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Abstract

We consider some results in a Γ-ring M with derivation which is related to Q,

and the quotient Γ-ring of M .
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1. Introduction

Nobusawa [3] introduced the notion of a Γ-ring, an obiect more general than a ring.

Barnes [1] slightly weakened the conditions in the definition of Γ-ring in the sense of

Nobusawa. Öztürk et al. [4, 5] studied extended centroid of prime Γ-rings. In this paper,

we consider the main results as follows. (1) Let M be a prime Γ-ring of characteristic 2,

U a non-zero ideal of M , and d1 and d2 two non-zero derivations of M. If d1d2(U) = (0),

there exists λ ∈ CΓ such that d2 = λαd1 for all α ∈ Γ where CΓ is the extended centroid

of M . (2) Let M be a prime Γ-ring, U a non-zero right ideal of M and d a non-zero

derivation of M . If d(U)Γa = (0) where a is a fixed element of M , then there exists an

element q of Q such that qγa = 0 and qγu = 0 for all u ∈ U and γ ∈ Γ. (3) Let M be a

prime Γ-ring with charM 6= 2, U a non-zero right ideal of M and d1 and d2 two non-zero

derivations of M . If d1d2(U) = (0), then there exists two elements p, q of Q such that

qΓU = (0) and pΓU = (0).

2000 Mathematics Subject Classification: 03F55, 06F05, 20M12, 03B52.

317
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2. Preliminaries

Let M and Γ be (additive) abelian groups. If for all a, b, c ∈ M and α, β ∈ Γ the

conditions

(1) aαb ∈M,

(2) (a+ b)αc = aαb+ aαc,

a(α+ β)b = aαb+ aβb,

aα(b+ c) = aαb+ aαc,

(3) (aαb)βc = aα(bβc).

are satisfied, then we call M a Γ-ring. Let M be a Γ-ring. The subset

Z = {x ∈M | xγm = mγx for all m ∈M and γ ∈ Γ}

is called the center of M . By a right (resp. left) ideal of a Γ-ring M we mean an additive

subgroup U of M such that UΓM ⊆ U (resp. MΓU ⊆ U). If U is both a right and a left

ideal, then we say that U is an ideal of M . For each a of a Γ-ring M the smallest right

ideal containing a is called the principal right ideal generated by a and is denoted by 〈a〉r.
Similarly we define 〈a〉l (resp. 〈a〉), the principal left (resp. two sided) ideal generated

by a. An ideal P of a Γ-ring M is is said to be prime if for any ideals U and V of M ,

UΓV ⊆ P implies U ⊆ P or V ⊆ P . A Γ-ring M is said to be prime if the zero ideal is

prime.

Theorem 2.1 ([2, Theorem 4]). If M is a Γ-ring, the following conditions are equivalent:

(i) M is a prime Γ-ring.

(ii) If a, b ∈M and aΓMΓb = (0), then a = 0 or b = 0.

(iii) If 〈a〉 and 〈b〉 are principal ideals of M such that 〈a〉Γ〈b〉 = (0), then a = 0 or

b = 0.

(iv) If U and V are right ideals of M such that UΓV = (0), then U = (0) or V = (0).

(v) If U and V are left ideals of M such that UΓV = (0), then U = (0) or V = (0).

Let M be a prime Γ-ring such that MΓM 6= M . Denote

M := {(U, f) | U(6= 0) is an ideal of M and

f : U →M is a right M -module homomorphism}.
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Define a relation ∼ on M by

(U, f) ∼ (V, g) ⇔ ∃W (6= 0) ⊂ U ∩ V such that f = g on W.

Since M is a prime Γ-ring, it is possible to find a non-zero W and so ” ∼ ” is an

equivalence relation. This gives a chance for us to get a partition ofM. We then denote

the equivalence class by Cl(U, f) = f̂ , where

f̂ := {g : V →M | (U, f) ∼ (V, g)},

and denote by Q the set of all equivalence classes. Then Q is a Γ-ring, which is called

the quotient Γ-ring of M (see [4]). The set

CΓ := {g ∈ Q | gγf = fγg for all f ∈ Q and γ ∈ Γ}

is called the extended centroid of M ( See [4]).

