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On the Modular Curve X(6) and Surfaces Admitting

Genus 2 Fibrations

Gülay Karadoğan

Abstract

In this paper, we study the moduli spaces of surfaces admitting nonsmooth genus

2 fibrations with slope λ = 6 (necessarily) over curves of genus ≥ 1. We determine

the structure of each connected component of these moduli spaces. Our results fill

the gap of earlier work in the literature to complete the picture of the moduli spaces

of genus 2 fibrations over curves of genus ≥ 2 except for the case of λ = 4.
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Introduction

The aim of this paper is to work out the slope λ = 6 case of the moduli spaces of

surfaces of general type admitting genus 2 fibrations. We recall that slope of a fibration

X −→ C is defined as the rational number

λ =
K2
X/C

∆

where

K2
X/C = K2

X − 8(g(C)− 1)(g − 1)

∆ = χ(OX) − (g(C) − 1)(g − 1).
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Hence in case of genus 2 fibrations, we obtain the slope equation

K2
X = λχ(OX) + (8− λ)(g(C)− 1).

The case of genus 2 albanese fibrations was studied extensively by Seiler [5,6] and

nonalbanese fibrations with λ 6= 6 and base genus g ≥ 2 have been subject of [3,4] by

Önsiper and Tekinel. General methods developed in the latter work apply for λ = 6 case,

too. However, since λ = 6 case is related to the modular curve X(6) (as will be explained

in Section 2) which is of genus 1, we need some modifications in the arguments of [4].

In Section 1 we recall the definition and basic properties of the modular curve X(6).

We also discuss basic existence and moduli questions for nonconstant holomorphic maps

C −→ X(6) from curves C of genus ≥ 1.

In Section 2, results of Section 1 will be combined with techniques of [4] to prove our

main results. More precisely, we determine the values of K2, χ for surfaces admitting

genus 2 fibrations with λ = 6 and for each possible pair (K2, χ) we determine the

connected components of the moduli space of surfaces of general type, parametrizing

these fibred surfaces. The main contribution of the paper consists of the results related to

fibrations over elliptic curves. These fibrations arise from isogenies of X(6) and therefore

their moduli spaces can be explicitly described (Theorem 2.3). For more general base

curves, we rephrase the main results of [4] in the context of λ = 6 fibrations. We also

include nontrivial concrete examples.

We work over the complex numbers C and use the following standard notation:

Γ(6) = {A ∈ SL2(Z) : A ' I mod 6}

H = upper half plane in C

K(X), χ(X) are the canonical class and the holomorphic Euler characteristic of X.

c1(X), c2(X) denote the first and the second chern classes of X, respectively.

MK2,χ is the moduli space of surfaces of general type with invariants K2, χ.

j(E) is the j-invariant of the elliptic curve E.

All surfaces considered in this work are minimal surfaces.

The results of this paper form part of author’s M.S. Thesis supervised by Prof.Dr.

Hurşit Önsiper written at METU (2001).
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1. The Modular Curve X(6)

We consider the action of the modular group Γ(6) on H via holomorphic automor-

phisms

H× Γ(6) −→ H

(z, A =

[
a b

c d

]
) 7−→ az + b

cz + d
.

It is well known that the quotient H/Γ(6) is a noncompact Riemann surface. To

compactify this quotient naturally, we adjoin cusps of Γ(6) to H to get

H∗ ⊂ H ∪Q ∪ {∞}

and then take the quotient H∗/Γ(6) which gives the modular curve X(6).

In the following lemma, we collect some well-known facts about X(6).

Lemma 1.1 X(6) has genus g(X(6)) = 1. The j-invariant j(X(6))=0.

Proof. We know by [7, p. 22–23] that X(N) has genus

g(X(N)) = 1 +
µN(N − 6)

12N
for N > 1.

where

µN =
N3

2

∏
p|N

(1− p2) for N > 2.

Taking N = 6, we get g(X(6)) = 1.

