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On Some Properties of Szasz-Mirakyan Operators in

Holder Spaces
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Abstract

We study some properties of modified Szasz-Mirakyan operators in Holder ex-
ponential weighted spaces. We give theorems on the degree of approximation of

functions by these operators.
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1. Introduction

1.1. Paper [1] examined approximation properties of Szasz-Mirakyan operators

Sufia) = pulna)f (). 1)

n
k=0

x € Ry=[0,40),n € N :={1,2,---}, where

k
—

A for t€ Ry, k€ Ng:=NU {O}, (2)

pi(t) ==e

in exponential weighted spaces C,. The space C,, with a fixed ¢ > 0, is related with the

weighted function vg(x) := €79, x € Ry, and Cj is the set of all real-valued functions f
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continuous on Ry for which v, f is uniformly continuous and bounded on Ry. The norm
in Cy is defined by

[fllg = 17 () llq = sup vq(2)| f(2)]- 3)

x€Ro

It is obvious that Cy C C,, if 0 < ¢ < p < 4o00.

In [1] was proved that S,, defined by (1) is a positive linear operator from the space
C, into C)p, provided that p > ¢ > 0 and n > ¢q/In(p/q).

Recently in many papers were introduced various modifications of operators S, (see
e.g. [3,4,5,8,10]).

In the paper [8] were introduced for f € Cy, ¢ > 0, the following modified Szasz-

Mirakyan operators

> k

Sn,q(f;x) = Zpk(nx)f (—> ) HAS RO; n e Na (4)
P n—+q

where p(-) is defined by (2). Also in [8] was proved that, for every n € N and ¢ > 0,

Sh,q 1s positive linear operator from the space C; into C, and

[Snq(fi Mg < 1 fllay  neEN, ()

for every f € C,;. Moreover, in [8] were given approximation theorems for f € C, and
Sn.q(f):

1.2. The purpose of this paper is the examination of approximation properties of
operators S, , in Holder spaces related with exponential weighted space Cy, g > 0.

Approximation of 27-periodic functions in the Holder spaces first was considered by
S. Prossdorf and J. Prestin in the papers [6] and [7].

The results given in [6] and [7] were extend by many authors.

Since the Szasz-Mirakyan operators are important in approximation theory and S, 4
are operators from the space C; into C,, we shall consider the properties of these operators
in the Holder spaces.

In this paper, as had been similarly done in [6] and [7], we shall apply the modulus
of smoothness of the order » € N ([2], [9]) of function f € Cy:

wr(fiq;t) = sup ARFC)le, £ 20, (6)
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where

Abf(@) = fle +h) — fl@), Apf(x):= AL (A f@) i r=2, (1)

for x,h € Ry. It is known ([9]) that

T

nf(x) = Z <§> (=1)"7 f(x + jh) forax,h € Ry and r € N. (8)

Jj=0

Moreover from (6) — (8) we deduce that if f € Cy, ¢ > 0, and r € N, then w,(f,q;-) is
non-negative and non-decreasing function and lim;_o1w,(f; ¢;t) = 0.
1.3. Let r € N and let €2, be the set of functions of w,(f; q;-) type, i.e. , is the set

of all functions w satisfying the following conditions:
(i) w is defined, non-negative and increasing on Ry;
(ii) w(t) — 0 ast — 0+;
(iii) w(t)t™" is decreasing for ¢ > 0.

Similarly as in [6] and [7], for given r € N, w € Q, and ¢ > 0, we define the generalized
Holder spaces H** and H ¢+ The space Hp* is the set of all functions f € Cy for which

. 1w IARSC)llg
Wi=gup —X——— < 400 9
1157 = sup A=t )
and the norm is defined by the formula
[l zge = 1fllq + 11£11G7 (10)

The space H g is the set of all functions f € Hj for which

=0 (11)

and the norm is defined by (10).
From definition of H;** we deduce that f € Hy* if and only if there exists a positive

constant M; (f) depending only on f and such that
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wrf.qt) < My(w(t)  for t>0. (12)

The spaces Hy* and ﬁg"“, with fixed ¢ > 0, r € N and w(t) = t*, 0 < a < r, are
classical Holder - Lipschitz - Zygmund spaces. Moreover, we observe that if w, u € Q,.,
r € N, and

w(t)
A(t) == —=, t>0, 13
0 =25 (1)
is increasing function, then for every ¢ > 0 we have
HI C HI, HI* c H" (14)

for every ¢ > 0.

2. Main Results

2.1. First we shall give certain inequalities for operators S, 4 and f € Cj.
Denote by CT, p € N, ¢ > 0, the class of all functions f € C; which have derivatives

f®) k=1,...,p, on Ry and these f*) belong also to Cy.

