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Abstract

The purpose of this paper is to define a diagonal lift Dg of a Riemannian metric

g of a manifold Mn to the cotangent bundle T∗(Mn) of Mn, to associate with Dg an

Levi-Civita connection of T∗(Mn) in a natural way and to investigate applications

of the diagonal lifts.
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1. Introduction

Let Mn be an n-dimensional differentiable manifold of class C∞ and T ∗(Mn) the

cotangent bundle over Mn. If xi are local coordinates in a neighborhood U of a point

x ∈Mn, then a covector p at x which is an element of T ∗(Mn) is expressible in the form

(xi, pi), where pi are components of P with respect to the natural frame ∂i. We may

consider (xi, pi)=(xi, xi) = (xJ), i = 1, . . . , n; i = n + 1, . . . , 2n; J = 1, . . . , 2n as local

coordinates in a neigborhood π−1(U) (π is the natural projection T ∗(Mn) onto Mn).

Let now Mn be a Riemannian manifold with nondegenarate metric g whose compo-

nents in a coordinate neighborhood U are gij and denote by Γhji the Christoffel symbols

formed with gji.
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We denote by T rs (Mn) the module over F (Mn) (F (Mn) is the ring of C∞ functions

in Mn) all tensor fields of class C∞ and of type (r, s) in Mn. Let X ∈ T 1
0 (Mn) and

w ∈ T 0
1 (Mn). Then CX (complete lift), HX (horizontal lift) and V w (vertical lift) have,

respectively, components [5]

CX =

(
Xh

−pm∂hXm

)
, HX =

(
Xh

pmΓmhiX
i

)
, V w =

(
0

wh

)
(1)

with respect to the coordinates (xh, xh) in T ∗(Mn), where Xh and wh are respectively

local components of X and w.

In each coordinate neighborhood U(xh) of Mn, we put

X(j) =
∂

∂xj
, w(j) = dxj.

Taking account of (1), we easily see that the components of HX(j) and V w(j) are respec-

tively given by

HX(j) = (A H
j ) =

(
δhj

pmΓmjh

)
, V w(j) = (A H

j
) =

(
0

δjh

)

with respect to the coordinates (xh, xh). We call the set {HX(j),
V w(j)} the frame adapted

to the Riemannian connection Γ in π−1(U) ⊂ T ∗(Mn). On putting

A(j) =H X(j), A(j) =V w(j)

we write the adapted frame as {A(β)} = {A(j), A(j)}.
It is easily verified that 2n local 1-forms

Ã(i) =
(

Ã(i)
H

)
=
(

Ã(i)
h, Ã

(i)

h

)
=
(
δih, 0

)
= dxi i = 1, . . . , n,

Ã(i) =
(

Ã(i)
H

)
=
(

Ã(i)
h, Ã

(i)

h

)
= (−pmΓmhi δhi) = dpi − pmΓmhidx

h = δpi i = n+ 1, . . . , 2n

(2)

form a coframe {Ãα} = {Ã(i), Ã(i)} dual to the adapted frame {A(β)}, i.e. Ã(α)
HA

H
(β) =

δαβ .
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2. Lift Dg of a Riemannian g to T ∗(Mn)

On putting locally

Dg = gjiÃ
(j) ⊗ Ã(i) +

n∑
j,i=1

gjiÃ(j) ⊗ Ã(i) (3)

in T ∗(Mn), we see that Dg defines a tensor field of type (0, 2) in T ∗(Mn), which called

the diagonal lift of the tensor field g to T ∗(Mn) with respect to Γ. From (2) and (3) we

prove that Dg has components of the form

(Dgβα) =

(
gji 0

0 gji

)
(4)

with respect to the coframe {Ã(α)} (or with respect to the adapted frame {A(β)}) in

T ∗(Mn) and components

Dg =

(
gji + gkspmp`ΓmjkΓ`is −gisp`Γ`js

−gjsp`Γ`is gji

)
(5)

with respect to the local coordinates (xj, xj), where gji denote contravariant components

of g.

From (4) it easily follows that if g is a Riemannian metric in Mn, then Dg is a

Riemannian metric in T ∗(Mn). The metric Dg is similar to that of the Riemannian

extension studied by S. Sasaki in the tangent bundle [4] (for the frame bundle, see [2]).

