Turk J Math
27 (2003) , 369 — 374.
© TUBITAK

Fuzzy Ideals in Gamma-Rings

Mehmet Ali Oztirk, Mustafa U¢kun and Young Bae Jun

Abstract

The converse of [7, Theorem 3.3] is provided. For an Artinian I'-ring, a few

results are investigated.
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1. Introduction

The notion of a fuzzy set in a set was introduced by L. A. Zadeh [8], and since then this
concept have been applied to various algebraic structures. N. Nobusawa [6] introduced
the notion of a I'-ring, as more general than a ring. W. E. Barnes [1] weakened slightly
the conditions in the definition of the I'-ring in the sense of Nobusawa. W. E. Barnes
[1], S. Kyuno [3] and J. Luh [5] studied the structure of I'-rings and obtained various
generalizations analogous to corresponding parts in ring theory. Y. B. Jun and C. Y.
Lee [2] applied the concept of fuzzy sets to the theory of I'-rings. In [7], the present
authors discussed characterizations of Noetherian I'-rings by using fuzzy ideals, and gave
a condition for a I'-ring to be Artinian. As a continuation of the paper [7], in this paper,

we investigate further results. In particular, we state the converse of Theorem 3.3 in [7].
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2. Preliminaries

Let M and T" be two abelian groups. If for all z,y,z € M and all «, g € T the

conditions
o zay € M,
o (z+yaz =zaz+yaz, x(a+ f)z = zaz+ zfz, za(y + 2) = zay + zaz,

* (zay)Bz = za(yfz)
are satisfied, then we call M a I'-ring. By a right (resp. left) ideal of a I'-ring M we mean
an additive subgroup U of M such that UT'M C U (resp. MT'U C U). For any subsets
A and B of a I'-ring M, by A C B we exclude the possibility that A = B. A T'-ring
M is said to satisfy the left (right) ascending chain condition of left (right) ideals (or to
be left (right) Noetherian) if every strictly increasing sequence Uy C Us C Us C --- of
left (right) ideals of M is of finite length. A I'-ring M is said to satisfy the left (right)
descending chain condition of left (right) ideals (or to be left (right) Artinian) if every
strictly decreasing sequence V3 D Vo D Va3 D --- of left (right) ideals of M is of finite
length. A T'-ring M is left (resp. right) Noetherian if M satisfies the left (right) ascending
chain condition on left (resp. right) ideals. A T'-ring M is left (vesp. right) Artinian if M
satisfies the left (right) descending chain condition on left (resp. right) ideals.

We now review some fuzzy logic concepts. A fuzzy set p in a I-ring M is called a

fuzzy left (vesp. right) ideal of M ([2]) if it satisfies
o p(e —y) = min{u(z), u(y)}

o p(zyy) = ply) (resp. p(zyy) = p(x))
for all z,y € M and v € I'. We note from [2] that if u is a fuzzy left (right) ideal of a
I-ring M then p(0) > p(z) for all z € M.
Note from Jun and Lee [2, Theorem 3] that a fuzzy set p in a T-ring M is a fuzzy left
(right) ideal of M if and only if for every t € [0, 1], the set
Ui t) = {o € M | () > 1}

is a left (right) ideal of M when it is nonempty. We call U(u;t) the level left (right) ideal
of M with respect to p.

370



OZTURK, UCKUN, JUN

3. Main Results

In what follows, the terms “(fuzzy, level) ideal” and “Artinian (Noetherian) I'-ring”

mean “(fuzzy, level) left ideal” and “left Artinian (Noetherian) I'-ring”, respectively.

For a fuzzy set p in M and ¢ € [0, 1], we define
Ul =pt ((t, 1]) and V! := ;Fl([t, 1])

Theorem 3.1. If p is a fuzzy ideal of a T-ring M, then for each t € [0, 1(0)], U/’i and
VI are ideals of M.

Proof. Let x,y € Ul. Then pu(x —y) > min{u(x), u(y)} >t and so x —y € US. Let
xe€M,yecUland v €T. Then p(zyy) > p(y) > t, and thus 2yy € US. Hence U} is an
ideal of M. Note that V! = U(u; ) which is an ideal of M.

Theorem 3.2. Let w be a fized element of a T'-ring M. If i is a fuzzy ideal of M, then
the set

i = o € M| ple) > p(w)}
is an ideal of M .

Proof. Let z,y € p*. Then u(z —y) > min{u(z), u(y)} > p(w), which implies that
x—yep? Nowletz e M,y e p” and v € I'. Then p(zyy) > u(y) > p(w), and so
xyy € . Therefore p" is an ideal of M.

Corollary 3.3. (|2, Theorem 1]) If u is a fuzzy ideal of a T-ring M, then the set

U= {w € M| u(z) = u(0)}
is an ideal of M .
Lemma 3.4. ([4, Corollary 2]) If a I'-ring M is Artinian, then M is Noetherian.

Lemma 3.5. Let pu be a fuzzy ideal of a T'-ring M and let s,t € Im(p). Then U(p;s) =
U(p;t) if and only if s = t.

Proof. Straightforward.
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Lemma 3.6. ([7, Theorem 3.3]) If every fuzzy ideal of a T-ring M has finite number of

values, then M is Artinian.
Combining Lemmas 3.4 and 3.6, we have the following corollary.