Theorem 1 Let n € N and ¢ > 0 be fized numbers. Then Sy 4 defined by (4) is an

operator from the space Cy into C7°. Moreover, for every p € N and f € Cy, we have

1S, (D1 [lg < (14 €)Pn®| fll- (15)
If feCl,pe N, q>0, then

[ 18na PN g < 1 Pllg, - nEN. (16)
Proof. From (4), (2) and (7) we derive the formula

[Sna(F3)® =178 q (AF 4y F(Bi )

for every f € Cy and n,p € N. By (3) and (5) we have

1Sna (NP g < nP1AY e FOlles  mpEN. (17)
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Applying (8) and (3), we get

k=0

p
p n
ISP (k) ekl (nta) <

<[ fllg(t+e)?,  mn,peN.

From the above follows (15).
It is known ([2], [9]) that if f € CP with fixed p € N and ¢ > 0, then

h h
AP f(z) = / / f(p)(x Fuy 4 up)duy - du,, h>0,
0 0

which by (3) implies

AR FO)llg < NFPlge™an?, b > 0.

From this and by (17) we get

p
II[Sn,q(f)](”)IIq<( )epq/<"+q>||f<p>||q<ep||f<p>||q, n,p€N.

n—+q

Thus the proof is completed. O

2.2. Let f € Cy, ¢ > 0, and let » € N. It is known ([2], Section 6.1) that the modulus
of smoothness w,.(f;¢;-) defined by (6) is equivalent to the weighted K-functional

Ko (Fat) = ok {Ilf =l + e} (18)

i.e. there exists a positive constant M independent on f and ¢ such that

Mo (fiqgt) < K (fiq:t") < Mw,(f; ;1) for ¢ >0. (19)

Using this equivalece, we shall prove theorem on modulus of smoothness of S, 4(f).

Theorem 2 Letq > 0 andr € N be fized numbers. Then there exists the suitable positive
constant Ms(r) depending only on v and such that for every f € Cy and n € N we have
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wr (Snq(f); g;1) < Ma(r)wr(fig;t),  t=0. (20)
Proof. By Theorem 1 we have S, ,(f) € Cg° if f € C,. Hence for S, ,(f) we can
apply K- functional (18) and the inequality (19). For given f € C; and n,r € N we have

Wr (Sn,q(f)§ ¢;t) < MK, (Sn,q(f)§ q;t")

_ . o [, A(r) <
M inf {11Sna(5) = el + 6o} <

< M {S0a(h) = Sua (W)l + 211804011, }

for t > 0, where W is arbitrary fixed function in C7.
By (4) and (5) we have

”Sn,q(f) - Sn,q(\Ij)”q = ”Sn,q(f - \Ij5 ')Hq < Hf - \Iqu

for all n € N. Moreover by Theorem 1, we have

| 1Snq (@) Jlg < €[ TP, neN.
From the above we get
wr (Sna(Fiast) < Mem {|If =Wy + ¢ €O}, 120,

for every fixed f € Cy, n,7 € N and for every ¥ € Cy, which by (18) and (19) yields

© e < T3 _ T (r) <
wr (Sna(f)sait) < Me inf, {[1f = Wl + 2190} <

<MK, (fiq;17) < MPe"w,(f3¢1)
fort >0, f € Cy and n,r € N. Thus the inequality (20) was proved. O

2.3. Now we shall give the main property of S, , in Holder spaces.

Theorem 3 We assume that ¢ > 0 and r € N are fized numbers and w € Q. is a given

function. Then Sy 4, n € N, defined by (4) is a positive linear operator from the space

Hi (HP*) into HI* (H*).
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Proof. Let f € Hp“ andn € N. By Theorem 1, (20) and (12) we have S, 4(f) € Cg°

and

wr (Snq(f)i@t) < Ms(f,r)w(t),  t=0, (21)

where Ms(f,r) = const. > 0 depending only on f and r. The inequality (21) and Section
1.3 show that if f € Hp»* then also Sy, 4(f) € H*.

Now, assume that f € I?g"“. The condition (11) and the inequality (20) imply that

wr (Snq(f);q;t)

lim =0, néeN,
t—0+ w(t)
which proves that S, (f) € ﬁg"“, ne€N. o

2.4. In [8] (p.127) was proved the following theorem.

Theorem 4 If f € Cg, q > 0, then

0a(@)Snq(fi2) = S < I g+ (22)
. (4e? 4+ 1)¢%x? 4z
*lf ”q< (n+q)? n+Q>

forx € Ry and n € N.

Arguing as in [1] and [8], we shall prove the following theorem.

