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On locally m-pseudoconvex A*-algebras

A. El Kinani

Abstract

We consider classical A*-algebras in the context of locally pseudoconvex algebras.

Results concerning the auxiliary topology and A*-algebras of the first kind are given.
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Introduction

This paper is concerned with a natural extension of the classical (Banach) A*-algebras
(cf. [1], Definition 1., p. 214) in the general context of locally m-pseudoconvex algebras.

We consider a locally m-pseudoconvex algebra (E (1)) ), 0 < px <1, endowed with a

AEA
generalized involution x — z*, on which there is defined a second locally pseudoconvex

topology, called the auxiliary topology, given by a family (|-||,,) of go-seminorms, 0 <

ael
Go. < 1, with C*-properties. We call the resulting algebra a locally m-pseudoconvex A*-
algebra. Such an algebra will be denoted by (£, (IIx) xen s (H'Ha)aer) . We show that the
auxiliary topology, of every locally m-pseudoconvex A*-algebra (E, (I1x) xea s (H'Ha)aer)’

is necessarily locally m-convex and hence (E, (||sz) ) is a locally pre-C*-algebra.
acl

Furthermore, if (E, (|-|A))\€A) is a Q-algebra, then ||| = sup{HHj( T € F} is a pre-

C*-algebra norm such that |-|, < |[|*

, for every a € T'. This last norm is the
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coarsest among algebra norms which are stronger than (||-||,)
is a C*-algebra if (E’(H'Ha)aer)
idempotent disk is Banach). On the other hand, we consider A*-algebras of the first

Moreover, (E, |-||)

is pseudo-complete (i.e., every bounded and closed

acl*

kind. In this case, we prove that the auxiliary topology is unique. We also obtain that if
(B, (1) xen » (IHla)qer) is of the first kind, then (E, (||-[|,) 4er)

algebra isomorphism) topologically and algebraically isomorphic to (E, ||-||).

is (modulo a topological

1. Preliminaries

All algebras in this paper are complex and associative. An involutive antimorphism
on an algebra E is a vector involution  —— z* ([1]) such that (zy)* = z*y*, for every
x,y € E. A vector space involution z —— x* is said to be a generalized involution if
either it is an algebra involution (i.e. (xy)* = y*z*, for every z,y € F) or an involutive
antimorphism. Let E be a vector space and ||Hp ,0 < p <1, ap-seminorm, on E, (i.e., non
negative function z — ||z|| , such that ||z +y||, < [lz[|,+|[yll, and [[Az]|, = [A[" =], for
allz,y in £ and A € C). If, in addition, [[z[|, = 0 implies x = 0, then ||-||, is a p-norm. By
a p-normed space, we mean a space endowed with a p-norm. A complete p-normed space
is called a p-Banach space. Moreover, if E is an algebra and ||-| , is submultiplicative (i.e.,
lzyll, < [z, [lyll,, for all z,y € E), then ||-[|, is called an algebra p-norm. A p-normed
algebra is an algebra endowed with an algebra p-norm. A complete p-normed algebra is
called a p-Banach algebra. Let (E,7) be a locally pseudoconvex space ([10], [14]) the
topology of which is given by a family {|-[, : A € A} of px-seminorms, 0 < py < 1. If £
is endowed with an algebra structure such that |zy|, < |z], |y[, for every =,y € E and
A € A, we say that (E, (|.|A))\€A) is a locally m-pseudoconvex algebra. If, in addition,
E is endowed with an involution  —— «* such that |z|, = |z*|,, for any # € F and
A € A, then (E, (I xe A) is called a locally m-pseudoconvex.*-algebra. An element a
of E is said to be hermitian (resp. normal) if @ = a* (resp. aa® = a*a). We designate
by H(E) (resp. N(F)) the set of hermitian (resp. normal) elements of E. We denote
Ptak’s function on E by Pg, that is, for every a € E, Pg(a) = pg(aa*), where pp is the
spectral radius, i.e. pg(a) =sup{|A| : A € Sp(a)}.
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Let (E, H-Hp), 0 < p <1, be a p-Banach algebra with a generalized involution. If

(E, ||Hp) is hermitian (i.e., the spectrum of every hermitian element is real), we show,
as in the Banach case ([9]), that Pg is an algebra seminorm such that pg < Pg and
Pg(a)? = Pg(aa*), for every a € E. Moreover RadE = {z € E : Pg(x) = 0} . Taking into
account the fact that, in any p-Banach algebra (E, ||-||p), we have pg(a)P = lirrln ||a"||p%,

for every a € E, we prove, as in [9], the following result.

