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Abstract

The purpose of this paper is to define a diagonal lift g of a Riemannian metric
g of a manifold M, to the cotangent bundle T (M,,) of M,, to associate with g an
Levi-Civita connection of T (M,) in a natural way and to investigate applications

of the diagonal lifts.
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1. Introduction

Let M,, be an n-dimensional differentiable manifold of class C*° and T*(M,,) the
cotangent bundle over M,,. If ' are local coordinates in a neighborhood U of a point
x € M, then a covector p at x which is an element of T*(M,,) is expressible in the form
(2%, p;), where p; are components of P with respect to the natural frame ;. We may
consider (xi,pi)z(xi,x’_') =(),i=1,...,n;i=n+1,...,2n; J =1,...,2n as local
coordinates in a neighorhood 7~ 1(U) (r is the natural projection T*(M,,) onto M,,).

Let now M,, be a Riemannian manifold with nondegenarate metric g whose compo-
nents in a coordinate neighborhood U are g;; and denote by I' SLL the Christoffel symbols

formed with g;;.
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We denote by 7. (M,) the module over F(M,) (F(M,) is the ring of C*° functions
in M,) all tensor fields of class C* and of type (r,s) in M,. Let X € 73 (M,) and
w € T2(M,). Then “X (complete lift), 7 X (horizontal lift) and Vw (vertical lift) have,

respectively, components [5]

h h
ex={ ) owmx= X ) v (1)
—PmOp X™ Pl X° W,

with respect to the coordinates (xh, x") in T* (M), where X h and wy, are respectively
local components of X and w.

In each coordinate neighborhood U(xh) of M,,, we put
) , ,

L= () = gpd

X(J) = Y% y w = dx’.

Taking account of (1), we easily see that the components of 7 X ;) and Vw) are respec-

H H 5Jh v, (4) H 0
X(j) = (AJ ) = 5 w J) = (A— ) = .
P} J &

with respect to the coordinates (z", z"*). We call the set {1 X ) Y w9} the frame adapted

tively given by

to the Riemannian connection I' in #=Y(U) € T*(M,,). On putting
H v,
Ay =" X, Ag =Y w?

we write the adapted frame as {A(g)} = {4(;), 45}

It is easily verified that 2n local 1-forms
A0 = (A9,) = (A9, A%) = (5}.0) =da' i=1,... .,

A = (A(z)H) = (A(i)h, A(i)ﬁ) = (—pm 7 6ni) = dp; —pmfﬁ-dxh =0p; i=n+1,...,2n
(2)

form a coframe {A*} = {A(®, AD} dual to the adapted frame {Ap}, ie. fl(a}{A(B{{ =
5.
B
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2. Lift Pg of a Riemannian g to T*(M,,)

On putting locally
e ~ n ~ ~ /T
Py = g; AV @ A 4 Z g"AD @ A (3)
jri=1

in T*(M,,), we see that Pg defines a tensor field of type (0,2) in T*(M,,), which called
the diagonal lift of the tensor field g to T*(M,,) with respect to I'. From (2) and (3) we

prove that Pg has components of the form

D _ gji 0
( 9@)—( o (o ) (4)

with respect to the coframe {A(®)} (or with respect to the adapted frame {A(g)}) in
T*(M,) and components

Dy ( gji + 9" pmpe LT | =g pelS ) 5)
—¢7*pel |

with respect to the local coordinates (a7, xj), where ¢7* denote contravariant components
of g.

From (4) it easily follows that if g is a Riemannian metric in M,,, then Pg is a
Riemannian metric in 7%(M,,). The metric Pg is similar to that of the Riemannian
extension studied by S. Sasaki in the tangent bundle [4] (for the frame bundle, see [2]).

From (1) and (5) we have

Pg(X 1Y) =g(X,Y).

We hence have

Theorem 1. Let X, Y € 7, (M,). Then the inner product of the horizontal lifts
HX and Y to T* (M, )with the metric D g is equal to the vertical lift of the inner product
of X and Y in M,,.

From (1) and (5) we have also

Pag(Vw,” 0) = V(g(w,0)), Yw,0 e TP (M,),
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Dg(Vw,C X) = —gjswjpg(é)sXe + FﬁiXi)
= —¢""w; ((VX))s
=—"(g(w, VX)),

Pe(°X.CY) = gjix?y’ + ¢/ prpe(V; XF) (VYY)
= g2’y + ¢ (U(VX)); (L(VY));

=V (9(X,Y)) +V (9(u(VX),(VY))), VX,Y € Ty (M,),Yw € T"(M,),
(6)

where (1(VX) is a 1-form with local expression:

VX)) =pVs X da®.
We recall that any element ¢ € 7.9(T*(M,)) is completely determined by its action on
lifts of the type € X1,¢ Xy, -+, X,., where X;, i =1,...,r are arbitrary vector fields in
M,, [5,p. 237]. Then Pg is completely determined by (6).

