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On Derivations of Prime Gamma Rings
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Abstract

We consider some results in a I'-ring M with derivation which is related to @,

and the quotient I'-ring of M.
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1. Introduction

Nobusawa [3] introduced the notion of a I'-ring, an obiect more general than a ring.
Barnes [1] slightly weakened the conditions in the definition of I-ring in the sense of
Nobusawa. Oztiirk et al. [4, 5] studied extended centroid of prime I-rings. In this paper,
we consider the main results as follows. (1) Let M be a prime I'-ring of characteristic 2,
U a non-zero ideal of M, and d; and dy two non-zero derivations of M. If d1d2(U) = (0),
there exists A € Cr such that do = \ad; for all o € I where Cr is the extended centroid
of M. (2) Let M be a prime I'-ring, U a non-zero right ideal of M and d a non-zero
derivation of M. If d(U)T'a = (0) where a is a fixed element of M, then there exists an
element ¢ of @ such that ¢ya = 0 and gyu =0 for all w € U and v € T. (3) Let M be a
prime [-ring with charM # 2, U a non-zero right ideal of M and d; and dy two non-zero
derivations of M. If d1d2(U) = (0), then there exists two elements p, ¢ of @ such that
qI'U = (0) and pI'U = (0).
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2. Preliminaries

Let M and T be (additive) abelian groups. If for all a,b,c € M and «, 3 € T the
conditions
(1) aabe M,
(2) (a+bac =aab+ aac,
ala+ )b = aab+ afb,
ac(b+¢) = aab+ aac,
(3) (aab)Bc = aa(bBc).
are satisfied, then we call M a I'-ring. Let M be a I'-ring. The subset

Z ={zx e M |xzym =myx for all m € M and v € T'}

is called the center of M. By a right (resp. left) ideal of a T-ring M we mean an additive
subgroup U of M such that UTM C U (resp. MTU C U). If U is both a right and a left
ideal, then we say that U is an ideal of M. For each a of a I'-ring M the smallest right
ideal containing a is called the principal right ideal generated by a and is denoted by (a),.
Similarly we define (a); (resp. (a)), the principal left (resp. two sided) ideal generated
by a. An ideal P of a I'-ring M is is said to be prime if for any ideals U and V of M,
UTV C PimpliesU C Por V C P. A I'-ring M is said to be prime if the zero ideal is

prime.

Theorem 2.1 ([2, Theorem 4]). If M is a I'-ring, the following conditions are equivalent:
(i) M is a prime T-ring.
(ii) If a,b € M and oaT'MTb = (0), then a =0 or b= 0.
(iii) If (a) and (b) are principal ideals of M such that (a)T'(b) = (0), then a = 0 or
b=0.
(iv) If U and V are right ideals of M such that UT'V = (0), then U = (0) or V = (0).
(v) If U and V are left ideals of M such that UTV = (0), then U = (0) or V = (0).
Let M be a prime I'-ring such that MT' M # M. Denote

M:={(U,f)| U(#0) is an ideal of M and
f:U — M is a right M-module homomorphism}.
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Define a relation ~ on M by

(U, f) ~(V,9) & IW(#£0) CcUNV such that f =g on W.

” ”

Since M is a prime I'-ring, it is possible to find a non-zero W and so 7 ~ 7 is an
equivalence relation. This gives a chance for us to get a partition of M. We then denote

the equivalence class by CI(U, f) = f , where

f={g: VM| (U f)~(V.g)}

and denote by @ the set of all equivalence classes. Then @ is a I'-ring, which is called

the quotient T'-ring of M (see [4]). The set

Cr:={g€Q|gyf=1fygforal f €Qand vy €T}
is called the extended centroid of M ( See [4]).

Lemma 2.2 ([4, p. 476]). Let M be a prime T'-ring such that MTM # M and
Cr the extended centroid of M. If a; and b; are mon-zero elements of M such that
StaivixBib; = 0 for all x € M and ~;,3; € T, then the a;’s (also b;’s) are linearly
dependent over Cr. Moreover, if ayxBb = byxfBa for all x € M and v,8 € T' where
a(#£0),b € M are fived, then there exists A € Cr such that b = Aaa for alla € T.

Theorem 2.3 ([6, Theorem 3.5]). The I'-ring Q satisfies the following properties :

(1) For any element g € Q, there exists an ideal Uy € F such that ¢q(Uy) € M (or
YUy, C M forallyeT).

(i) If g € Q and q(U) = (0) for some U € F (or gyU, = (0) for some U € F and for
all y €T), then ¢ = 0.

(iii) If U € F and ¥ : U — M 1is a right M -module homomorphism, then there exists
an element g € Q such that U(u) = q(u) for allu € U (or ¥(u) = gyu for allu € U and
yel ).

