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Abstract

We study some properties of modified Szasz-Mirakyan operators in Hölder ex-

ponential weighted spaces. We give theorems on the degree of approximation of

functions by these operators.

Key Words: Szasz-Mirakyan operator, Hölder space, modulus of smoothness,
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1. Introduction

1.1. Paper [1] examined approximation properties of Szasz-Mirakyan operators

Sn(f ; x) :=
∞∑
k=0

pk(nx)f
(
k

n

)
, (1)

x ∈ R0 = [0,+∞), n ∈ N := {1, 2, · · ·}, where

pk(t) := e−t
tk

k!
for t ∈ R0, k ∈ N0 := N ∪ {0}, (2)

in exponential weighted spaces Cq. The space Cq, with a fixed q > 0, is related with the
weighted function vq(x) := e−qx, x ∈ R0, and Cq is the set of all real-valued functions f
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continuous on R0 for which vqf is uniformly continuous and bounded on R0. The norm
in Cq is defined by

‖f‖q ≡ ‖f (·) ‖q := sup
x∈R0

vq(x)|f(x)|. (3)

It is obvious that Cq ⊂ Cp if 0 < q < p < +∞.
In [1] was proved that Sn defined by (1) is a positive linear operator from the space

Cq into Cp provided that p > q > 0 and n > q/ ln(p/q).
Recently in many papers were introduced various modifications of operators Sn (see

e.g. [3, 4, 5, 8, 10]).
In the paper [8] were introduced for f ∈ Cq, q > 0, the following modified Szasz-

Mirakyan operators

Sn,q(f ; x) :=
∞∑
k=0

pk(nx)f
(

k

n+ q

)
, x ∈ R0, n ∈ N, (4)

where pk(·) is defined by (2). Also in [8] was proved that, for every n ∈ N and q > 0,
Sn,q is positive linear operator from the space Cq into Cq and

‖Sn,q(f ; ·)‖q ≤ ‖f‖q , n ∈ N, (5)

for every f ∈ Cq. Moreover, in [8] were given approximation theorems for f ∈ Cq and
Sn,q(f).

1.2. The purpose of this paper is the examination of approximation properties of
operators Sn,q in Hölder spaces related with exponential weighted space Cq, q > 0.

Approximation of 2π-periodic functions in the Hölder spaces first was considered by
S. Prössdorf and J. Prestin in the papers [6] and [7].

The results given in [6] and [7] were extend by many authors.
Since the Szasz-Mirakyan operators are important in approximation theory and Sn,q

are operators from the space Cq into Cq, we shall consider the properties of these operators
in the Hölder spaces.

In this paper, as had been similarly done in [6] and [7], we shall apply the modulus
of smoothness of the order r ∈ N ([2], [9]) of function f ∈ Cq:

ωr(f ; q; t) := sup
0≤h≤t

‖∆r
hf(·)‖q , t ≥ 0, (6)
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where

∆1
hf(x) := f(x + h) − f(x), ∆r

hf(x) := ∆1
h

(
∆r−1
h f(x)

)
if r ≥ 2, (7)

for x, h ∈ R0. It is known ([9]) that

∆r
hf(x) =

r∑
j=0

(
r

j

)
(−1)r−jf(x + jh) for x, h ∈ R0 and r ∈ N. (8)

Moreover from (6) – (8) we deduce that if f ∈ Cq, q > 0, and r ∈ N , then ωr(f, q; ·) is
non-negative and non-decreasing function and limt→0+ωr(f ; q; t) = 0.

1.3. Let r ∈ N and let Ωr be the set of functions of ωr(f ; q; ·) type, i.e. Ωr is the set
of all functions ω satisfying the following conditions:

(i) ω is defined, non-negative and increasing on R0;

(ii) ω(t)→ 0 as t→ 0+;

(iii) ω(t)t−r is decreasing for t > 0.