3. Levi-Civita Connection of Pg

The components of the adapted frame {Ag)} are given by

(Ag 1) = (4,7, A1) = ( v 10 ) - (7)
T Pl | 3
The indices o, 3,...=1,...,2n indicate the indices with respect to the adapted frame.

The inverse of the matrix (7) is given by

i) (5‘?[), )
W= ("

A g and A y being defined by

Ay =(80,0), Ay = (—pmD, 6.
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We now consider local vector fields Az defined in 7= (U) by
Ag = Ag oy,

which will give for various types of indices

n
Ay =05+ > pml0y, Az =05 (8)
h=1

If Qw“ denote the non-holonomic object with respect to the vector fields Ag, then we

have
[Ay, Ap] = Q5 * Aar.
According to (7), (7’) and (8), the components of the non-holonomic object are given by
Q5% = (A, A5° — AgA ©) A% .

The only non-vanishing components of €2 5 are

A (9)
& Eh_: L5
O h =T,

where R i »" are components of the curvature tensor of I' with metric g;;.
Components of the Riemannian connection determined by the metric Pg are given by

1p o 1
DF% =5 Dga (A, DQEB + Ap nge — A ngﬁ) + §(Qyﬁa +Q“ 3T Q% gy), (10)

where Q% _ 5 =D gae Dg(;gﬂw‘s, Dy

@€ are the contravariant components of the metric Pg

with respect to the adapted frame:

(%%=<W 0) (1)

0 | gji
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Thus, according to (8), (9), (10) and (11), the components DI’% with respect to adapted

frame are given by

1 .

Dph h D1k h

Fji :Fjia Fﬂ: §mejzm, (12)

1 )

Drh h jm h

15 =gpmB577, T3;=0,

— 1 _ _
Dph _ Drh _ D1h

U= gpmBya™s PTj= =T, PT5 =0,

ho—0,

ji

him _ _hl ki m
where R"%"™ = g™ g™ R, ™.

The covariant derivative of the diagonal lift P (p € 71 (M,,)) has components
PVsPof = A5 P +P T8 Pl =P T55 P02

with respect to the adapted frame, where the components of P¢ are given by [5, p. 291]

with respect to the adapted frame.
Let us consider a 2n-dimensional Riemannian manifold Ms,, with the almost complex

structure . If tensor of Riemann metric g;; satisfies

Imjpi = gz‘m@}n,

then we call this Riemann metric a pure metric in an almost complex manifold Ms,, and
call an almost B-manifold an almost complex space with a pure metric.

Now, if a pure metric satisfies
VjF,L-h =0 or ¢kgij = 0,

where ¢ is the Tachibana operator, then we call this manifold a B-manifold (see [1], [3])
(Vi denotes the covariant differention with respect to the Christoffel symbols formed

with g;;). Taking account of (8 ) and (12 ), we find that PV Py has components given
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PV Pyl = Vi,

D D i _ j
vk‘ ;_*__vk(pia

) 1 ) )
DVED(,O; _ 5])@ (Rzmké(pgn _ ij ké(p';n) ,

. 1 . . .
DVk’D(P;—»: _§p€ (Rzkme(pin +Rmkﬂ<)0§n) ,

= 1
PV, D@; = 3P (Rpmi” @7+ Rkjme o) .

all the others being zero, with respect to the adapted frame.

From (11) and (13) we easily find that Pg is pure with respect to the structure P¢.

Thus we have
Theorem 2. The cotangent bundle of B-manifold is B-manifold with respect to the

metric Pg and the structure P if and only if the Riemannian manifold is locally flat.

4. Killing vector fields

A vector field X € Tg (M,,) is said to be an infinitesimal isometry or a Killing vector
field of a Riemannian manifold with metric g, if Lx g = 0[5, p78]. In terms of components

gji of g, X is a Killing vector field if and only if
Lx gji = X*Vagji + 9aiViX* + g;a ViX* = V; X; + V;X; =0,

X being components of X, where V is the Riemannian connection of the metric g.

Let X be a covector field in T* (M,,) and

(5) - (.50

its components with respect to the adapted frame. Then the covariant derivative Py X

has components

PVsXy = AsX, +0 T X, (14)
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PTg, being given by (12), with respect to the adapted frame. From (1) we see that
components of X, X and Vw

CXa:AaACXA, HXa:AaAHXA, Vwa:AaAVwA

with respect to the adapted frame X, # X and Vw are given respectively by

cx)= (0 ex= () = ()

by virtue of (7).
The associated covector fields of the complete, horizontal and vertical lifts to T* (M,,)

with the metric Pg are given respectively by

(“X5) = (Pgpa “X*) = (X;, —g'PmViX™),
(Ywg) = (Pgpa "w) = (0,u7)
with respect to the adapted frame, where X; = g;; X", w’ = g/'w;.
We now compute the Lie derivatives of the metric Pg with respect to “X, # X and