Proposition 1.1 Let (E, ||-||p), 0 < p <1, be a p-Banach algebra with a generalized
involution x — xz*. The following assertions are equivalent.

1) E is hermitian.

2) There is ¢ > 0 such that pp(a) < cPg(a), for every a € N(E).

3) pe(a) < Pg(a), for every a € E.

Using Theorem 3 of [15] and the fact that the quotient of a p-Banach algebra by a
primitive ideal is a primitive p-Banach algebra, we extend theorem 4.8 of Kaplansky ([5])

to the p-Banach case as follows.

Theorem 1.2 Any real semi-simple p-Banach algebra, 0 < p < 1, in which every square
is quasi-invertible, is necessarily commutative.
2. Locally m-pseudoconvex A*-algebras.

We introduce locally m-pseudoconvex A*-algebras as a natural extension of the clas-

sical Banach A*-algebras (cf. [1], Definition 1., p. 214) as follows.
Definition 2.1 A locally m-pseudoconvexr A*-algebra is a locally m-pseudoconvexr *-
algebra (E, (|-|)\))\€A), 0 < px < 1, on which there is defined a second locally pseudo-

convex Hausdorff topology, called the auxiliary topology, given by a family (||-[,) e of

Go-seminorms, 0 < qo < 1, such that

lz*x|, = HxHi, for everyxz € E and o € T'. (1)
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We do not pose either submultiplicativity or preservation of the involution for qq-
seminorms |-, (o € T'). These properties occur automatically from [2] which is an
extension of Sebestyén’s result ([11]). To make the paper self-contained, we give the

following result.

Proposition 2.2 Let (E, (|-|A))\€A) and (|||l )y be as described in definition 2.1. Then
lzyllq < llzllq 1Ylly , for every z,y € E and a €T.

In particular,

1) ||lzll, = llz*|,, , for every x € E and o € T,

2) ol = sup iyl s yla < 13 = sup {llyall, : Iyl < 1}, for cvery = € E and
acl.

Proof. By considering the algebraic identity

dab= (b+ a*)*(b+ a*) +i(b+ia*)*(b+ ia*)
—(b—a*)*(b—a*) —i(b—ia*)*(b—ia*)

is valid for every a,b € E, we obtain that
[|abl|,, < 4%79% [|a*||, |||, . for every a,b€ E. (2)

Thus by (1) we get

la™l,, < 4= lla]|, , for every a € E. (3)
As a consequence of (2) and (3), we get
labl, < 4%~7%* ||al|,, |1b],, , for every a,b € E.
Consider on E/Ker ||-||, the go-norm, also denoted by ||-||, , defined by
Ira@)l, = lell,s @ € E.
A
where 7, is the natural quotient map of £ onto E/Ker |||, . Let Fi, be the completion

A
of Fy = E/Ker |||, with respect to the go-norm [|-||,. The go-norm in F,, will also

designated by ||-||,, . Then we have

A
la*all, = lla||>; for every a €F, (4)
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and also

“ A
labll,, < 43~ [|all, |Ib]l,, for every a,b€F, . (5)

A
For a €F,, put
lall), = sup{flab]l, : o], < 1}.

A
We get an algebra g,-norm, on Fy,, such that
40 _q / 3340 A
4727 a|, < lall, £4°772 |la|,,, for every a €F, .

Moreover, one get from the above that

A
Pa (a) = Pﬁ (a), for every a € N(F,), (6)
which yields
A
Pa (a)? = |lal|,, for every a € N(Fy). (7)

A
By Proposition 1.1, the algebra (Fa, |||a> is hermitian and so

A
Pa (a) < Pﬁ (a), for every a €F, . (8)

We consider first that £ — z* is an algebra involution. In this case, we get by (7) and

(8), for every n € N*|

n— n n— 2 A
llab])? < H(bb*)2 Yara)? 0% ||T, for every a,b €F, .