Lemma 2.2 ([4, p. 476]). Let M be a prime Γ-ring such that MΓM 6= M and

CΓ the extended centroid of M . If ai and bi are non-zero elements of M such that∑
aiγixβibi = 0 for all x ∈ M and γi, βi ∈ Γ, then the ai’s (also bi’s) are linearly

dependent over CΓ. Moreover, if aγxβb = bγxβa for all x ∈ M and γ, β ∈ Γ where

a(6= 0), b ∈M are fixed, then there exists λ ∈ CΓ such that b = λαa for all α ∈ Γ.

Theorem 2.3 ([6, Theorem 3.5]). The Γ-ring Q satisfies the following properties :

(i) For any element q ∈ Q, there exists an ideal Uq ∈ F such that q(Uq) ⊆ M (or

qγUq ⊆M for all γ ∈ Γ).

(ii) If q ∈ Q and q(U) = (0) for some U ∈ F (or qγUq = (0) for some U ∈ F and for

all γ ∈ Γ), then q = 0.

(iii) If U ∈ F and Ψ : U →M is a right M -module homomorphism, then there exists

an element q ∈ Q such that Ψ(u) = q(u) for all u ∈ U ( or Ψ(u) = qγu for all u ∈ U and

γ ∈ Γ ).

(iv) Let W be a submodule (an (M,M)-subbimodule) in Q and Ψ : W → Q a right M -

module homomorphism. If W contains the ideal U of the Γ-ring M such that Ψ(U) ⊆M
and AnnU = AnnrW , then there is an element q ∈ Q such that Ψ(b) = q(b) for any

b ∈ W (or Ψ(b) = qγb for any b ∈ W and γ ∈ Γ) and q(a) = 0 for any a ∈ AnnrW (or

qγa = 0 for any a ∈ AnnrW and γ ∈ Γ).
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Let M be a Γ-ring. A map d : M →M is called a derivation if

d(x+ y) = d(x) + d(y) and d(xγy) = d(x)γy + xγd(y)

for all x, y ∈M and γ ∈ Γ.

Lemma 2.4 ([8, Lemma 3]). Let M be a prime Γ-ring, U a non-zero ideal of M , and d

a derivation of M . If aΓd(U) = (0) (d(U)Γa = (0)) for all a ∈M , then a = 0 or d = 0.

Lemma 2.5 ([8, Lemma 1]). Let M be a prime Γ-ring and Z the center of M .

(i) If a, b, c ∈M and β, γ ∈ Γ, then

[aγb, c]β = aγ[b, c]β + [a, c]βγb + aγ(cβb) − aβ(cγb)

where [a, b]γ is aγb− bγa for all a, b ∈M and γ ∈ Γ.

(ii) If a ∈ Z, then [aγb, c]β = aγ[b, c]β where [a, b]γ is aγb − bγa for all a, b ∈ M and

γ ∈ Γ.

Lemma 2.6 ([8, Lemma 2]). Let M be a prime Γ-ring, U a non-zero right (resp. left)

ideal of M and a ∈M. If UΓa = (0) (resp. aΓU = (0)), then a = 0.

3. Main results

In what follows, let M denote a prime Γ-ring such that MΓM 6= M , Z is the center of

M , CΓ is the extended centroid of M and [a, b]γ = aγb− bγa for all a, b ∈ M and γ ∈ Γ.

Lemma 3.1. Let M be a prime Γ-ring of characteristic 2. Let d1 and d2 two non-zero

derivations of M and right M -module homomorphisms. If

d1d2(x) = 0 for all x ∈M, (3.1)

then there exists λ ∈ CΓ such that d2(x) = λαd1(x) for all α ∈ Γ and x ∈M

Proof. Let x, y ∈ M and α ∈ Γ. Replacing x by xγy in (3.1), it follows from

charM = 2 that for all x, y ∈M and γ ∈ Γ

d1(x)γd2(y) = d2(x)γd1(y). (3.2)
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Replacing x by xβz in (3.2), we get

d1(x)βzγd2(y) = d2(x)βzγd1(y) (3.3)

for all x, y ∈M and γ ∈ Γ. Now, if we replace y by x in (3.3), then we obtain

d1(x)βzγd2(x) = d2(x)βzγd1(x) (3.4)

for all x ∈ M and γ, β ∈ Γ. If d1(x) 6= 0, then there exists λ(x) ∈ CΓ such that

d2(x) = λ(x)αd1(x) for all x ∈M and α ∈ Γ by Lemma 2.2. Thus, if d1(x) 6= 0 6= d1(y),

then (3.3) implies that

(λ(y) − λ(x))αd1(x)βzγd2(x) = 0. (3.5)