Similarly as in [6] and [7], for given r ∈ N , ω ∈ Ωr and q > 0, we define the generalized

Hölder spaces Hr,ω
q and H̃r,ω

q . The space Hr,ω
q is the set of all functions f ∈ Cq for which

‖f‖∗ r,ωq := sup
h>0

‖∆r
hf(·)‖q
ω(h)

< +∞ (9)

and the norm is defined by the formula

‖f‖Hr,ωq := ‖f‖q + ‖f‖∗ r,ωq . (10)

The space H̃r,ω
q is the set of all functions f ∈ Hr,ω

q for which

lim
t→0+

ωr(f ; q; t)
ω(t)

= 0 (11)

and the norm is defined by (10).
From definition of Hr,ω

q we deduce that f ∈ Hr,ω
q if and only if there exists a positive

constant M1(f) depending only on f and such that
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ωr(f, q; t) ≤M1(f)ω(t) for t ≥ 0. (12)

The spaces Hr,ω
q and H̃r,ω

q , with fixed q > 0, r ∈ N and ω(t) = tα, 0 < α ≤ r, are
classical Hölder - Lipschitz - Zygmund spaces. Moreover, we observe that if ω, µ ∈ Ωr,
r ∈ N , and

λ(t) :=
ω(t)
µ(t)

, t > 0, (13)

is increasing function, then for every q > 0 we have

Hr,ω
q ⊂ Hr,µ

q , H̃r,ω
q ⊂ H̃r,µ

q (14)

for every q > 0.

2. Main Results

2.1. First we shall give certain inequalities for operators Sn,q and f ∈ Cq.
Denote by Cpq , p ∈ N , q > 0, the class of all functions f ∈ Cq which have derivatives

f(k), k = 1, . . . , p, on R0 and these f(k) belong also to Cq.

Theorem 1 Let n ∈ N and q > 0 be fixed numbers. Then Sn,q defined by (4) is an
operator from the space Cq into C∞q . Moreover, for every p ∈ N and f ∈ Cq, we have

‖ [Sn,q(f)](p) ‖q ≤ (1 + e)pnp‖f‖q . (15)

If f ∈ Cpq , p ∈ N , q > 0, then

‖ [Sn,q(f)](p) ‖q ≤ ep‖f(p)‖q, n ∈ N. (16)

Proof. From (4), (2) and (7) we derive the formula

[Sn,q(f ; x)](p) = npSn,q

(
∆p

1/(n+q)f(t); x
)
,

for every f ∈ Cq and n, p ∈ N . By (3) and (5) we have

‖ [Sn,q(f)](p) ‖q ≤ np‖∆p
1/(n+q)f(·)‖q , n, p ∈ N. (17)
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Applying (8) and (3), we get

‖∆p
1/(n+q)

f(·)‖q ≤ ‖f‖q
p∑
k=0

(
p

k

)
ekq/(n+q) ≤

≤ ‖f‖q(1 + e)p, n, p ∈ N.

From the above follows (15).
It is known ([2], [9]) that if f ∈ Cpq with fixed p ∈ N and q > 0, then

∆p
hf(x) =

∫ h

0

· · ·
∫ h

0

f(p)(x+ u1 + · · ·+ up)du1 · · · · · dup, h > 0,

which by (3) implies

‖∆p
hf(·)‖q ≤ ‖f(p)‖qehpqhp, h > 0.

From this and by (17) we get

‖ [Sn,q(f)](p) ‖q ≤
(

n

n+ q

)p
epq/(n+q)‖f(p)‖q ≤ ep‖f(p)‖q, n, p ∈ N.