(e

It then follows from (5) and (4) that

o A
l|ab||? < (45739)27" ||a||? [|b]|% ; for every n € N* and a,b €F, .

Therefore taking limit for n — oo, we conclude that
A
labll, < llall, [, » for every a,b€F,
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and in particular

lladll,, < llall, lloll, , for every a,be E.

Suppose now that x — z* is an involutive antimorphism. We will show that, in this

A
case, the algebra F,, is commutative. It is sufficient to consider the real g,-Banach algebra
A A

A A
H(F,). By (7), we have Rad(H (F,)) = {0}. F, is Hermitian and by Theorem 1.2 H(F},)
is commutative. The second statement of the proposition follows immediately from (1)

and the submultiplicativity of go-seminorms |||, (o € T'). This completes the proof. O

For the rest of the paper, (E, (1) xen s (- Ha)aEF) will denote a locally m-pseudoconvex
A*-algebra (Ea(|'|>\)>\e/\)a 0 < px» < 1, with auxiliary topology given by (||-]|,)
0<ga <1

ael’?

The following result shows that the auxiliary topology is necessarily locally m-convex.

Proposition 2.3 Let (E, (Ilx) xea s (”'Ha)aer) be a locally m-pseudoconver A*-algebra.

1
Then, for every a € T', ||-||a= is an algebra seminorm.
Proof. Let us first notice that if x —— x* is an involutive antimorphism, then

A

the algebra Fj, is commutative. So there is no loss in assuming that z —— z* is an
A

algebra involution. On the other hand, the algebra F, is hermitian and P » is an algebra

@

seminorm such that

A
P, (a)?> = P, (a*a), for every a €F, .

FOL FOL
But, by (7),
A
Pﬁ (a)% = |al|, , for every a €F, .
Whence ||Hgfa is an algebra seminorm for P . is so. This completes the proof. O

@

As a consequence, we obtain the following results.
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Corollary 2.4 Let (Ea(|'|,\)>\€Aa(||'”a)aep) be a locally m-pseudoconver A*-algebra.
Then, for every a € T,
||a||i < p(a*a)i=, for every a € E.

In particular, E is semi-simple.

Proof. Observe first that one checks that,
pp(a) < p(a), for every a € E,

where E is the completion of (B, (I, . But

aEF)
1
pp(a) = sup {lim||a"||g<m T € F} .

So
sup {1im||a"||g<+a T € F} < p(a), for every a € E.

On the other hand, we have

1
Irll, = thnH * for every h € H(E).
and n = 1,2, .... This implies that
|h]],, < p(h)?=, for every h € H(E).

We consider first that z — x* is an algebra involution. In this case, we get, for every
a €l

2
lallq = llaa™[l, < paa™)?.

A
Suppose now that z —— z* is an involutive antimorphism. In this case, the algebra Fy,

is commutative by Theorem 1.2 and hence E/Ker||-||, is also commutative. So we have
2 2 o a
lally = lIma(a)llg < p(Ta(aa®))™ < p(aa™)™ .

The second claim follows from standard arguments. O
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Corollary 2.5 Let (E, (IIa) xen s (H'Ha)aer) be a locally m-pseudoconver A*-algebra. If
(E, (|-|A))\€A) is Q-algebra, then there is Ag € A such that for every a € ', we have

_1
PXg

|E4 g[% <lzly,° , for every z € E.

Proof. By an analogous result of ([12], Corollary 4.1, p. 551), there is Ay € A such
that
p(x)Pro < zfy, , for every z € E.

Then, by Corollary 2.4, we have

2

1
||| &L‘ < p(z*z) < |x*x|§§0 < |x|§30 , forevery a €' and = € F.