Since M is a prime Γ-ring, we conclude by using Lemma 2.4 that λ(y) = λ(x) for all

x, y ∈ M . Hence we proved that there exists λ ∈ CΓ such that d2(x) = λαd1(x) for all

x ∈ M and α ∈ Γ with d1(x) 6= 0. On the other hand, if d1(x) = 0, then d2(x) = 0

as well. Therefore, d2(x) = λαd1(x) for all x ∈M and α ∈ Γ. This completes the proof. 2

Proposition 3.2. Let M be a prime Γ-ring of characteristic 2 and d a non-zero

derivation of M. If

d(x) ∈ Z for all x ∈M, (3.6)

then there exists λ(m) ∈ CΓ such that d(m) = λ(m)αd(z) for all m, z ∈M and α ∈ Γ or

M is commutative.

Proof. From (3.6), we have

[d(x), y]β = 0 for all x, y ∈ M and β ∈ Γ. (3.7)

Replacing x by xγz in (3.7), it follows from Lemma 2.5 that

d(x)γ[z, y]β + d(z)γ[x, y]β = 0 (3.8)

for all x, y, z ∈M and γ, β ∈ Γ. Replacing z by d(z) in (3.8), we obtain

d2(z)γ[x, y]β = 0 for all x, y, z ∈M and γ, β ∈ Γ. (3.9)
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Now, substituting zαm for z in (3.9), it follows from charM = 2 that

d2(z)αmγ[x, y]β = 0 (3.10)

for all x, y, z,m ∈M and γ, β, α ∈ Γ. Since M is a prime Γ-ring, we obtain

d2(z) = 0 ∀z ∈M or [x, y]β = 0 ∀x, y ∈M and ∀β ∈ Γ. (3.11)

From (3.11), if d2(z) = 0 for all z ∈ M , then replacing z by zγm in this last relation, it

follows from d(x) ∈ Z that

d(z)γd(m) = d(m)γd(z) for all z,m ∈ M and γ ∈ Γ. (3.12)

Replacing z by zαn in (3.12), it follows from (3.6) that for all z,m, n ∈M and γ, α ∈ Γ

d(z)αnγd(m) = d(m)αnγd(z). (3.13)

If d(z) 6= 0, then there exists λ(m) ∈ CΓ such that d(m) = λ(m)αd(z) for all z,m ∈ M
and α ∈ Γ by Lemma 2.2. On the other hand, it follows from (3.11) that if [x, y]β = 0

for all x, y ∈M and β ∈ Γ, then M is commutative. This completes the proof. 2

Theorem 3.3. Let M be a prime Γ-ring of characteristic 2, d1 and d2 two non-zero

derivations of M and U a non-zero ideal of M . If

d1d2(u) = 0 for all u ∈ U (3.14)

then there exists λ ∈ CΓ such that d2(x) = λαd1(x) for all α ∈ Γ and x ∈M .

Proof. Let u, v ∈ U and γ ∈ Γ. Replacing u by d2(u)γv in (3.14), we get

d2
2(u)γd1(v) = 0 for all u, v ∈ U and γ ∈ Γ. (3.15)

Since d1 6= 0, it follows from Lemma 2.4 that d2
2(u) = 0 for all u ∈ U , so from charM = 2

that d2
2 = 0. Now, substituting uγd2(x) for u in (3.14), we get

d2(u)γd1(d2(x)) = 0 for all u ∈ U , x ∈ M and γ ∈ Γ. (3.16)
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Since d2 6= 0, we get d1(d2(x)) = 0 for all x ∈ M by Lemma 2.4. Hence there exists

λ ∈ CΓ such that d2 = λαd1 for all α ∈ Γ by Lemma 3.1. 2

Theorem 3.4. Let M be a prime Γ-ring, U a non-zero right ideal of M and d a non-zero

derivation of M . If

d(u)γa = 0 for all u ∈ U and γ ∈ Γ (3.17)

where a is a fixed element of M , then there exists an element q of Q such that qγa = 0

and qγu = 0 for all u ∈ U and γ ∈ Γ.

Proof. Let u ∈ U , x ∈M and β ∈ Γ. Since U is a right ideal of M , we have uβx ∈ U .