From (1) and (5) we have

Dg (HX,H Y ) = g(X, Y ).

We hence have

Theorem 1. Let X, Y ∈ T 1
0 (Mn). Then the inner product of the horizontal lifts

HX and HY to T ∗(Mn)with the metric Dg is equal to the vertical lift of the inner product

of X and Y in Mn.

From (1) and (5) we have also

Dg(V w,V θ) = V (g(w, θ)), ∀w, θ ∈ T 0
1 (Mn),
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Dg(Vw,C X) = −gjswjp`(∂sX` + Γ`siX
i)

= −gjswj(ι(∇X))s

= −V (g(w, ι(∇X)),

Dg(CX,C Y ) = gjix
jyi + gjipkp`(∇jXk)(∇iY `)

= gjix
jyi + gji(ι(∇X))j(ι(∇Y ))i

=V (g(X, Y )) +V (g(ι(∇X), ι(∇Y ))), ∀X, Y ∈ T 1
0 (Mn), ∀w ∈ T 0

1 (Mn),

(6)

where (ι(∇X) is a 1-form with local expression:

ι(∇X) = p`∇sX`dxs.

We recall that any element t ∈ T 0
r (T ∗(Mn)) is completely determined by its action on

lifts of the type CX1,
CX2, · · · ,CXr , where Xi, i = 1, . . . , r are arbitrary vector fields in

Mn [5,p. 237]. Then Dg is completely determined by (6).

3. Levi-Civita Connection of Dg

The components of the adapted frame {A(β)} are given by

(A H
β ) = (A H

j , A H
j

) =

(
δhj 0

pmΓmjh δjh

)
. (7)

The indices α, β, . . . = 1, . . . , 2n indicate the indices with respect to the adapted frame.

The inverse of the matrix (7) is given by

(ÃβH) =

(
Ãj H

Ãj H

)
, (7’)

Ãj H and Ãj H being defined by

Ãj H = (δjh, 0), Ãj H = (−pmΓmhj , δ
h
j ).
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We now consider local vector fields Aβ defined in π−1(U) by

Aβ = Aβ
H∂H ,

which will give for various types of indices

Aj = ∂j +
n∑
h=1

pmΓmjh∂h, Aj = ∂j . (8)

If Ω α
γβ denote the non-holonomic object with respect to the vector fields Aβ , then we

have

[Aγ , Aβ] = Ωγβ αAα.

According to (7), (7’) and (8), the components of the non-holonomic object are given by

Ω α
γβ = (AγA C

β −AβA C
γ )AαC .

The only non-vanishing components of Ω α
γβ are

Ωji h = pmR
m

jih ,

Ω h
ij = −pmR m

jih ,

Ωj i
h = −Γijh,

Ωij
h = Γijh,

(9)

where R m
jih are components of the curvature tensor of Γ with metric gij.

Components of the Riemannian connection determined by the metric Dg are given by

DΓαγβ =
1
2
Dgαε(Aγ Dgεβ +Aβ

Dgγε −Aε Dgγβ) +
1
2

(Ω α
γβ + Ωα γβ + Ωα βγ), (10)

where Ωα γβ =D gαε DgδβΩ δ
εγ , Dgαε are the contravariant components of the metric Dg

with respect to the adapted frame:

(Dgβα) =

(
gji 0

0 gji

)
(11)
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Thus, according to (8), (9), (10) and (11), the components DΓαγβ with respect to adapted

frame are given by

DΓhji = Γhji,
DΓh

ji
=

1
2
pmR

h im
j ,

DΓh
ji

=
1
2
pmR

h jm
i , Γh

j i
= 0,

DΓhji =
1
2
pmR

m
jih , DΓh

ji
= −Γijh,

DΓh
ji

= 0,

Γh
j i

= 0,

(12)

where Rh imj = ghlgkiR m
ljk .

The covariant derivative of the diagonal lift Dϕ (ϕ ∈ T 1
1 (Mn)) has components

D∇δ Dϕαβ = Aδ
Dϕαβ +D Γαδε

Dϕεβ −D Γεδβ
Dϕαε

with respect to the adapted frame, where the components of Dϕ are given by [5, p. 291]

Dϕαβ =

(
ϕij 0

0 −ϕji

)
(13)

with respect to the adapted frame.