(iv) Let W be a submodule (an (M, M)-subbimodule) in Q and ¥ : W — Q a right M -
module homomorphism. If W contains the ideal U of the T-ring M such that W(U) C M
and AnnU = Ann,W, then there is an element ¢ € Q such that ¥(b) = q(b) for any
beW (or U(b) =qyb for any be W and v € T) and g(a) = 0 for any a € Ann, W (or
gya =0 for any a € Ann,W and v € T).
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Let M be a I'-ring. A map d: M — M is called a derivation if
d(z +y) = d(z) + d(y) and d(zyy) = d(z)yy + z7d(y)

forall z,y € M and v €.

Lemma 2.4 ([8, Lemma 3]). Let M be a prime I'-ring, U a non-zero ideal of M, and d
a derivation of M. If aT'd(U) = (0) (d(U)T'a = (0)) for alla € M, then a =0 or d = 0.

Lemma 2.5 ([8, Lemma 1]). Let M be a prime I'-ring and Z the center of M.

(i) If a,b,c€ M and B, €T, then

[avd, clg = av[b, c]g + [a, ¢|gyb + ay(cBb) — aB(cyb)

where [a, b] is ayb — bya for alla,b € M and vy €T.
(ii) If a € Z, then [avb, c]g = a[b, c|g where [a,b], is ayb — bya for all a,b € M and
vyel.

Lemma 2.6 ([8, Lemma 2]). Let M be a prime I'-ring, U a non-zero right (resp. left)
ideal of M and a € M. If UT'a = (0) (resp. al'U = (0)), then a = 0.
3. Main results

In what follows, let M denote a prime I'-ring such that MT'M # M, Z is the center of
M, Cr is the extended centroid of M and [a,b], = ayb — bya for all a,b € M and v € T.

Lemma 3.1. Let M be a prime I'-ring of characteristic 2. Let d1 and ds two non-zero

deriwations of M and right M -module homomorphisms. If
didz(z) =0 for all z € M, (3.1)

then there exists A € Cr such that da(x) = Aady(x) for alla €T and x € M

Proof. Let z,y € M and o € T. Replacing z by zvyy in (3.1), it follows from
charM = 2 that for all z,y € M and y € T

dy(z)yda(y) = da(z)ydi(y). (3.2)
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Replacing x by z8z in (3.2), we get

dy(2)Bzydz2(y) = da(x)Bzyd1(y) (3.3)

for all z,y € M and v € T. Now, if we replace y by « in (3.3), then we obtain

di(z)Bzydz(z) = da(x)B2vd1(z) (3.4)

for all z € M and v,8 € T. If di(z) # 0, then there exists A(z) € Cr such that
da(z) = Ma)ad(z) for all z € M and o € T’ by Lemma 2.2. Thus, if di(z) # 0 # d1(y),
then (3.3) implies that

(A(y) = A@))ad; (z)Bzydz(x) = 0. (3.5)

Since M is a prime I'-ring, we conclude by using Lemma 2.4 that A(y) = A(z) for all
x,y € M. Hence we proved that there exists A € Cr such that da(z) = Aad;(x) for all
x € M and o € T with dy(z) # 0. On the other hand, if dy(z) = 0, then da(xz) = 0
as well. Therefore, do(z) = Aady(z) for all z € M and o € T'. This completes the proof. O

Proposition 3.2. Let M be a prime I'-ring of characteristic 2 and d a non-zero
deriwation of M. If
d(x) € Z for all x € M, (3.6)

then there exists A\(m) € Cr such that d(m) = A(m)ad(z) for allm,z € M and a €T or

M is commutative.

Proof. From (3.6), we have
[d(z),y]s=0forall z,y € M and 3 €T. (3.7)
Replacing x by zvz in (3.7), it follows from Lemma 2.5 that
d(@)[z,ylp + d(2)y]2,yls = 0 (3.8)
for all ,y,z € M and v, 8 € T. Replacing z by d(z) in (3.8), we obtain

d*(2)v[x,ylg =0 for all z,y,z € M and v, 3 € T. (3.9)
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Now, substituting zam for z in (3.9), it follows from charM = 2 that
d*(2)amylz, yls =0 (3.10)
for all z,y,z,m € M and v, 8,a € I'. Since M is a prime I'-ring, we obtain

d*(2) =0 Vze€ M or [z,y]g =0 Vz,y € M and V3 €I (3.11)

From (3.11), if d?(z) = 0 for all z € M, then replacing z by zym in this last relation, it
follows from d(z) € Z that

d(z)yd(m) = d(m)vd(z) for all z,m € M and v € T. (3.12)
Replacing z by zan in (3.12), it follows from (3.6) that for all z,m,n € M and v, € T
d(z)anvyd(m) = d(m)anvyd(z). (3.13)

If d(z) # 0, then there exists A(m) € Cr such that d(m) = A(m)ad(z) for all z,m € M
and o € I' by Lemma 2.2. On the other hand, it follows from (3.11) that if [z,y]g = 0
for all x,y € M and 8 € I, then M is commutative. This completes the proof. O

Theorem 3.3. Let M be a prime I'-ring of characteristic 2, di and ds two non-zero
derivations of M and U a non-zero ideal of M. If

dida(u) =0 for allu e U (3.14)

then there exists A € Cr such that da(x) = dadi(x) for all €T and x € M.