Thus the proof is completed. 2

2.2. Let f ∈ Cq, q > 0, and let r ∈ N . It is known ([2], Section 6.1) that the modulus
of smoothness ωr(f ; q; ·) defined by (6) is equivalent to the weighted K-functional

Kr (f ; q; tr) := inf
ϕ∈Crq

{
‖f − ϕ‖q + tr‖ϕ(r)‖q

}
, (18)

i.e. there exists a positive constant M independent on f and t such that

M−1ωr(f ; q; t) ≤ Kr (f ; q; tr) ≤Mωr(f ; q; t) for t > 0. (19)

Using this equivalece, we shall prove theorem on modulus of smoothness of Sn,q(f).

Theorem 2 Let q > 0 and r ∈ N be fixed numbers. Then there exists the suitable positive
constant M2(r) depending only on r and such that for every f ∈ Cq and n ∈ N we have
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ωr (Sn,q(f); q; t) ≤M2(r)ωr(f ; q; t), t ≥ 0. (20)

Proof. By Theorem 1 we have Sn,q(f) ∈ C∞q if f ∈ Cq. Hence for Sn,q(f) we can
apply K- functional (18) and the inequality (19). For given f ∈ Cq and n, r ∈ N we have

ωr (Sn,q(f); q; t) ≤MKr (Sn,q(f); q; tr) =

= M inf
ϕ∈Crq

{
‖Sn,q(f) − ϕ‖q + tr‖ϕ(r)‖q

}
≤

≤M
{
‖Sn,q(f) − Sn,q(Ψ)‖q + tr‖ [Sn,q(Ψ)](r) ‖q

}
for t ≥ 0, where Ψ is arbitrary fixed function in Crq .

By (4) and (5) we have

‖Sn,q(f) − Sn,q(Ψ)‖q = ‖Sn,q(f − Ψ; ·)‖q ≤ ‖f − Ψ‖q
for all n ∈ N . Moreover by Theorem 1, we have

‖ [Sn,q(Ψ)](r) ‖q ≤ er‖Ψ(r)‖q, n ∈ N.

From the above we get

ωr (Sn,q(f); q; t) ≤Mer
{
‖f − Ψ‖q + tr‖Ψ(r)‖q

}
, t ≥ 0,

for every fixed f ∈ Cq, n, r ∈ N and for every Ψ ∈ Crq , which by (18) and (19) yields

ωr (Sn,q(f); q; t) ≤Mer inf
Ψ∈Crq

{
‖f −Ψ‖q + tr‖Ψ(r)‖q

}
≤

≤MerKr (f ; q; tr) ≤M2erωr(f ; q; t)

for t ≥ 0, f ∈ Cq and n, r ∈ N . Thus the inequality (20) was proved. 2

2.3. Now we shall give the main property of Sn,q in Hölder spaces.

Theorem 3 We assume that q > 0 and r ∈ N are fixed numbers and ω ∈ Ωr is a given
function. Then Sn,q, n ∈ N , defined by (4) is a positive linear operator from the space

Hr,ω
q (H̃r,ω

q ) into Hr,ω
q (H̃r,ω

q ).
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Proof. Let f ∈ Hr,ω
q and n ∈ N . By Theorem 1, (20) and (12) we have Sn,q(f) ∈ C∞q

and

ωr (Sn,q(f); q; t) ≤M3(f, r)ω(t), t ≥ 0, (21)

where M3(f, r) = const. > 0 depending only on f and r. The inequality (21) and Section
1.3 show that if f ∈ Hr,ω

q then also Sn,q(f) ∈ Hr,ω
q .

Now, assume that f ∈ H̃r,ω
q . The condition (11) and the inequality (20) imply that

lim
t→0+

ωr (Sn,q(f); q; t)
ω(t)

= 0, n ∈ N,

which proves that Sn,q(f) ∈ H̃r,ω
q , n ∈ N . 2

2.4. In [8] (p.127) was proved the following theorem.

Theorem 4 If f ∈ C2
q , q > 0, then

vq(x)|Sn,q(f ; x)− f(x)| ≤ ‖f ′‖q
qx

n+ q
+ (22)

+‖f ′′‖q
(

(4e2 + 1)q2x2

(n+ q)2
+

4x
n + q

)
for x ∈ R0 and n ∈ N .