To calculate the j-invariant , we observe that

(i) ∞ is a cusp for Γ(6), and

(ii) since Γ(6) C SL2(Z), SL2(Z)/Γ(6) ' SL2(Z/6Z) acts on Y (6) = H/Γ(6) via

automorphisms and hence on X(6). Under this action, the cusp at ∞ is left fixed by

the cyclic subgroup 〈
[

1 1

0 1

]
〉 of SL2(Z/6Z). Therefore making X(6) into an elliptic

curve by taking the cusp at∞ as the 0 element for the group law, we see that X(6) has a
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cyclic subgroup of automorphisms (as an elliptic curve) of order 6. Hence, j(X(6)) = 0. 2

Next we consider covers of X(6) by Riemann surfaces C. Equivalently we are inter-

ested in nonconstant holomorphic maps C −→ X(6).

Given a surjective holomorphic map ϕ : C −→ X(6), we know by Riemann-Hurwitz

formula that 2g(C)−2 = R(ϕ), where R(ϕ) is the ramification degree of ϕ. In particular,

ϕ is unramified if and only if g(C) = 1. In this case the given cover is necessarily Galois (

because π1(X(6)) = Z⊕Z being an abelian group, π1(C) C π1(X(6)) ) and the covering

group G is either cyclic or an abelian group with two generators (since π1(X(6)) has two

generators). In fact (up to translation on X(6)), ϕ is an isogeny of degree n. Recall that

an isogeny between two elliptic curves E, E′ is a surjective morphism

ϕ : E −→ E′

which respects the natural group structures on E, E′. In particular, E′ is completely

determined by the kernel Ker(ϕ) of ϕ via the identification

E′ = E/Ker(ϕ).

Using this observation together with Lemma 2.1 we can calculate the number of

distinct cyclic unramified covers of X(6) of degree n, for n > 1. Thus we obtain a lower

bound for the number N(n) of distinct unramified covers of degree n.

Lemma 1.2 Modulo the action of Aut(X(6)), X(6) has

N(n) ≥ n

3

∏
p|n

(1 +
1
p

) +
2
3
ν3

distinct unramified covers of degree n, where

ν3 =


0 if 9|n∏

p|n
(1 + (

−3
p

)) otherwise.
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Proof. Using dual isogenies, each cyclic isogeny X(6) −→ E of degree n will give an

isogeny E −→ X(6) of degree n. Therefore, the number of cyclic isogenies X(6) −→ E

will give a lower bound for N(n). To calculate this lower bound we use the modular

curve X0(n). Recall that Y0(n) = H/Γ0(n) classifies pairs (E,G) of elliptic curves E

and cyclic subgroups G of order n; therefore, by the construction explained above, Y0(n)

classifies pairs of elliptic curves and cyclic isogenies of degree n. Letting X0(n) be the

compactification of Y0(n), we have a natural map

ϕ : X0(n) −→ X(1) = H∪ {∞}/SL2(Z)

which simply maps the pair (E,G) to [E] ∈ X(1). Therefore, the number of points over

[E] is precisely the number of cyclic isogenies E −→ E′ of degree n. In particular, taking

[X(6)] ∈ X(1) and applying the recipe in [7,p.23], we obtain the lower bound given in

the lemma. To see this, we just observe that since j(X(6)) = 0, X(6) corresponds to the

image of τ = e2πi/3 in X(1) and over this point we have exactly

t =
µ

3
+

2
3
ν3

points where µ = n
∏
p|n

(1 +
1
p

) and ν3 is as given in the statement of the Lemma. 2

Remark: When one considers general covers of a given degree, the only method to

classify these covers and to calculate the genera of the covering curves is to exploit the

relation between covers and monodromy.

2. Genus 2 Fibrations with Slope λ = 6

In this section, we will apply the results obtained in section 1 to the study of moduli

spaces of surfaces X admitting nonsmooth genus 2 fibrations X −→ C.

We assume that the irregularity q(X) = g(C) + 1, so that the fibration is not of

albanese type. Furthermore, we take the slope of the fibrations λ = 6.