Proof. Let u,v € U and v € T. Replacing u by da(u)yv in (3.14), we get
d3(u)ydi(v) =0 for all u,v € U and v € T. (3.15)

Since d; # 0, it follows from Lemma 2.4 that d3(u) = 0 for all u € U, so from charM = 2
that d2 = 0. Now, substituting uydz(z) for u in (3.14), we get

da(u)ydi(dz(z)) =0 for allu € U, z € M and v € T. (3.16)
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Since dy # 0, we get di(da(z)) = 0 for all x € M by Lemma 2.4. Hence there exists
A € Cr such that do = Aad; for all & € I' by Lemma 3.1. O

Theorem 3.4. Let M be a prime I'-ring, U a non-zero right ideal of M and d a non-zero
derivation of M. If
d(u)ya =0 for allu € U and v €T (3.17)

where a is a fived element of M, then there exists an element q of Q such that gya =0

and gyu =0 for allu € U and v € T.

Proof. Letue U,z € M and B €T'. Since U is a right ideal of M, we have ufz € U.
Replacing v by ufz in (3.17), we get

d(u)Brya + ufd(z)ya =0 (3.18)

for alu € U, x € M and 7,8 € T. Hence d(u)Bzyaam + ufd(xz)yaam = 0 for any
m € M and « € T, and so d(u)5(>_ zyaam) = —(uB(>_ d(x)yaam)). Therefore, for any
v € V = MT'al'M which is a non-zero ideal of M, we have

d(u)Bv = uBf(v) (3.19)

for all w € U. f(v) is independent of u but it is dependent on v. Since M is a prime
I-ring, f(v) is well-defined and unique for all v € V. Note that vay € V for any y € M,
v €V and a € T. Replacing v by vay in (3.19) we get

d(u)B(vay) = ubf(vay) for all y € M, (3.20)

and so by using (3.19) and (3.20), we have

(d(w)Bv)ay = uff(vay) = (uff(v))ay = ubf(vay)
= uff(v)ay = uff(vay)
= uf(f(v)ay — f(vay)) =0,

which implies from Lemma 2.6 that
flvay) = f(v)ay (3.21)
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forally € M, v € V and a € T. It follows from (3.21) that f : V — M is a right
M-module homomorphism. In this case, ¢ = CI(V, f) € Q. Moreover, f(v) = gBv for all
v €V and a € I' by Theorem 2.3. Let x € M, v € V, u € U and v, 3 € I'. Replacing v
by zvyv in (3.19), we get

d(uw)B(zyv) = uBf(zyv) = uB(gBxyv). (3.22)

Also, replacing u by uyz in (3.19), we get

d(u)yxzfv = uyzfqfv — uyd(z)Pv. (3.23)

Now, replacing 8 by v and replacing v by 8 in (3.23), we get

d(u)Bzyv = ufrygyv — ufd(z)yv. (3.24)

Thus, from (3.22) and (3.24) we obtain

ufB(qfr — ayq +d(x))yw =0 (3.25)

forallz € M, v € V,u € U and 7,08 € . Hence d(z) = zyq — qBx for all x € M
and 7,3 € I' by Lemma 2.6. Now, we shall prove that ¢ can be chosen in @ such that
gya =0and gyu =0 for allu € U and v € T'. Let u € U and = € M, d(u) = qou — ufiq
and d(z) = gB8x — xaq. Then we have 0 = d(ufz)va = (qa(ufz) — (ufz)ag)ya. Thus,
qaufrya = uBragya. If gya = 0, then gaufBxrya = 0, and so since M is prime I'-ring,
we get ¢qI'U = (0). On the other hand, if gya # 0, then gyu # 0. In fact, if gyu = 0, then
gya = 0 since qaufBrya = uBragya. Thus, we may suppose that ¢gya # 0 and gyu # 0
for all u € U and « € I'. In this case, we get

qaufxya = uBragya (3.26)

forallz € M, uw e U and v, B, a € T'. It follows from Lemma 2.2 that there exists A € Cp
such that gya = AMa and gyu = Adu for all w € U and v, 5, € T". Hence, if ¢ = q — A,
then ¢'Ta = 0 and ¢'TU = (0). This completes the proof. O

Theorem 3.5. Let M be a prime I'-ring with charM # 2, U a non-zero right ideal of
M and d a non-zero derivation of M. Then the subring of M generated by d(U) contains
no non-zero right ideals of M if and only if d(U)TU = (0).

