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A MacWilliams Type Identity

İrfan Şiap

Abstract

A MacWilliams identity for a ρ complete weight enumerator of linear spaces of

matrices with entries from the ring Fq [u]/(ur − a), where a ∈ Fq , endowed with a

non-Hamming metric is proved.

Key Words: MacWilliams identity, complete weight enumerator, codes over

Fq [u]/(ur − a).

1. Introduction

There has been a recent growth of interest in linear codes with respect to a newly
defined non-Hamming metric grown as the Rosenbloom-Tsfassman metric (RT, or ρ, in
short) [8]. Let Fq denote a finite field with q elements. A MacWilliams identity for T

and H ρ weight enumerators of codes over Mn×s(Fq) (n × s matrices over a finite field

with q elements) is proved in [2]. Also, a ρ complete weight enumerator is defined and
a MacWilliams identity for the ρ complete weight enumerator of codes over Mn×s(Fq)
is proved in [6]. MacWilliams identities for the ρ-complete weight enumerator of codes
over Z4 (integers modulo 4) and Galois rings are given in [4] and [9], respectively. In this
paper, we prove a MacWilliams identity for linear spaces of matrices with entries from
the ring Fq [u]/(ur − a), where a ∈ Fq .

Let R denote the ring Fq [u]/(ur− a) where a ∈ Fq and r be a positive integer. A new
non-Hamming ρ metric on linear spaces over finite fields has been recently introduced in
[8]. We state the definitions for Mn×s(R). Let A = (a0, a1, . . . , as−1) ∈ Rs. First, we
define the ρ weight of A by
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wN(A) =

{
max{i|ai 6= 0}+ 1, ai 6= 0,
0, A = 0.

(1)

Let A = (a0, a1, . . . , as−1), B = (b0, b1, . . . , bs−1) ∈ Rs.

ρ(A,B) = wN(A− B).

Let Pi = (pi0, pi1, . . . , pi,s−1), Qi = (qi0, qi1, . . . , qi,s−1) ∈ Rs. P = (P1, P2, . . . , Pn)T ,

Q = (Q1, Q2, . . . , Qn)T ∈ Mn×s(R) where T denotes the transpose of the matrix. Now
we extend this definition to matrices. Let

ρ(P,Q) =
n∑
i=1

ρ(Pi, Qi). (2)

ρ is a metric over Mn×s(R).

Definition 1.1 An R submodule C of Rn is called a linear code of length n.

The inner product of Pi and Qi is defined by

〈Pi, Qi〉 =
s−1∑
j=0

pijqi,s−1−j (3)

and this is extended to inner product of P = (P1, P2, . . . , Pn)T ,

Q = (Q1, Q2, . . . , Qn)T ∈Mn×s(R) as

〈P,Q〉 =
n∑
i=1

〈Pi, Qi〉. (4)

Let C ⊂ R be a linear code. wr(C) = |{u ∈ C|wH(P ) = r}|, 0 ≤ r ≤ ns is called
the ρ weight spectrum of the code, and the weight enumerator ρ is defined by

W (C|z) =
n∑
r=0

wr(C)zr =
∑
P∈C

zwN (P). (5)

Example 1: Let R′ = F2 + uF2 with u2 = 1. Let C1, C2 be two linear codes over
M2×2(R′) defined as
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C1 =
{(

0 0
0 0

)
,

(
u+ 1 0
u+ 1 0

)}
, C2 =

{(
0 0
0 0

)
,

(
0 u+ 1
0 0

)}
. (6)

The ρ weight enumerators of the above codes are the same, i.e 1 + z2.

Let C⊥1 and C⊥2 be the dual codes of C1 and C2, respectively. Since both C⊥1 and C⊥2
contain 128 elements, we give their weight enumerators only:

W (C⊥1 | z) = 1 + 6z + 17z2 + 24z3 + 80z4, and (7)

W (C⊥2 | z) = 1 + 4z + 21z2 + 30z3 + 72z4.