Let (E, (') e s (”'Ha)aer) be a locally m-pseudoconvex A*-algebra such that
(E, (|.|A))\€A) is Q-algebra. Put

1
|| = sup {Hx| wac r} .
Then ||| is a pre-C*-algebra norm such that ||z||, < [|z[|? , for every z € E and o € T'.
Furthermore we have the following. O

Proposition 2.6 Let (E, (I3 ) xen s (”'Ha)aer) be a locally m-pseudoconvex A*-algebra
such that (E, (|-|A))\€A) is Q-algebra.

n 17 (£,

g?) ) is pseudo-complete, then (E,|||) is a C*-algebra.
ael

2) 17 (£ (1

j{) ) is M -complete (i.e., every bounded and closed disk is Banach),
acl

then (E,|||) and (E, (H| éi%) F) have the same bounded sets.
(¢S

Proof. 1) Completeness of (E, ||-||) follows from the fact that the unit ball By, =
{ze E:|z| <1}, of (B, |-]]), is a bounded and closed idempotent disk in (£, (||-[|,),,cp) -
2) It is due to the fact that any barrel in M-complete locally convex space is borniv-

orous. O
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Remark 2.7. If (E’(H'Ha)aer) is barreled, then (E’(H'Ha)aer) is a pre-C*-algebra.
Moreover one can easily verify that ||-|| is the coarsest among algebra norms which are

stronger than |||, for each ar € T".

3. A*-algebras of the first kind.

Definition 3.1 A locally m-pseudoconvex A*-algebra (E, (|-]) ) is said to

AEA” (H'Ha)ael‘
be of the first kind if, for every A, there exists a constant ¢y > 0 and a € I' (depending

on A) such that

1

2 L L 1
max(fey| 7, lye| ) < e 21X [yl 3 , for all z,y € E. (9)

Throughout this section, we suppose that (|-[y)\caand (|||l,)qer are px-norms and

ga-norms respectively and Ex = (E,|-|,) is a Q-algebra, for every X € A.
Remarks 3.2

1) By Corollary 2.4, we have

N a
a ig 5 (aa®)? < |aa®| 7> < aly* , for every a € E. 10
o PE, A A

Denote by E:\ the completion of the py-normed algebra E and the py-norm in E:\ by ||, -

By (10), the go-norm ||-||, can be extended to Ex. So (E;\, ||)\) is a px-Banach x-algebra

on which there is defined a second algebra C*-norm HH?{ Let F, be the completion of

— 1
E\ with respect to the auxiliary norm ||-[|2« . Then, by (9), we have

a a 2 —
max(|zy|y* , [yz[*) < ey |z ||y|\§ ,for all z,y € Ej. (11)

This implies that E:\ is a two-sided ideal of I/*'\'a Indeed let a € I/*'\'a Then there exists a

sequence (ay)n of E, such that lim llan — al|, = 0. Moreover, by (11), we have

il il —~
limmax(|za, — za|* | |anz — az|{* )] =0, for every x € Ej.
n
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It follows that ax and xa are in E:\ Conversely, if E:\ is a two-sided ideal of Z/*'\'a, then
using the closed graph and uniform boundedness theorems, we prove that (11) is satisfied.
For this last fact the proof, being straighforward, is omitted. So a locally m-pseudoconvex

A*-algebra (E, (I3 ) e » (”'”a)aer) is for the first kind if, and only if, for every A there

exists o € T', such that E:\ is a two-sided ideal of I?\'a In this case, we also have

L L L — —~
max(|ax|* , [ral}) < ey |a|* ||x||g%a ,foralla € Fy and = € F,. (12)

2) For every x € ]/*'\'a, put

|z[y,1 = sup {max(|ax|>\ Jzaly) ra e E, and laly, < 1} .

L —~
By (12), it is easy to see that |z|% < ¢y ||x||ja for every x € F,. This together with the

fact that E; is dense in I?\'a implies that |-|)\’1 is an algebra py-norm on I?\'a On the other

hand, we also have
||x||5% = ||xx*||ja = pg; (z27), for every x € Fa.

But pg; (z2*) = pg (22*) for zz* € N(E)). Hence

1 1 1 —~
lellz= < o2 210y < ex lollg= 217 , for every z € F,.

This implies that ||m||ja < ey |x|f\%1, for every z € Fy. So, for each A € A, |-|51 defines
an algebra py-norm on F, which is equivalent to II1l,, -

If £ is an A*-algebra of the first kind, then the auxiliary norm on F is unique ([6],
Lemma 3.1. p. 508). In a more general context of locally m-pseudoconvex A*-algebras,

we have the following proposition.