We first note that by Xiao’s work [8] on genus 2 fibrations, for each elliptic curve E

there exists a fibration S(E, 6) −→ X(6) on the modular curve X(6) which is universal
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in the following sense: any genus 2 fibration α : X −→ C with λ = 6 and E as the fixed

part of the jacobian fibration corresponding to α, is the minimal desingularization of the

pull-back f∗(S(E, 6)) via a surjective holomorphic map f : C −→ X(6).

We need to determine the singularities of f∗(S(E, 6)). Clearly, f∗(S(E, 6)) has

singularities only if f ramifies over some points in the singular locus of S(E, 6)→ X(6).

We take such a point p ∈ X(6) and we let ki, i = 1, ..., l be the ramification index

at qi ∈ f−1(p). The surface f∗(S(E, 6)) → C has exactly one singular point on the

fiber over qi , which is of type Aki−1; this follows from the fact that a singular fiber

of S(E, 6) → X(6) is either an elliptic curve with a single node or two smooth elliptic

curves intersecting transversally at a single point ([8], Lemme 3.11, Theoreme 3.16). This

observation has two important consequences :

1) we can apply simultaneous desingularization to any given family of surfaces obtained

via a family of holomorphic maps into X(6); and

2) we can calculate the second Chern classes of minimal resolutions to prove the

following result ([4], Lemma 1)

Lemma 2.1 Let fi : Ci −→ X(6), i = 1, 2 , be surjective holomorphic maps with

g(C1) = g(C2) ≥ 1. Then the induced fibrations Xi −→ Ci have the same invariants

K2, χ if and only if deg (f1) = deg (f2).

The proof of ([4], Lemma 1) gives the value of c2(X) for a fibration X over a curve C

of genus g, obtained from a map C −→ X(6) of degree n:

c2(X) = nc2(S(E, 6)) + 4(g − 1).

Combining this with Noether’s formula

12χ(X) = c21(X) + c2(X)

and the slope formula

c21(X) = 6χ(X) + 2(g − 1),

we get

c21(X) = nc2(S(E, 6)) + 8(g − 1) (1).
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We note that since X is minimal and c21(X) > 0, c2(X) > 0, all of these surfaces are of

general type.

Lemma 2.2 Given a deformation π : X −→ B over a connected base B of X which

admits a genus 2 fibration X −→ C with λ = 6 and g(C) ≥2. Then

(i) Each fiber Xb of π admits a fibration Xb −→ Cb of the same type, with g(Cb) = g(C)

and this fibration is unique.

(ii) The degree of the map Cb −→ X(6) inducing the fibration Xb −→ Cb is constant on

B.

If g(C) =1, part (ii) and the uniqueness statement of part (i) hold, provided that one

knows the existence of the fibration Xb −→ Cb.

Proof. This is a special case of Lemma 2 in [4], except for the uniqueness statement

for elliptic base C. But for this case, since λ = 6 we have

K2(X) = 36n for some n ≥ 1

> 4

and uniqueness follows from [8, Proposition 6.4]. 2

We recall that for the surface S(E, 6), we have K2(S(E, 6))=36, χ(S(E, 6))=6 and

c2(S(E, 6))=36 [8, p.53]. Therefore, a fibration X −→ C obtained from an unramified

map C −→ X(6) of degree n, has K2(X) = 36n , χ(X) = 6n. By Lemma 2.2, we have

N(n) distinct unramified covers of degree n of X(6). With this notation, we have

Theorem 2.3 The moduli space of surfaces X admitting genus 2 fibrations with λ = 6

and with K2(X) = 36n , χ(X) = 6n consists of N(n) disjoint copies of the line A1,

which parameterize precisely the fibrations arising from isogenies C −→ X(6) of degree

n.

Proof. Given ϕ : C −→ X(6) unramified of degree n, for each elliptic curve E we obtain

XE −→ C where XE = ϕ∗(S(E, 6)). Therefore, by uniqueness of fibrations (Lemma

3.2(i)), for a fixed cover ϕi : C −→ X(6), the modulus of surfaces X admitting fibration
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over C corresponds to the modulus of elliptic curves via the correspondence XE −→ j(E).