As seen in the above example, although the ρ-weight enumerators of codes C1 and C2

are the same, the ρ-weight enumerators of the duals are different. In the field case, the
same problem first was seen in [2] where it was resolved by considering the orbits of linear
spaces of matrices. In [2], T and H weight enumerators are defined the and MacWilliams
identities of these enumerators are proven. To overcome this problem, in the next section
we first define a ρ complete weight enumerator and prove its MacWilliams’ identity.
Further, given the ρ complete weight enumerator of a code one can easily define and
determine the T and H weight enumerators for matrices over Fq [u]/(ur − a) originally

defined in [2] for matrices over fields.

2. The complete weight enumerator

To overcome the problem that occured in the above example, we define a weight
enumerator that preserves the order of the entries of the matrices and carries more
information about the code. In order to state and prove the identity, we identify a
linear space of n× s matrices with the linear space of n× 1 matrices having polynomial
entries and restate the definitions:

ϕ1 :M1×s(R)→ R[x]/(xs)

(p0, p1, . . . , ps−1)→ p0 + p1x+ · · ·+ ps−1x
s−1.

Let Pi = (pi0, pi1, . . . , pi,s−1), and P = [P1, . . . , Pn]T . We extend ϕ1 to

ϕ :Mn×s(R)→Mn×1(R[x]/(xs))

P → (p00 + p01x+ · · ·+ p0,s−1x
s−1, . . . , pn0 + p01x+ · · ·+ pn,s−1x

s−1)T .
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The maps defined above are R-module isomorphisms. The ρ weight of a polynomial
p(x) ∈ R[x]/(xs) is simply equal to deg(p(x)) + 1, i.e.

wH(p(x)) = deg(p(x)) + 1. (8)

Let p(x) = p0 + · · ·+ ps−1x
s−1 ∈ R[x]/(xs). The lth (0 ≤ l ≤ s− 1) coefficient of p(x)

is defined by

cl(p(x)) = pl. (9)

Let P (x) = (P1(x), . . . , Pn(x))T , andQ(x) = (Q1(x), . . . , Qn(x))T ∈ Mn×s(R[x]/(xs)),

where Pi(x) = pi0 + pi1x + · · ·+ pi,s−1x
s−1, and Qi(x) = qi0 + qi1x + · · ·+ qi,s−1x

s−1.

The inner product of P (x) and Q(x) defined in the previous section becomes

〈P (x), Q(x)〉 =
n∑
i=0

cs−1(Pi(x)Qi(x)). (10)

The Hamming weight of an element a ∈ R is defined by

w(a) =

{
0, if a = 0
1, otherwise.

(11)

Let C ⊂ Mn×s(R) be a linear code with size m. For simplification purposes, let

C = {A(0), A(1), . . . , A(m)}. Also, let

A(i) =


a

(i)
10 a

(i)
11 . . . a

(i)
1,s−1

a
(i)
20 a

(i)
21 . . . a

(i)
2,s−1

...
a

(i)
n0 a

(i)
n1 . . . a

(i)
n,s−1

 , 0 ≤ i ≤ m.

Let
Yns = (y10, . . . , y1,s−1, . . . , yn0, . . . , yn,s−1).

We define the complete ρ weight enumerator of a code C by

WC(Yns) =
m∑
i=0

y
w(a

(i)
10 )

10 · · · yw(a
(i)
1,s−1)

1,s−1 · · ·yw(a
(i)
n0)

n0 · · · yw(a
(i)
n,s−1)

n,s−1 . (12)
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ŞİAP

Note that the complete ρ weight enumerator is a polynomial of ns variables. Further,
it is possible to obtain the ρ weight enumerator by specializing the complete ρ weight
enumerator.
Example 2: The ρ complete weight enumerators of the codes C1, C2 (Example 1) are

WC1(Y22) =1 + y10y20,

WC2(Y22) =1 + y21.

We see that the ρ complete weight enumerators of these codes are different and so
are their duals. Here, we do not include the ρ complete weight enumerators of the

duals since they contain 128 elements. Note that by letting, yi010y
i1
11 = z2i1+(1−i1)i0 and

yi020y
i1
21 = z2i1+(1−i1)i0 , we obtain the ρ weight enumerators (6). Also, replacing the term∏n

i=1 yi0yi1 · · ·yi,ki−1 with
∏n
i=1 zki , we obtain the ”T” weight enumerator of a code

[2]. A very natural question is given the ρ complete weight enumerator of a code, is it
possible to determine the ρ complete weight enumerator of its dual? The answer is the
MacWilliams identity that is the goal of this paper and is proved in the sequel. First, we
need to state and prove some auxiliary lemmas.