Replacing u by uβx in (3.17), we get

d(u)βxγa + uβd(x)γa = 0 (3.18)

for all u ∈ U , x ∈ M and γ, β ∈ Γ. Hence d(u)βxγaαm + uβd(x)γaαm = 0 for any

m ∈ M and α ∈ Γ, and so d(u)β(
∑
xγaαm) = −(uβ(

∑
d(x)γaαm)). Therefore, for any

v ∈ V = MΓaΓM which is a non-zero ideal of M , we have

d(u)βv = uβf(v) (3.19)

for all u ∈ U . f(v) is independent of u but it is dependent on v. Since M is a prime

Γ-ring, f(v) is well-defined and unique for all v ∈ V . Note that vαy ∈ V for any y ∈M ,

v ∈ V and α ∈ Γ. Replacing v by vαy in (3.19) we get

d(u)β(vαy) = uβf(vαy) for all y ∈M , (3.20)

and so by using (3.19) and (3.20), we have

(d(u)βv)αy = uβf(vαy) ⇒ (uβf(v))αy = uβf(vαy)

⇒ uβf(v)αy = uβf(vαy)

⇒ uβ(f(v)αy − f(vαy)) = 0,

which implies from Lemma 2.6 that

f(vαy) = f(v)αy (3.21)
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for all y ∈ M , v ∈ V and α ∈ Γ. It follows from (3.21) that f : V → M is a right

M -module homomorphism. In this case, q = Cl(V, f) ∈ Q. Moreover, f(v) = qβv for all

v ∈ V and α ∈ Γ by Theorem 2.3. Let x ∈ M , v ∈ V , u ∈ U and γ, β ∈ Γ. Replacing v

by xγv in (3.19), we get

d(u)β(xγv) = uβf(xγv) = uβ(qβxγv). (3.22)

Also, replacing u by uγx in (3.19), we get

d(u)γxβv = uγxβqβv − uγd(x)βv. (3.23)

Now, replacing β by γ and replacing γ by β in (3.23), we get

d(u)βxγv = uβxγqγv − uβd(x)γv. (3.24)

Thus, from (3.22) and (3.24) we obtain

uβ(qβx − xγq + d(x))γv = 0 (3.25)

for all x ∈ M , v ∈ V , u ∈ U and γ, β ∈ Γ. Hence d(x) = xγq − qβx for all x ∈ M

and γ, β ∈ Γ by Lemma 2.6. Now, we shall prove that q can be chosen in Q such that

qγa = 0 and qγu = 0 for all u ∈ U and γ ∈ Γ. Let u ∈ U and x ∈ M, d(u) = qαu − uβq
and d(x) = qβx − xαq. Then we have 0 = d(uβx)γa = (qα(uβx) − (uβx)αq)γa. Thus,

qαuβxγa = uβxαqγa. If qγa = 0, then qαuβxγa = 0, and so since M is prime Γ-ring,

we get qΓU = (0). On the other hand, if qγa 6= 0, then qγu 6= 0. In fact, if qγu = 0, then

qγa = 0 since qαuβxγa = uβxαqγa. Thus, we may suppose that qγa 6= 0 and qγu 6= 0

for all u ∈ U and γ ∈ Γ. In this case, we get

qαuβxγa = uβxαqγa (3.26)

for all x ∈M , u ∈ U and γ, β, α ∈ Γ. It follows from Lemma 2.2 that there exists λ ∈ CΓ

such that qγa = λδa and qγu = λδu for all u ∈ U and γ, δ, α ∈ Γ. Hence, if q′ = q − λ,

then q′Γa = 0 and q′ΓU = (0). This completes the proof. 2

Theorem 3.5. Let M be a prime Γ-ring with charM 6= 2, U a non-zero right ideal of

M and d a non-zero derivation of M . Then the subring of M generated by d(U) contains

no non-zero right ideals of M if and only if d(U)ΓU = (0).
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Proof. Let A be the subring generated by d(U). Let S = A ∩ U, u ∈ U, s ∈ S

and γ ∈ Γ. Then d(sγu) = d(s)γu + sγd(u) ∈ A, and so we have d(s)γu ∈ S. Thus

d(S)ΓU is a right ideal of M . In this case, d(S)ΓU = (0) by hypothesis. d(uγa) =

d(u)γa + uγd(a) ∈ S and d(u)γa ∈ S where u ∈ U, a ∈ A. Thus, we have uγd(a) ∈ S.