Arguing as in [1] and [8], we shall prove the following theorem.

Theorem 5 Suppose that a > 0 and q > 0 are fixed numbers. Then there exists a positive
constant M4(a, q) (depending only on a and q) such that

sup
0≤x≤a

vq(x)|Sn,q(f ; x)− f(x)| ≤M4(a, q)ω2

(
f ; q; 1/

√
n+ q

)
(23)

for every f ∈ Cq and n ∈ N .

Proof. Analogously as [1] and [8] we use the Steklov function fh of f ∈ Cq:

fh(x) :=
4
h2

∫ h
2

0

∫ h
2

0

[2f(x+ s+ t) − f(x + 2(s+ t))]dsdt
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for x ∈ R0 and h > 0. It is known ([1], [8]) that fh ∈ C2
q if f ∈ Cq and

‖fh − f‖q ≤ ω2 (f, q; h) ; (24)

‖f ′h‖q ≤ 5eqhh−1ω1 (f ; q; h) ; (25)

‖f ′′h ‖q ≤ 9h−2ω2 (f ; q; h) ; (26)

for h > 0. Applying (5), (22), and (24)–(26), we get

vq(x) |Sn,q(f ; x) − f(x)| ≤ vq(x) {|Sn,q (f − fh; x)|+

+ |Sn,q (fh; x)− fh(x)|+ |fh(x)− f(x)|} ≤ 2 ‖fh − f‖q +

+ ‖f ′h‖q
qx

n+ q
+ ‖f ′′h ‖q

(
(4e2 + 1)q2x2

(n+ q)2
+

4x
n + q

)
≤

≤ 5qeqhx
n+ q

ω1 (f ; q; h) +
{

2 + 9h−2

(
(4e2 + 1)q2x2

(n + q)2
+

4x
n+ q

)}
ω2 (f ; q; h) ,

for x ∈ R0, n ∈ N and h > 0. Hence, for fixed a > 0, n ∈ N and h = 1/
√
n+ q, we

obtain

sup
0≤x≤a

vq(x)|Sn,q(f ; x)− f(x)| ≤M5(a, q)
{

1√
n+ q

ω1

(
f ; q;

1√
n+ q

)
+

+ω2

(
f ; q;

1√
n + q

)}
,

which implies the desired estimation (23). 2

2.5. Applying Theorem 5 we shall give two approximation theorems for function f

belonging to Hölder spaces H2,ω
q and H̃2,ω

q . For f ∈ H2,ω
q with fixed q > 0, ω ∈ Ω2 and

for a fixed a > 0 we write

‖f‖q,a := sup
0≤x≤a

vq(x)|f(x)|, (27)

‖f‖∗ 2,ω
q,a := sup

0<h≤1

∥∥∆2
hf(·)

∥∥
q,a

ω(h)
, (28)
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‖f‖2,ωq,a := ‖f‖q,a + ‖f‖∗ 2,ω
q,a . (29)

Theorem 6 Suppose that a, q > 0 are fixed numbers, ω, µ ∈ Ω2 are given functions such
that λ(·) defined by (13) is increasing and f ∈ H2,ω

q . Then there exists a positive constant
M6 ≡M6(a, q, f, µ(1)) (depending only on indicated parameters) such that

‖Sn,q (f ; ·)− f (·) ‖2,µq,a ≤M6λ(1/
√
n+ q), n ∈ N. (30)

Proof. By our assumptions follows (14) and by Theorem 3 and (29) we have

‖Sn,q (f ; ·)− f (·)‖2,µq,a = ‖Sn,q (f ; ·)− f (·)‖q,a + ‖Sn,q (f ; ·) − f (·)‖∗ 2,µ
q,a

for n ∈ N . But by (27) and (23) and (12) we get

‖Sn,q (f ; ·)− f (·)‖q,a ≤M4(a, q)ω2

(
f ; q; 1/

√
n+ q

)
≤

≤M7(a, q, f)ω
(
1/
√
n+ q

)
≤M7(a, q, f)µ(1)λ(1/

√
n+ q), n ∈ N.