Lemma 2.1 [3] Let χ be an additive nontrivial character of Fq . Then,∑
α∈Fq

χ(α) = 0. (13)

We define,

φ : Fq [u]/(ur − a) → Fq
φ(a0 + ua1 + · · ·+ ur−1ar−1) = ar−1

(14)

Lemma 2.2 Let χ be an additive nontrivial character of Fq . Let H be an R-submodule
of R. Then,

∑
α∈H

χ(φ(α)) =

{
1 H = {0},
0, otherwise.

(15)

Proof: If H = {0}, then φ(0) = 0 and χ(0) = 1. Otherwise, there exists β 6= 0 such
that β ∈ H. Without loss of generality, we may assume that φ(β) 6= 0 otherwise we can

consider φ(uiβ) ∈ H for a suitable i = 1, . . . , r−1 since H is an R-submodule. It is clear
that φ is an Fq-module homomorphism. Further, since there exists an element β ∈ H such
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that φ(β) 6= 0 and for any b ∈ Fq there exists θ = b(φ(β))−1β ∈ H such that φ(θ) = b, φ

is also surjective. Thus, H/Ker(φ) ∼= Fq , and
∑
α∈H χ(φ(α)) = |Ker(φ)|

∑
a∈Fq χ(a) =

0.(Lemma 2.1) �

Lemma 2.3 Let χ be an additive character of Fq and φ be defined as above. Then,

∑
P(x)∈C

χ (φ (〈P (x), Q(x)〉)) =

{
0, Q(x) /∈ C⊥,
|C|, Q(x) ∈ C⊥.

Proof: If Q(x) ∈ C⊥, then it is clear. If Q(x) /∈ C⊥, then there exists P (x) ∈ C such
that 〈P (x), Q(x)〉 6= 0. Let 〈P (x), Q(x)〉 = γ ∈ R. Then, the map

ϕQ(x) : C → R

P (x)→ 〈P (x), Q(x)〉 =
n∑
i=0

cs−1(Pi(x)Qi(x))

is Fq-module homomorphism and Imϕ is an Fq-submodule of R. Thus, C/Ker(ϕQ(x)) ∼=
Imϕ. Hence,

∑
P(x)∈C

χ (φ (〈P (x), Q(x)〉)) = |Ker(ϕQ(x))|
∑

α∈Imϕ
ξ(α) = 0, Lemma 2.2. �

Lemma 2.4 Let χ be defined as above and i, j be fixed. Let p(x) = pi0 + pi1x + · · · +
pi,s−1x

s−1 ∈ R[x]/(xs). Then,

∑
α∈R

χ(φ
(
〈p(x), αxj〉

)
)yw(α)
ij = (1 + (qr − 1)yij)1−w(pi,s−1−j)(1− yij)w(pi,s−1−j).

Proof:∑
α∈R

χ(φ
(
〈p(x), αxj〉

)
)yw(α)
ij =

∑
α∈R

χ(φ
(
cs−1(p(x)αxj)

)
)yw(α)
ij

∑
α∈R

χ(φ (pi,s−1−jα))yw(α)
ij =

{
1 + (qr − 1)yij, pi,s−1−j = 0,
1− yij , pi,s−1−j 6= 0. (Lemma 2.2.)�
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Lemma 2.5 Let f : Mn×1(R[x]/(xs)) → C[y10, . . . , yn,s−1] and χ be defined as above.
Then, ∑

Q(x)∈C⊥
f(Q(x)) =

1
|C|

∑
P(x)∈C

f̂(P (x))

where f̂(P (x)) =
∑
Q(x)∈Mn×1(R[x]/(xs)) χ (φ (〈P (x), Q(x)〉)) f(Q(x)),

P (x) = (P1(x), . . . , Pn(x))T and Q(x) = (Q1(x), . . . , Qn(x))T .

Proof. Let Pi = pi0 + · · ·+pi,s−1x
s−1 and Qi(x) = qi0 + · · ·+qi,s−1x

s−1 for 1 ≤ i ≤ n.

