!‘(’) (a1 (s)m(ln Doy an(s)my)ds + f0¢ (¢2f) ;:)((2)) ds
mi = f0¢ (¢:j)n (@ (s)m(ln—l) 4 an(s)my) ds + f0¢ th_f)n aJL((z)) ds.

Here it is imposible to get m; directly, but by using an approximate solution of system

as [10], we get the following solution

’ n! 0 nl ap(s)

) _ n
my = / @ Gy )+ @l ds + /
0

and then
myy = 0¢ %(cﬁ(s)m(l"k__ll) + -t an(s)mg—1)ds + f0¢ % i((‘?) ds
mizz = @ (O)m" )+t (@)1 + L
We now calculate how m; ; approximate to my. If €1 5 = ||m1 — ma ||, then

ern < JP S @llel ) + -+ llanllern—i] ds

e < @l + -+ @l i) ds

e < a2 -+ a@nller -1
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If Ly = maz{||al],. .. ,[lan|}, then

erw <Ly [P eV s
0 (n-1)! j=0 “1,k—

e S Lo fy (T D)) ds

1 ¢ -1 _(j
Eﬁnk ) <L, Jo i E(I{L_I)ds.

We can sum up above equations side by side in order to obtain following equation
) . (@—9)" G)
D e e I

In this case, if we say J; = ZJ 0 5(1311, then we can write

= (-9
and if
n—1
(p—s)"/
2L <t

then we can write
[
0 < L/ Op—1ds.
0

we now show approximate of d;. To do this
01 < Légg
by < L[J61ds < L25,%

k
5 <Ll (0< ¢ < o)

thus
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Each term is smaller then 50( ¢0) since summation of all terms is smaller then dg~—=7— (L%) .
That is,
. L)k
) < o L2
and then
g — el < sotllel
L k
[m} —mj kH < do L ¢0)
— k
lmi™ ™ —mull < 6 g
and
k
k:.
SO
(L¢po)*
™ = mi ]| < Lndo>=—
We take limit both side
k
Jim <) < Jim a0
we get
klgl()lom(lf)—m(lj) ( j:0)152a"'5n_1)
and
lim m(uz = m(ln)
We have that
me =mj+f
ms = h;l(mé + hlml)
my = h;l(mg + homs) (16)
Mp = h;il(m%—l + hp—2my—2)
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and then
!
€2,k T &g
-1
€3k = k’2 EIQ,k + k’1817k
-1
€4k = kS Ei’;,k + k’2827k
-1 _
Enk = kn—lgn—l,k + k"—QE"—QJf
Therefore, we can find the value of mgy, ms,...,m, from equation (16) since the value
of my is known. Thus, the error of €3 ,€3 4, -+ ,en,r can be found by depending on

the error of €1 ;. If & — oo, then X* can be presented by X and its invarient. So the

following theorem is proved.

Theorem 1 Let ki(s), (i = 1,2,...,n;0 < s < L) be non-zero functions in the class
I.Then m;,x(k = 0,1,2,...)which obtained from (4) limits to the unique solution of

system as following

. ) L k
Hm(lz) —m(&H < Li50( Z?) (t=0,1,...,n;k=0,1...),
: : . s (Ljdo)*
||mgt) - mgfl)gH < LE,@'&O(EICi' (e = 2) 3) s 7n)a

where L;, L, Lzﬂ- and L} are numbers which are known.
If the distance between the opposite points of (C') and (C*) is constant, then
lo* —all> =mi+m3+ - +m2 =k keR

Hence, we write

dmq dms dmn
ki AT n = 1
m1d¢+ 2dq§+ +m i 0 (17)
and then
d
ml(dﬂ(bl — mg) =0. (18)
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In this case, either m; = 0 or €% — my = 0 which means f(¢) = 0. If f(¢) = 0, then
d¢

X* is a transition of X with following constant vector
C=miVi +maVao+ -4+ my, V. (19)

If my = 0, then from equation (14) we have

(h;i1f4n—2)/ + h;i1hn—2f4n—3 +o

(20)
+(h o) by L ah aho Y- s thyhg thohTt Ag = 0.

Thus, the function f(¢) satisfies the equation (20). X*(0) = X*(2n) since the curve of

constant breadth is closed. Accordingly, from (1) we can write

a*(0) = a(0) + 3y mi(0)Vi(0) = a*(2m)

a(2r) + 22;2 m; (2m)V; (27)

and finally m;(0) = m;(2).

Corollary 1 In the equation

b (h_ gym P
ml,k=/ M(@(s)mfg_ﬂ)+...+a;(5)m17k_1)d5+/ (¢ n'S) RICI
0 ) 1

n!

if we choose my 9 =0, then

m11=/¢Mf(s) ds.
; ) .

/¢ @—9" J) 4oy, (21)
0 !
Corollary 2 If we choose mi1 =0, then

mip = /0¢ an(s)ds + /0¢ M J(s) ds.
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Assume that mq i, limits for k =2 to my. Then my 2 =mq =0 and then

By derivating

“(¢p—s)" f(s)

=D ag(s)

an(®) = a0(®) /O

Corollary 3 If we choose mi = 0 in equation (14),then

ml, =—f
and
b _
My = —/ fds
0
We have m,(0) = my(27),s0
2w
f(s)ds=0
0
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