Using definition (28) and denoting by

A = {h : 0 < h ≤ 1/
√
n+ q}, B = {h : 1/

√
n+ q < h ≤ 1},

we can write

‖Sn,q (f ; ·)− f (·)‖∗ 2,µ
q,a ≤ (sup

h∈A
+ sup
h∈B

)

∥∥∆2
h [Sn,q (f ; ·)− f (·)]

∥∥
q,a

µ(h)
:= W1 +W2.

By (27), (3), (7), (6) and Theorem 2 we deduce that

∥∥∆2
h [Sn,q (f ; ·)− f (·)]

∥∥
q,a
≤
∥∥∆2

h [Sn,q (f ; ·)− f (·)]
∥∥
q
≤

≤
∥∥∆2

hSn,q (f ; ·)
∥∥
q

+
∥∥∆2

hf (·)
∥∥
q
≤

≤ ω2 (Sn,q(f); q; h) + ω2 (f ; q; h) ≤M8ω2 (f ; q; h)

for h > 0. From this and by (12) we get

W1 ≤M9(f) sup
h∈A

ω(h)
µ(h)

≤M9(f)λ(1/
√
n+ q), n ∈ N.
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Applying (8) and (27) we get
∥∥∆2

hf (·)
∥∥
q,a
≤M10(a, q)‖f‖q,a and

W2 ≤M10(a, q) sup
h∈B

‖Sn,q (f ; ·)− f (·)‖q,a
µ(h)

,

which by Theorem 5 and (12) implies

W2 ≤M11(a, q)ω2

(
f ; q; 1/

√
n+ q

)
/µ(1/

√
n + q) ≤

≤M12(a, q, f)λ(1/
√
n + q), n ∈ N.

Combining these, we obtain estimation (30). 2

Analogously we can prove the following theorem

Theorem 7 Suppose that a, q, ω, µ and λ satisfy the assumptions of Theorem 6. If
f ∈ H̃2,ω

q , then

‖Sn,q (f ; ·) − f (·) ‖2,µq,a = o
(
λ(1/
√
n+ q)

)
as n→∞.

From Theorem 6 and Theorem 7 we derive the following corollary.

Corollary. Let a, q > 0 be fixed numbers and let ω(t) = tα, µ(t) = tβ for t ≥ 0 and for
fixed 0 < β < α ≤ 2.

1. If f ∈ H2,ω
q , then

‖Sn,q (f ; ·)− f (·) ‖2,µq,a = O
(

(n+ q)(β−α)/2
)

as n→∞.

2. If f ∈ H̃2,ω
q , then

‖Sn,q (f ; ·)− f (·)‖2,µq,a = o
(

(n+ q)(β−α)/2
)

as n→∞.

Remark. Analogous theorems we can obtain for operators of Kantorovitch type:

Tn,q(f ; x) :=
∞∑
k=0

pk(nx)(n+ q)
∫ (k+1)/(n+q)

k/(n+q)

f(t)dt, x ∈ R0, n ∈ N,
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which are positive linear operators from the space Cq into Cq and ‖Tn,q‖q ≤ e‖f‖q for
every f ∈ Cq and n ∈ N .

Similar theorems can also be obtained for Szasz-Mirakyan operators (1) in the Hölder
polynomial weighted spaces related with the polynomial weighted spaces Cp, p ∈ N0, and
the weighted function wp(x) := 1/(1 + xp) if p ≥ 1, and w0(x) := 1 for x ∈ R0.

Cleary, approximation properties of other operators (e.g. operators considered in [3,
4, 10]) can be examined in suitable Hölder spaces.
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Anwendungen, 9(1990), 343-349.
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