Proposition 3.3 Let (E, (IIx) xen s (||-H)\))\6A) be a locally m-pseudoconvex A*-algebra

of the first kind. If (||H1 )\))\ R is a family of rx-norms, 0 < ry < 1, defining another
e

auziliary locally m-pseudoconver topology on E, then (||-|[}) e, and (|||

are
1”\) AEA

equivalent.
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Proof. For A\ € A, define
i
lzll, , = max (nxw , ||x||13) aek.

It is clear that the family (||||2 )\))\ R of norms defines a locally m-convex topology on
) e

E such that
lz*zll5 \ = ||x|\§>\ for allz € £ and A € A.

Let Fy, I/:\';\, F/'Z’ be the completions of Ej with respect to Il 5 1111y and ||-][, ,, respec-

tively. By Remark 3.2, there exists a constant ky > 0 so that, for a,b € E:\,

max(|abl} , [bal}) < kalal} [[b]y < kxlal) [1bll;, 5
Thus, E:\ is a two-sided ideal of ]?\')\” . Now since the identity mapping is a continuous *-
isomorphism of (E:\, ||HI2>\) onto (E:\, ||H)\) , it follows from [8, lemma 2] that (I/:';, ||H)\)
and (ZEZ', ||H2>\) are topologically isomorphic. Similarly it can be shown that (I/*"\)'\, ||HI)\)

is topologically isomorphic to (ﬁ\}\”, ||Hl)f) and so it follows that the auxiliary norms |||/,

and |||} are equivalent. O

Proposition 3.4 Let (E, (I'Ia) xen s (”'Ha)aer) be a locally m-pseudoconvex A*-algebra
of the first kind. Then (E,(|-]|,)
pre-C*-algebra.

aEF) is topologically and algebraically isomorphic to a

Proof. Since (E, |-|,) is a Q-algebra, one has p(z)P* < |z|, for every x € F and A € A.
On the other hand, using (9), we obtain

1 1
play) < eyl < exlzl(Y Jyla= , for allz,y € E.

Writing this for y = 2*, with & = 1,2, ..., and using submultiplicativity of II]l,,, it follows

that p(z) < ||x||ja for every x € E. Then, using Corollary 2.4, we have
||x||ja = p(x), for every z € N(E).
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Now, for every = € F, we get

2 1
i < sup [|e| 37 = sup ez ||¥7 = pax) < |
~ver ~erl

2
do
] a

Thus the topology of (E, (”'Ha)aer) is equivalent to the pre-C*-norm

1

||| jz = sup {|x|§_” Dy € F} = ||z, for every z € E.

This completes the proof. O

Remark 3.5. In the previous proposition, the algebra (E, (H'H)\))\E/\) becomes topolog-

ically and algebraically isomorphic to a C*-algebra under a weaker notion of completion.
More precisely, one has that (E, |-||) is a C*-algebra if and only if (E, (H'Ha)aer) is a

pseudo-complete algebra.

4. Examples

To illustrate the above results, we give the following examples.
1) Let 0 < pg < 1 and define E to be the set of all complex sequences x = (x,),, such
that

], =D |eal” < +o0, for every p € Jpo, 1[. (13)

n=1

One can easily verify that the formula (13) defines, on E, a family of p-seminorms.

Endow E with the usual pointwise operations and the involution ((z,),)" = (T5),, -
Then (E, (||p) ) is a complete locally m-pseudoconvex (not locally convex) *-algebra.
P

For every k € N, put
l[z[l, = sup {|an| : n < k}.

Then (E, (||p) 5 (|||k)k> is a locally m-pseudoconvex A*-algebra. It is not of the first
P

kind. Notice that the pre C*-algebra norm |||, given by Proposition 2.6, is ||z| =
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sup {|x| : n € N}. Furthermore, for every 0 < p < 1, (E, ], ||H) is a p-Banach (not

Banach) A*-algebra of the first kind.
2) Let © be a nonempty open set of R (real field) and k € N*. Consider E = C*(Q)
the set of all complex -valued C*¥-functions on €, provided with the pointwise operations

and the involution f* = f. For every compact subset K of §, put

pr.k(f) = max sup ‘f(j)(x)‘ , for every f € C*(Q).
<k zeK

Let K be a compact subset of Q. Applying Leibniz’s rule, it easy to see that there is a(k)
(depending on k) such that, for every f, g € C*(2), we have

prk(f9) < a(k)pr k(f)pK,k(9)-

Put
| flic.r = c(k)pr i (f), for every f e CF(9).