∑
P(x)∈C

f̂(P (x)) =
∑

P(x)∈C

∑
Q(x)∈Mn×1(R[x]/(xs))

χ (φ (〈P (x), Q(x)〉)) f(Q(x))

=
∑

P(x)∈C

∑
Q(x)∈C⊥

χ (φ (〈P (x), Q(x)〉)) f(Q(x))

+
∑

P(x)∈C

∑
Q(x)/∈C⊥

χ (φ 〈P (x), Q(x)〉)) f(Q(x))

= |C|
∑

Q(x)∈C⊥
f(Q(x)). (by Lemma 2.3.)

2

Theorem 2.1 Let C be a linear code over Mn×s(R). Then,

∑
Q(x)∈C⊥

y
w(q10)
10 · · ·yw(q1,s−1)

1,s−1 · · · yw(qn0)
n0 · · ·yw(qn,s−1)

n,s−1

=
1
|C|

 n∏
i=1

s−1∏
j=0

(1 + (qr − 1)yij)

 ∑
P(x)∈C

n∏
k=1

s−1∏
l=0

(
1− ykl

1 + (qr − 1)ykl

)w(pk,s−1−l)

.

Proof: We take

f((Q1(x), . . . , Qn(x))) = y
w(q10)
10 · · ·yw(q1,s−1)

1,s−1 · · ·yw(qn0)
n1 · · ·yw(qn,s−1)

n,s−1 .
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in Lemma 2.5. Then,

f̂(P (x)) =
∑

Q(x)∈Mn×1(R[x]/(xs))

χ (φ (〈P (x), Q(x)〉)) yw(q10)
11 · · · yw(q1,s−1)

1s · · ·yw(qn0)
n0 · · · yw(qn,s−1)

ns

=
∑

Q(x)∈Mn×1(R[x]/(xs))

n∏
i=1

χ (φ (〈Pi(x), Qi(x)〉)) yw(q10)
11 · · ·yw(q1,s−1)

1s · · · yw(qn0)
n0 · · ·yw(qn,s−1)

ns

=
∑
q10∈R

χ(〈φ (P1(x), q10))yw(q10)
10 · · ·

∑
q1,s−1∈R

χ(〈φ
(
P1(x), q1,s−1x

s−1
)
)yw(q1,s−1)

1,s−1

·
∑
q20∈R

χ(〈φ (P2(x), q20))yw(q20)
20 · · ·

∑
q2,s−1∈R

χ(φ
(
〈P2(x), q2,s−1x

s−1
)
)yw(q2,s−1)

2,s−1

...

·
∑
qn0∈R

χ(φ (〈Pn(x), qn0))yw(qn0)
n0 · · ·

∑
qn,s−1∈R

χ(φ
(
〈Pn(x), qn,s−1x

s−1
)
)yw(qn,s−1)
n,s−1

Applying Lemma 2.4,

f̂(P (x)) =
s−1∏
l=0

(1 + (qr − 1)y1l)1−w(p1,s−1−l)(1− y1l)w(p1,s−1−l).

...

=
s−1∏
l=0

(1 + (qr − 1)ynl)1−w(pn,s−1−l)(1 − ynl)w(pn,s−1−l)

=

 n∏
i=1

s−1∏
j=0

(1 + (qr − 1)yij)

 n∏
k=1

s−1∏
l=0

(
1− ykl

1 + (qr − 1)ykl

)w(pk,s−1−l)

.�

Corollary 2.1 Let C be a linear code over Mn×s(F2 + uF2) with u2 = 1. Then,∑
Q(x)∈C⊥

y
w(q10)
10 · · · yw(q1,s−1)

1,s−1 · · ·yw(qn0)
n0 · · · yw(qn,s−1)

n,s−1

=
1
|C|

 n∏
i=1

s−1∏
j=0

(1 + 3yij)

 ∑
P(x)∈C

n∏
k=1

s−1∏
l=0

(
1− ykl
1 + 3ykl

)w(pk,s−1−l)

.
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Finally, by letting r = 1, a = 0 for Fq [u]/(ur − a) in the Theorem 2.1 we obtain the

MacWilliams identity for linear spaces of matrices over finite fields proved in [6].
The author would like to thank the anonymous referee for his/her valuable remarks

and careful reading.
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İrfan ŞİAP
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