Let us consider a 2n-dimensional Riemannian manifold M2n with the almost complex

structure ϕ. If tensor of Riemann metric gij satisfies

gmjϕ
m
i = gimϕ

m
j ,

then we call this Riemann metric a pure metric in an almost complex manifold M2n and

call an almost B-manifold an almost complex space with a pure metric.

Now, if a pure metric satisfies

∇jF hi = 0 or φkgij = 0,

where φ is the Tachibana operator, then we call this manifold a B-manifold (see [1], [3])

(∇k denotes the covariant differention with respect to the Christoffel symbols formed

with gij). Taking account of (8 ) and (12 ), we find that D∇Dϕ has components given
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by

D∇k Dϕij = ∇kϕij ,
D∇k Dϕij = −∇kϕji ,

D∇k
Dϕij =

1
2
p`
(
Ri k`
m ϕmj −Rm k`

j ϕim
)
,

D∇k Dϕij = −1
2
p`

(
Ri m`k ϕjm +Rm j`

k ϕim

)
,

D∇k Dϕij =
1
2
p`
(
R `
kmi ϕ

m
j +R `

kjm ϕmi
)
.

all the others being zero, with respect to the adapted frame.

From (11) and (13) we easily find that Dg is pure with respect to the structure Dϕ.

Thus we have

Theorem 2. The cotangent bundle of B-manifold is B-manifold with respect to the

metric Dg and the structure Dϕ if and only if the Riemannian manifold is locally flat.

4. Killing vector fields

A vector field X ∈ T 1
0 (Mn) is said to be an infinitesimal isometry or a Killing vector

field of a Riemannian manifold with metric g, if LX g = 0 [5, p78]. In terms of components

gji of g, X is a Killing vector field if and only if

LX gji = Xα∇αgji + gαi∇jXα + gjα∇iXα = ∇jXi +∇iXj = 0,

Xα being components of X, where ∇ is the Riemannian connection of the metric g.

Let X̃ be a covector field in T ∗ (Mn) and

(
X̃α

)
=
(
X̃h, X̃h

)
its components with respect to the adapted frame. Then the covariant derivative D∇X̃
has components

D∇βX̃α = AβX̃α +D ΓγβαX̃γ, (14)
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DΓβα being given by (12), with respect to the adapted frame. From (1) we see that

components of CX, HX and V w

CXα = AαA
CXA, HXα = AαA

HXA, V wα = AαA
V wA

with respect to the adapted frame CX, HX and V w are given respectively by

(
CXα

)
=

(
Xh

−pm∇hXm

)
,
(
HXα

)
=

(
Xh

0

)
,
(
V wα

)
=

(
0

wh

)

by virtue of (7’).

The associated covector fields of the complete, horizontal and vertical lifts to T ∗ (Mn)

with the metric Dg are given respectively by(
CXβ

)
=
(Dgβα CXα

)
=
(
Xj ,−gjipm∇iXm

)
,(

HXβ
)

=
(Dgβα HXα

)
= (Xj, 0) ,(

Vwβ
)

=
(Dgβα V wα) =

(
0, wj

) (15)

with respect to the adapted frame, where Xj = gjiX
i, wj = gjiwi.

We now compute the Lie derivatives of the metric Dg with respect to CX, HX and
V w, by means of (14) and (15). The Lie derivatives of Dg with respect to CX, HX and
V w have respectively components(
LCX Dgβα

)
=
(D∇β CXα +D ∇α CXβ

)
=

(
∇jXi +∇iXj −pmgkigtm

(
∇j∇kXt +R`jktX

`
)

−pmgkjgtm
(
∇i∇kXt +R`iktX

`
)

−
(
gis∇sXj + gjs∇sXi

) )
,

(16)

(
LHX Dgβα

)
=
(D∇β HXα +D ∇α HXβ

)
=

(
∇jXi +∇iXj −pmgkiR m

`jk X`

−pmgkjR m
`ik X` 0

)
,

(
LV w Dgβα

)
=
(D∇β V wα +D ∇α V wβ

)
=

(
0 gis∇jws

gjs∇iws 0

)
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with respect to the adapted frame in T ∗ (Mn).