Then (E, (|| K k) ) is a metrizable and complete locally m-convex *-algebra. For every
P K

compact subset K of 2, put
[l =sup{[f(t)] : t € K}

Then (E, (|- , (] is a locally m-convex A*-algebra. It is not of the first
Kik) KK

kind.

3) Let (A, |||, *) be an H*-algebra in the spirit of F. F. Bonsall and J. Duncun
(cf. [1], definition 6., p. 182). Then (A, |||, |']), where || = sup {||lzy|| : |y|| < 1}, for
every x € A, is an A*-algebra of the first kind. Now let (E, (|'|A))\€A) be a locally m-
convex H*-algebra (cf. [2]) that is a complete locally m-convex *-algebra on which there
is defined a family ((.,.),)rea of positive semi-definite pseudo-inner products such that
|x|§ = (z,x),, {2y, 2), = (y,2%2), and (yz,z), = (y,za*), , for all ¢, y, z € E and
A e A Put

llall, = sup{|ab|, : |b], < 1}, for every a € E.

Then (|-[[y) ¢ is a family of seminorms in £ such that (E, (Ilx) xea s (||-H)\))\6A) is locally

m-convex A*-algebra of the first kind. The reader is referred to [2] for all details.
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4) Let (E, (IIn) xen s (”'”a)aer) be a locally m-pseudoconvex A*-algebra of the first
kind. Recall that a mapping T': E — FE is called a multiplier on E if T'(ab) = T'(a)b =
aT'(b), for all a, b € E. It is obvious that T is necessarily linear and, by the closed graph
theorem, it is also continuous on (E:\, ||>\) , for every A € A. So |T'(x)|, < |T, |z, , for
every x € E, where |T|, = sup {|T(z)|, : |z|, < 1}. Now consider the algebra M, (E) of
all double multipliers (S,T") on E (here a double multiplier is a pair (S, T") of multipliers
such that xS(y) = T(x)y, for every z,y € E). Endow M, (FE) with the involution
(S,T)" = (T*,8%), where T*(z) = T (z*)", S*(z) = S (x*)", for every x € E, (cf.

[13]) and the locally m-pseudoconvex topology given by the following family of py-norms
|(S,T)|, =max (|S],,[T|,), for every (S,T) € Mq(E).

The algebra (Mg (E), (|(., .)|A))\€A) becomes a locally m-pseudoconvex A*-algebra. For
this, it remains only to define an auxiliary topology on My (E). Let z € E and (S,T) €
Mg (E). Using 2) of Remarks 3.2, we get

1 1 1 1 1 1
1S@)35 < exlSI [zl g and [T(2)[ 3 < ex [T [l g

But also, by 2) of Remarks 3.2, |-[, ; and |[|-[|, are equivalent. This implies that S
and T' are continuous on (E, [|-||,). Put |S||, = sup{[|S(2)],, : =], < 1} and [T,
sup {||T'(x)ll, : l|lz|l, < 1}. Then, by 2) of proposition 2.2, we have for each z € E,

IT(@)lo < 12l 1S]la and [S@)lo < [zl 1T, -

This implies that ||T]|, = ||S||, . Thus, for each (S,T) € My (E), define ||(S,T)
IIS|l,, - It is obvious that ||(.,.)|,
will be sufficient to show that ||(.,.)

lla

is an algebra ¢,-norm. In order to complete the proof, it

satisfies the C*-property. Since ||S||, = [|S*|| ,and

lla

1T, = 17|l , one gets from the above that
* 2
1(5.1)" (S, )|, < I(S. D)l -
On the other hand

IS, I = IISIIE = sup {[[S(@)*S(@)l| « ll, < 1}

(e
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But
S(z)*S(x) = S*(z*)S(x) = =™ (T™9) (x).
Hence
(S, )12 = sup {||z" (T*S) (@), : =], <1} < |T*S, = [|(S, )" (S, T)],-
Thus

1S, 1)" (S, T)|, = (S, )12, for every (S,T) € My (E).

and the desired result follows.
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