Therefore, 0 = d(uγd(a))βu = (uγd2(a) + d(u)γd(a))βu. Since M is a prime Γ -ring, it

follows from Lemma 2.6 that

uγd2(a) + d(u)γd(a) = 0 (3.27)

for all u ∈ U, γ ∈ Γ and a ∈ A. Replacing u by uβv where v ∈ U, β ∈ Γ in (3.27), we get,

for all u, v ∈ U, β, γ ∈ Γ and a ∈ A

d(u)βvγd(a) = 0. (3.28)

Since M is a prime Γ-ring, we get d(U)ΓU = (0) or d(A)ΓU = (0). If d(A)ΓU = (0),

then d2(U)ΓU = (0). Let u, v ∈ U and β ∈ Γ. Then 0 = d(d(uβv)) = uβd2(v) +

d(u)βd(v) + d(v)βd(u) + d2(u)βv, and so we have d(u)βd(v) = 0 for all u, v ∈ U and

β ∈ Γ by charM 6= 2. Replacing u by uγw where w ∈ U, γ ∈ Γ in last relation, we have

d(u)γwβd(v) = 0 which yields d(u)γv = 0 for all u, v ∈ U and γ ∈ Γ.

Conversely assume that d(U)ΓU = (0). Then AΓU = (0). Since M is a prime Γ-ring,

A contains no non-zero right ideals. 2

Theorem 3.6. Let M be a prime Γ-ring with charM 6= 2, U a non-zero right ideal of

M and d1 and d2 two non-zero derivations of M . If d1d2(U) = (0), then there exists two

elements p, q of Q such that qΓU = (0) and pΓU = (0).

Proof. If d1d2(U) = (0), then d1(A) = (0) where A is a subring generated by d2(U).

Since d 6= 0, A contains no non-zero right ideals of M . Thus, from Theorem 3.5, we have

d2(u)γv = 0 for all u, v ∈ U and γ ∈ Γ. Also, there exists q ∈ Q such that qΓU = (0)

by Theorem 3.4. Therefore d2(uγv) = uγd2(v) for all u, v ∈ U and γ ∈ Γ. In this case,

0 = d1d2(uγv) = d1(uγd2(v)) = d1(u)γd2(v), and since M is a prime Γ-ring, we get

d2(u)γv = 0 for all u, v ∈ U and γ ∈ Γ. Again, by Theorem 3.4, there exists p ∈ Q such

that pΓU = (0). This completes the proof. 2
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Remark 3.7. (a) Consider the following example. Let R be a ring. A derivation d : R→
R is called an inner derivation if there exists a ∈ R such that d(x) = [a, x] = ax − xa
for all x ∈ R. Let S be the 2 × 2 matrix ring over Galois field {0, 1, w, w2}, with inner

derivations d1 and d2 defined by

d1(x) :=

[(
0 1

0 0

)
, x

]
, d2(x) :=

[(
0 w

0 0

)
, x

]

for all x ∈ S. Then the characteristic of S is 2 and we have d1 6= 0, d2 6= 0, d1d2 = 0

and d2
2 = 0. Also, if we take

M := M1×2(S) = {(a, b) | a, b ∈ S} and Γ :=
{(

n

0

)
| n is an integer

}
,

then M is a prime Γ-ring of characteristic 2. Define an additive map D1 : M → M

by D1(x, y) = (d1(x), d1(y)). Since (x, y)

(
n

0

)
(a, b) = (nxa, nxb), therefore D1 is

a derivation on M . Similarly D2 : M → M given by D2(x, y) = (d2(x), d2(y)) is a

derivation. In this case, we have D1 6= 0, D2 6= 0, D1D2 = 0 and D2
2 = 0 (see [7]).

Thus we know that there exist two derivations D1, D2 of M such that D1D2(M) = (0)

but D1(M)ΓM 6= (0) and D2(M)ΓM 6= (0). Therefore the condition of charM 6= 2 in

Theorems 3.5 and 3.6 is necessary.

(b) In Theorems 3.4 and 3.6, if aγ(cβb) = aβ(cγb) for all a, b, c ∈ M and γ, β ∈ Γ,

then d(x) = [q, x]γ = qγx − xγq for all x ∈ M, γ ∈ Γ and for some q ∈ Q is inner

derivation and also d1(x) = [q, x]γ and d2(x) = [q, x]β for all x ∈ M, γ, β ∈ Γ and for

some elements q, p ∈ Q are inner derivations by Lemma 2.5(i).
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