Corollary 3.7. If for any fuzzy ideal p of a T'-ring M, u is finite valued, then M is

Noetherian.
We discuss the converse of Lemma 3.6.
Theorem 3.8. If a I'-ring M is Artinian, then every fuzzy ideal of M is finite valued.

Proof. Let a I'-ring M be Artinian and let p be a fuzzy ideal of M. Suppose that
Im(p) is infinite. Note that every subset of [0, 1] contains either a strictly increasing or
strictly decreasing infinite sequence. Hence Im(u) has a strictly increasing or strictly
decreasing sequence. Let 1 < to < t3 < --- be a strictly increasing sequence in Im(u).
Then U(u;t1) D U(p;te) D U(p;ts) D -+ is a strictly descending chain of ideals of M.
Since M is Artinian, there exists a natural number ¢ such that U(u;t;) = U(u;titn) for
all n > 1. Since t; € Im(u) for all 4, it follows from Lemma 3.5 that ¢; = t;4, for all
n > 1. This is a contradiction. If t; > t5 > t3 > --- is a strictly decreasing sequence
in Im(p), then U(p;t1) C U(usta) C U(psts) C --- is an ascending chain of ideals of
M. Since M is Noetherian by Lemma 3.4, there exists a natural number j such that
U(ps;t;) = U(ps tjqn) for all n > 1. Since t; € Im(p) for all j, by Lemma 3.5 we have

tj =tj4n for all n > 1, which is also a contradiction. Hence Im(y) is finite.
Let U,, denote the family of all level ideals of M with respect to .

Theorem 3.9. Let a I'-ring M be Artinian and let p be a fuzzy ideal of M. Then
(Up| = [Tm(p)].

Proof. Since M is Artinian, it follows from Theorem 3.8 that Im(yx) is finite. Let Im(u) =
{ti,t2,--- ,t,}, where t; <ty <--- < ty,. It is sufficient to show that U, consists of level
ideals of M with respect to p for all ¢; € Im(u), that is, U, = {U(u;t;) | 1 <@ < n}.
Obviously, U(u;t;) € U, for all t; € Im(p). Let 0 < ¢t < p(0) and let U(p;t) be a
level ideal of M with respect to p. Assume that ¢ ¢ Im(u). If t < t1, then clearly
U(p;t) = U(pstr), and so let ¢, < t < t;41 for some 4. Then U(p;tiy1) € U(p;t). Let
x € U(p;t). Then pu(x) > ¢ because t ¢ Im(u), and so p(x) > t;41, thatis, x € U(u;tit1).
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Hence U(p;t) = U(u;tiy1), which shows that U, consists of level ideals of M with respect
to p for all ¢; € Im(p). Therefore |U,| = |Tm(u)|.

If p is a fuzzy ideal of a I'-ring M and Im(g) is finite, then |U,| = [Im(x)| by Lemma
3.6 and Theorem 3.9. Let Im(u) = {t1,t2, -+ ,tn}, where t; < t3 < --- < t,. Then
U, ={U(w;t;) | 1 <i <n}. Now t; < t; if and only if U(p;t;) D U(p;t;). Thus we have

the following chain of ideals:

M =U(u;t1) D U(psta) D -+ D U(pitn).

Theorem 3.10. Let a I'-ring M be Artinian and let p and v be fuzzy ideals of M. Then
U, =U, and Im(p) =Im(v) if and only if p=rv.

Proof. If p = v, then clearly U, = U, and Im(u) = Im(v). Suppose that U, = U, and
Im(p) = Im(v). By Theorems 3.8 and 3.9, Im(x) and Im(v) are finite and |U4,| = [Im(w)]
and |[U,| = [Im(v)|. Let Im(p) = {t1,t2,---,¢n} and Im(v) = {s1,82, -+, sn}, where
th <ty < -+ < tpand 81 < 89 < -+ < S,. Then t; = s; for all i. We now prove
that U(u;t;) = U(v;t;) for all 4. Note that U(u;t1) = M = U(v;ty). Consider U(p;t2)
and U(v;te), and suppose U(u;te) # U(v;te). Then U(u;te) = U(v;ty) for some k > 2
and U(u;t;) = U(v;ta) for some j > 2. Now let € M be such that u(z) = t2. Then
w(z) < t; for all j > 2. Since U(u;ta) = U(v;ty), it follows that © € U(v;tx) so that
v(z) > tp > tg for k > 2. Thus « € U(v;ta) = U(us;t;) and so p(x) > t; for some
j > 2. This is a contradiction. Hence U (u;t2) = U(v;t2). Continuing in this way, we get
U(p;ti) = U(v;t;) for all i. Now let € M be such that u(x) = t; for some i. Then
x ¢ U(u;t;) for all i +1 < j < n, which implies that « ¢ U(v;t;) foralli+1 < j <n.
Hence v(z) < t; for all i +1 < j < n. Suppose that v(z) = t,,, for some 1 < m < . If
i # m, then z ¢ U(v;t;). On the other hand, x € U(u;t;) = U(v;t;) because p(x) = t;.

This is a contradiction, and thus ¢ = m and p(x) =t; = t,,, = v(z). Consequently, u = v.
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