Vaw, by means of (14) and (15). The Lie derivatives of g with respect to X, X and

Vw have respectively components

(Lex Pgaa) = (PV5“Xa +7 Va “Xp)

B V; X + Vi X; ‘ —pmgkigtm (v_ijXt + joktXe)
—Pmg*igt™ (vikat + ReiktXe) ‘ — (gisVsz + gjsVsX") ’
(16)

Xi +ViX; | —pmg"iR, X"
(EHX Dgﬁa) = (Dvﬁ HXa +D Va HXB) = ( VJ 1+ vz . ‘ Pmd Lt ) )

—pmg™ Ry X* ‘ 0

0 iSV‘ R
(EVngBa) _ (DV3 Vwa 4D V., ng) _ ( _ ‘ g Vviw )
97°V,wg 0
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with respect to the adapted frame in 7™ (M,,).

Since we have
ViViXi + Ree X' =0, Lxg'=—(¢""V, X'+ ¢*V,X7) =0

as a consequence of Lx g;; = V;X; +V,;X; =0 (see [6, p.17]), we conclude by means of
(16) that the complete lift X is a Killing vector field in T (M,,) if and only if X is a
Killing vector field in M,,.

We next have
Ry ™ X £=0

as a consequence of the vanishing of the second covariant derivative of X. Conversely,
the conditions Lx gj; = V;X; + V;X; = 0 and R,;, "X’ = 0 imply that the second
covariant derivative of X vanishes. Summing up these results, we have

Theorem 3. Necessary and sufficient conditions in order that the

a) complete X € 7H(T*(M,)),

b) horizontal #X € 7} (T*(M,)) and

c) vertical Vw € TgH(T*(M,,))

lifts to T*(M,,) with the metric Dy, of a vector field X and covector field w in M,
be a Killing vector field in T%*(M,,) are that,

a) X is a Killing vector field in M,

b) X is a Killing vector field with vanishing second covariant derivative in M,, and

¢) w is parallel in M,.

5. Geodesics in T*(M,,) with metric Pg

Let C be a curve in M,, expressed locally by x" = z"(¢) and wy,(t) be a covector field

along C. Then, in the cotangent bundle T*(M,,), we define a curve C by
o =ah(t), " ef pr = wp(t) (17)

If the curve C satisfies at all the points the relation

ow, dw, o dxd
W _ SWn pi AT
i at  Ling = (18)
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then the curve C is said to be a horizontal lift of the curve C' in M,,. Thus, if the initial
condition wy, = wg for t = ty is given, there exists a unique horizontal lift expressed by
(17).

We now consider differential equations of the geodesics of the cotangent bundle
T*(M,,) with the metric Pg. If ¢ is the arc lenght of a curve x4 = z4(t) in T*(M,,),
equations of geodesic in T*(M,,) have the usual form

§2x4  d%xA 4 dx€ dzP

== 4Pp AT T ) 1
dt? az B Ty (19)

with respect to the induced coordinates (z?, 27) = (z%, p;) in T*(M,).
We find it more convenient to refer equations (19) to the adapted frame {A;), 4 }-

Using (2), we now write

o = AW, dat = da,

0" = AW, da 4 = opy,
and put

oy de?_dat
dt A dt  dt’

7

o o dzA Spn opn gl
dt ATagr T Tat T ar  ih g P

along acurve 4 = x4(t), i.e., 2" = 2"(t), pr = pu(t) in T*(M,,).

If we therefore write down the form equivalent to (19), namely,

d 0N p 07 60°
£+ () -
(@) " 18 (3) (G
with respect to the adapted frame and take account of (12), then we have

5%a" h im da? dpi _
x +mejzm da’ opi — (),

at2 dt dt

5%pn 1 dz? dz’ (20)
3 4 m axr’ A

az T apmB )" G =0
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Since we have

dd dot
Jth g dt

as a consequence of R, " =0, we conclude by means of (20) that a curve 2% = z%(t),

pr = pu(t) in T*(M,,) with the metric Pg is a geodesic in T*(M,,), if and only if

2_h . JoS i

Te s pn BT 0, (a) o
2

6df2h =0 (b)

If a curve satisfying (21) lies on a fibre given by 2" =const, then (20, (b)) reduces to

d?pn, —0
dt?

so that py, = apt + by, ap, and by, being constant. Thus we have

Theorem 4. If geodesic 2" = z"®) | p, = pp,(t) lies in a fibre of T*(M,) with the
metric Pg, the a geodesic is expressed by linear equations = = ¢, p, = ay, t + by,, where
an, by, and ¢ are constant.

From (18) and (21), we have

Theorem 5. The horizontal lift of a geodesic in M, is always geodesic in T*(M,,)

with the metric Pg.
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