Since we have

∇i∇kXt + R`iktX
` = 0, LX gji = −

(
gjs∇sXi + gis∇sXj

)
= 0

as a consequence of LX gji = ∇jXi +∇iXj = 0 (see [6, p.17]), we conclude by means of

(16) that the complete lift CX is a Killing vector field in T ∗ (Mn) if and only if X is a

Killing vector field in Mn.

We next have

R m
`ik X` = 0

as a consequence of the vanishing of the second covariant derivative of X. Conversely,

the conditions LX gji = ∇jXi + ∇iXj = 0 and R m
`ik X` = 0 imply that the second

covariant derivative of X vanishes. Summing up these results, we have

Theorem 3. Necessary and sufficient conditions in order that the

a) complete CX ∈ T 1
0 (T ∗(Mn)),

b) horizontal HX ∈ T 1
0 (T ∗(Mn)) and

c) vertical Vw ∈ T 1
0 (T ∗(Mn))

lifts to T ∗(Mn) with the metric Dg , of a vector field X and covector field w in Mn

be a Killing vector field in T ∗(Mn) are that,

a) X is a Killing vector field in Mn,

b) X is a Killing vector field with vanishing second covariant derivative in Mn and

c) w is parallel in Mn.

5. Geodesics in T ∗(Mn) with metric Dg

Let C be a curve in Mn expressed locally by xh = xh(t) and wh(t) be a covector field

along C. Then, in the cotangent bundle T ∗(Mn), we define a curve C̃ by

xh = xh(t), xh̃ def= ph = wh(t) (17)

If the curve C satisfies at all the points the relation

δwn
dt

=
dwn
dt
− Γ i

j h

dxj

dt
wi = 0, (18)
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then the curve C̃ is said to be a horizontal lift of the curve C in Mn. Thus, if the initial

condition wh = w0
h for t = t0 is given, there exists a unique horizontal lift expressed by

(17).

We now consider differential equations of the geodesics of the cotangent bundle

T ∗(Mn) with the metric Dg . If t is the arc lenght of a curve xA = xA(t) in T ∗(Mn),

equations of geodesic in T ∗(Mn) have the usual form

δ2xA

dt2
=
d2xA

dt2
+D Γ A

C B

dxC

dt

dxB

dt
= 0 (19)

with respect to the induced coordinates (xi, xi) = (xi, ρi) in T ∗(Mn).

We find it more convenient to refer equations (19) to the adapted frame {A(i), A(i)}.
Using (2), we now write

θh = A
(h)
A dx

A = dxh,

θh = A
(h)
A dx

A = δph,

and put

θh

dt
= A

(h)
A

dxA

dt
=
dxh

dt
,

θh

dt
= A

(h)
A

dxA

dt
=
δph
dt

=
δph
dt
− Γ i

j h

dxj

dt
pi

along a curve xA = xA(t), i.e., xh = xh(t), ph = ph(t) in T ∗(Mn).

If we therefore write down the form equivalent to (19), namely,

d

dt

(θα
dt

)
+D Γ α

δ β

(θγ
dt

)(θβ
dt

)
= 0

with respect to the adapted frame and take account of (12), then we have
δ2xh

dt2 + pmR
h im
j

dxj

dt
δpi
dt = 0,

δ2ph
dt2 + 1

2pmR
m

j i h
dxj

dt
dxi

dt = 0
(20)
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Since we have

R m
j ih

dxj

dt

dxi

dt
= 0

as a consequence of R m
(j i)h = 0, we conclude by means of (20) that a curve xi = xi(t),

ph = ph(t) in T ∗(Mn) with the metricDg is a geodesic in T ∗(Mn), if and only if
δ2xh

dt2 + pmR
h im
j

dxj

dt
δpi
dt = 0, (a)

δ2ph
dt2 = 0 (b)

(21)

If a curve satisfying (21) lies on a fibre given by xh =const, then (20, (b)) reduces to

d2ph
dt2

= 0

so that ph = ah t+ bh, ah and bh being constant. Thus we have

Theorem 4. If geodesic xh = xh(t), ph = ph(t) lies in a fibre of T ∗(Mn) with the

metric Dg, the a geodesic is expressed by linear equations xh = ch, ph = ah t+ bh, where

ah, bh and ch are constant.

From (18) and (21), we have

Theorem 5. The horizontal lift of a geodesic in Mn is always geodesic in T ∗(Mn)

with the metric Dg.
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