Theorem 5 Suppose that a > 0 and q > 0 are fixed numbers. Then there exists a positive

constant My(a,q) (depending only on a and q) such that

sup v (2)|Snq(f; ) — f(2)] < Ma(a, q)wz (f30:1/vn+q) (23)

0<z<a
for every f € Cqy and n € N.
Proof. Analogously as [1] and [8] we use the Steklov function fj, of f € C:

fu(z) = %/jf[zf(ﬁsﬂ)—f(x+2(s+t))]dsdt
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for € Ry and h > 0. It is known ([1], [8]) that f, € C7 if f € Cy and
o= fll, <wa (f,q5h); (24)
1filly < 5™~ wn (F1 a5 ) (25)
” ” <9h~ w2 (fa q; ) ) (26)

for h > 0. Applying (5), (22), and (24)—(26), we get

0g() [Snq(f32) = f(2)] < vg() {Snq (f = fr; 2)| +
+1Sn.q (Fns @) = fr(@)| + [fn(@) = (@)} <2 fn = Fll, +

(4e% + 1)g2a? 4z )
+ + =<
il 22+ 1, (BT + ) <
5qex o [ (4€? 4+ 1)g?2? 4z
< iq;h) +42+9h + iqih),
,n_’_qwl(fq ) { (n+q)2 ntg w2 (fiq;h)

for x € Ry, n € N and h > 0. Hence, for fixed a > 0, n € N and h = 1/y/n+¢q, we

obtain

1 1
0 (oS f52) — 1)) < Mafas) { e (Fr =) +

)}

which implies the desired estimation (23). O

2.5. Applying Theorem 5 we shall give two approximation theorems for function f
belonging to Holder spaces Hg"“ and ﬁg"“. For f € Hg"“ with fixed ¢ > 0, w € Q5 and

for a fixed a > 0 we write

1Fllg.o = sup vq(@)lf (@), (27)

srsa

1A% Ol

f * 2,w = sup ’
11l o<h<t w(h)
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2,
1£llga = [If1

* 2w
ga T IFlGG" (29)

Theorem 6 Suppose that a,q > 0 are fired numbers, w, u € Qo are given functions such
that A(+) defined by (13) is increasing and f € Hg"“. Then there exists a positive constant
Ms = Ms(a, q, f, u(1)) (depending only on indicated parameters) such that

[Sn,q (f3) = F () 2k < MeA(1/v/n+q),  neN. (30)
Proof. By our assumptions follows (14) and by Theorem 3 and (29) we have

1Sn.q (f5) = F OIS = 1Sn,q (F;) = F Olga + 1S (F55) = F Ol 2"
for n € N. But by (27) and (23) and (12) we get
1S, (f;) = f ()l .0 < Ma(a,@)wz (fi0;1/vV/n+4q) <
< Mz(a,q, flw (1/vn+q) < Mz(a,q, flu(OX(1/vn+4q), neN.

Using definition (28) and denoting by

A={h:0<h<1/Vn+q}, B={h:1/\/n+q<h<1},

we can write

2.9 = W1 + WQ.

| A7 [Sn,q (f;) = F O]
) — F I < (sup + su
[1Snq (fs) = F Ol < (hngrheg) )

By (27), (3), (7), (6) and Theorem 2 we deduce that

A% [Snq (f3) = FOMl,0 S NAR S (F:) = F O], <
<A Snq (fi ), + AR O], <
S wa (Sng(f);qh) +wa (f;qh) < Mswa (f;q;h)

for h > 0. From this and by (12) we get
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Applying (8) and (27) we get [|[AZf ()|, , < Mio(a, q)| fllq.a and

||Sn,q (fa ) - f ()' q,a
We s Mhole- iy —m

which by Theorem 5 and (12) implies

Wa < Mii(a, qwa (fiq:1/vn+q) /u(1/vn+q) <
< Mia(a,q, f)M1/Vn+q), neN.

Combining these, we obtain estimation (30). O

Analogously we can prove the following theorem

Theorem 7 Suppose that a,q,w, i and X\ satisfy the assumptions of Theorem 6. If
fe ﬁg’“’, then

[1Sn.q (f;-) = F ()|

gjgzo()\(l/\/n+q)) as n— o0.
From Theorem 6 and Theorem 7 we derive the following corollary.

Corollary. Let a,q > 0 be fixed numbers and let w(t) = t, pu(t) = ¢ for t > 0 and for
fixed < < a<2.
1.If f e qu"“, then

[Sn.q (fi-) = F ()]

i =0 ((n—i— q)(ﬁ—a)/z) as n — oo.

q,a

2. If fe ﬁg"“, then

[Sn.q (fi-) = £ ()]

2,p —a)/2
q’g—o((n—i—q)(’g )/) as n — 0.

Remark. Analogous theorems we can obtain for operators of Kantorovitch type:
ol (k+1)/(n+q)

Tn,q ) = + t dt, eR y S N,
(f:2) kzzopkmx)(n 2 /k AW € Ro, n
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which are positive linear operators from the space Cj into Cy and || Ty, 4ll4 < €l fl|q for
every f € C;and n € N.

Similar theorems can also be obtained for Szasz-Mirakyan operators (1) in the Hélder

polynomial weighted spaces related with the polynomial weighted spaces C,,, p € Ny, and
the weighted function wp(z) :=1/(1 4+ aP) if p > 1, and wo(z) := 1 for x € Ry.

Cleary, approximation properties of other operators (e.g. operators considered in [3,

4, 10]) can be examined in suitable Holder spaces.
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