324



OZTURK, JUN, KIM

Proof. Let A be the subring generated by d(U). Let S = ANU,u e U, s € S
and v € . Then d(syu) = d(s)yu + syd(u) € A, and so we have d(s)yu € S. Thus
d(S)TU is a right ideal of M. In this case, d(S)T'U = (0) by hypothesis. d(uvya) =
d(u)ya + uvyd(a) € S and d(u)ya € S where u € U,a € A. Thus, we have uyd(a) € S.
Therefore, 0 = d(uvyd(a))pu = (uyd*(a) + d(u)yd(a))Bu. Since M is a prime I' -ring, it

follows from Lemma 2.6 that
uyd?(a) + d(u)yd(a) = 0 (3.27)

for allu € U,y € T’ and a € A. Replacing u by ufv where v € U, 5 € T in (3.27), we get,
forallu,v e U,B,y €T and a € A

d(u)pvyd(a) = 0. (3.28)

Since M is a prime I'-ring, we get d(U)I'U = (0) or d(A)TU = (0). If d(A)TU = (0),
then d?(U)TU = (0). Let u,v € U and 8 € I'. Then 0 = d(d(ufv)) = uBd*(v) +
d(u)Bd(v) + d(v)Bd(u) + d*(u)Bv, and so we have d(u)Bd(v) = 0 for all u,v € U and
B €T by charM # 2. Replacing u by uyw where w € U,~ € I in last relation, we have
d(u)ywpd(v) = 0 which yields d(u)yv =0 for all u,v € U and v € T.

Conversely assume that d(U)T'U = (0). Then ATU = (0). Since M is a prime I'-ring,

A contains no non-zero right ideals. o

Theorem 3.6. Let M be a prime I'-ring with charM # 2, U a non-zero right ideal of
M and dy and d2 two non-zero derivations of M. If dida(U) = (0), then there exists two
elements p,q of Q such that qT'U = (0) and pT'U = (0).

Proof. If didy(U) = (0), then di(A) = (0) where A is a subring generated by da(U).
Since d # 0, A contains no non-zero right ideals of M. Thus, from Theorem 3.5, we have
da(u)yv = 0 for all u,v € U and v € T. Also, there exists ¢ € Q such that ¢qI'U = (0)
by Theorem 3.4. Therefore da(uyv) = uyda(v) for all u,v € U and v € T'. In this case,
0 = dida(uyw) = di(uydz(v)) = di(u)yda(v), and since M is a prime I-ring, we get
da(u)yv =0 for all u,v € U and v € T'. Again, by Theorem 3.4, there exists p € @ such
that pI'U = (0). This completes the proof. O
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Remark 3.7. (a) Consider the following example. Let R be aring. A derivationd : R —
R is called an inner derivation if there exists a € R such that d(z) = [a,2] = ax — za
for all z € R. Let S be the 2 x 2 matrix ring over Galois field {0, 1,w, w?}, with inner
derivations d; and do defined by

won[(3 1) o-{(2 )

for all x € S. Then the characteristic of S is 2 and we have d; # 0, do # 0, dids =0
and d% = 0. Also, if we take

M = Mix2(S) ={(a,b) | a,be S} and T := {( Z ) | nis an integer},

then M is a prime I'-ring of characteristic 2. Define an additive map Dy : M — M
by Di(x,y) = (di(z),d1(y)). Since (x,y) ( " ) (a,b) = (nxa,nxd), therefore Dy is
0

a derivation on M. Similarly Do : M — M given by Dy(z,y) = (d2(x),da2(y)) is a
derivation. In this case, we have D; # 0, Dy # 0, D1Dy = 0 and D3 = 0 (see [7]).
Thus we know that there exist two derivations Dy, Dy of M such that Dy Dy (M) = (0)
but D1 (M)T'M # (0) and Do(M)T'M # (0). Therefore the condition of charM # 2 in
Theorems 3.5 and 3.6 is necessary.

(b) In Theorems 3.4 and 3.6, if ay(c8b) = afB(cyb) for all a,b,c € M and v,8 € T,
then d(z) = [g,2]y = ¢yx —ayq for all x € M, v € T and for some ¢ € @ is inner
derivation and also di(z) = [¢, z], and d2(z) = [¢,x]g for all x € M, ~,3 € T and for

some elements ¢, p € @ are inner derivations by Lemma 2.5(i).
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