By the argument in the proof of Proposition 5 in [4], we know that we can deform S(E1, 6)

to S(E2 , 6) for any two elliptic curves E1, E2. Hence it follows that for each ϕi, we have

a single component inM36n,6n which is A1.

As K2(S(E, 6)) = 36 and c2(S(E, 6)) = 36, if we have a curve C of genus g ≥ 2 and

a fibration X −→ C with slope λ = 6, then such a fibration will have

c2 = 36m+ 4(g − 1)

c21 = 36m+ 8(g − 1)

for some m ≥ 2, and hence c21 6= c2. This shows that in the moduli space M36n,6n we

have only fibrations over elliptic curves. 2

Remark: Since, in general, fibrations over an elliptic curve need not be preserved un-

der deformation, the components in Theorem 2.3 need not coincide with the components

of MK2,χ, contrary to the case of components in Theorem 2.5 [cf. Lemma 2.2].

We observe that in case of fibered surfaces with given K2, χ and arising from ramified

covers of X(6), the number and the dimension of connected components in MK2,χ,

parametrizing these fibred surfaces, depend on

(a) the base genus g(C) of the fibrations,

(b) the degree of the covers C −→ X(6),

(c) for a fixed base genus g and degree n, on the connected components of Holn(g,X(6))

which is the complex space parameterizing holomorphic maps of degree n from

curves of genus g onto X(6) (modulo Aut(X(6))).

To state our result in this case, we letM be the moduli space of all genus 2 fibrations

with λ = 6 and with given K2, χ. We write M =
⊔
g M(g, 6) as a disjoint union, where

M(g, 6) parameterizes surfaces X inM fibered over curves of genus g ≥ 2. We note that,

by formula (1), we have only finitely many, if any, g ≥ 2 for which M(g, 6) 6= ∅ and once

g is fixed, the degree n of the maps C −→ X(6) is determined. With this notation, we

have the following Leamma.
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Lemma 2.4 Given a fixed elliptic curve E, the map ϕ : Holn(g,X(6)) → M(g, 6)

defined by sending the class of f : C → X(6) to the fibration of type (E, 6) induced

by f is holomorphic.

Proof. This is a special case of [4, Lemma 4]. 2

Now we can state the main result which describes the components of M(g, 6) and

which is a special case of Proposition 5 in [4].

Theorem 2.5 Suppose M(g, 6) is nonempty. Then the set of connected components

{M(g, i)} of M(g, 6) is in one-to-one correspondence with the set { Holn,i} of

components of Holn(g,X(6)), for some n ≥ 1 and each M(g, i) is a fiber space over

ϕ( Holn,i) with A1 as fiber.

Remark : We note that M(g, 6) 6= ∅ in MK2,χ only if K2 = 36n + 8(g − 1),

χ = 6n+ (g − 1) for some n ≥ 2. However, to see if M(g, 6) 6= ∅ for a possible value of

g, one needs to work out the related monodromy.

Example: We consider surfaces X with

c2(X) = 2c2(S(6)) + 4 = 76 and

c21(X) = 2c2(S(6)) + 8 = 80.

From the formula,

c2(X) = nc2(S(6)) + 4(g − 1),

we see that g = 2, n = 2 is the only set of possible values for g and n > 1. Hence among

surfaces X with these values of c21, c2, those which admit genus 2 fibrations with λ = 6

all arise from degree 2 covers of X(6) by genus 2 curves. Such a cover Y −→ X(6) can

be constructed explicitly by taking two distinct points P1, P2 ∈ X(6) and completing the

unramified degree 2 cover of X(6)−{P1, P2} over P1, P2. Since X(6) is an elliptic curve,

we can permute any pair {P1, P
′
1} of points on X(6) via a translation. Therefore, we can

fix one of P1, P2, say we take P1 = 0

Furthermore, applying inversion, we see that {0, P } and {0,−P } give rise to the

same covering curve. Hence the moduli of all degree 2 covers of X(6) by genus 2 curves
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corresponds to (X(6)- {0 })/< −1 >= P1 −{a point} ' A1. Thus M(2,6) is an A1 fiber

space over A1.
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