Turk J Math
27 (2003) , 525 — 537.
© TUBITAK

On General Fibonacci Sequences in Groups

Engin Ozkan

Abstract

In this paper, we have constituted 3-step general Fibonacci sequences in a
nilpotent group with exponent p (p is a prime number) and nilpotency class 4 and

given formulas to find the a term of the sequence.
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1. Introduction

Let s; denote the 3-step general recurrence defined by s; = ls;_1 +ms;_2 +ns;_3 for
some I, m, n € N. We assume that p does not divide n; then we get the definition of a
3-step general standard Fibonacci sequence as (0, 0, 1, I, I2+m, [(I?+m)+Im+n,...) in
Z/pZ. If p were permitted to divide n, then the sequence would ultimately be periodic,
but would never return to 0, 0, 1. This sequence or loop must be periodic and we use the
letter k to denote the fundamental period of s; that is the shortest period of that sequence.
The fundamental period of a sequence satisfying a linear recurrence is sometimes called
the Wall number of that sequence. Obviously k& depends on p.

In the recent years, there has been much interest in applications of Fibonacci numbers
and sequences. Takahashi gives a fast algorithm which is based on the product of Lucas
numbers to compute large Fibonacci numbers [8]. Fibonacci sequences have been an

interesting subject in applied mathematics. West has shown by using transfer matrices
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that the number |5, (123, 3214)| of permutations avoiding the patterns 123 and 3214 is
the Fibonacci number F,, [11].

The study of Fibonacci sequences in groups began with the earlier work of Wall [10],
where the ordinary Fibonacci sequences in cyclic groups were investigated. Vinson was
particularly interested in ranks of apparition in ordinary Fibonacci sequences [9]. In the
mid 1980’s, Wilcox extended the problem to abelian groups [12]. Prolific co-operation
among Campbell, Doostie and Robertson expanded the theory to some finite simple
groups [3]. Ryba constructed and analized a pair of sequences of representations of the
symmetric groups [7]. Aydin and Smith proved in [2] that the lengths of ordinary 2-step
Fibonacci sequences are equal to the lengths of the 2-step Fibonacci recurrences in finite
nilpotent groups of nilpotency class 4 and a prime number p exponent. Furthermore,
Aydin and Dikici proved in [1] that the length of the 2-step general Fibonacci sequences
are equal to the length of the 2-step general Fibonacci recurrences constructed by two
generating elements of finite nilpotent groups of nilpotency class 2 and exponent a prime
number p. Dikici and Smith proved in [5] that, for the 3-step Fibonacci recurrence and
any finite p—group of exponent p and nilpotency class 2, the length of a fundamental
period of any loop satisfying the recurrence must divide the period of the ordinary 3-step
Fibonacci sequence in the field GF(p). Dikici and Ozkan proved in [4] for the 3-step
general Fibonacci recurrence and any finite p—group of exponent p and nilpotency class
2, the length of a fundamental period of any loop satisfying the recurrence must divide
the period of the ordinary 3-step general Fibonacci sequence in the field GF(p).

One of the latest works in this area is [6] in which if G is a non-trivial finite p-group

of exponent p and nilpotency class 4, then the followings hold:

i. k(G) =k, except for finite primes;

and

ii. k(G) = kp for all primes. (p is a prime number and p > 3).

Definition 1 Let H and K be normal in G and K < H. If H/K is contained in the
centre of G/K, then H/K s called a central factor of G. A group G is called nilpotent if

it has a finite series of normal subgroups
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such that G;—1/G; s a central factor of G for each i =1,2,...,7. The smallest possible
r is called the nilpotency class of G.

The Main Result

Let G be a nilpotent group with nilpotency class 4 and prime number exponent p > 3.

G has two generators  and y. A presentation of G is

G=<umzyztu: (:%x) :Z,(Z,.T):t, (th) =u >,

where pairs of generators with unspecified commutator are implicitly deemed to commute.
The subgroup < v, z,t, u >is abelian and u is in the centre of G. Every element of G has

a unique representation as

xaybzctdue
where the exponents are elements of GF(p). Having established this way of writing
elements, we can even think of groups of elements as vectors of dimension 5 over GF (p),
i.e. as (a,b,c,d,e).
Let (z%°2°t%°) be an element of G. We claim that

(xaybzctdue)n _ (xnaynbznc—i-( 5 )batnd—i-( 5)ca+(5)b(5)+(5 )ba2un6+( 5)da+(75)e(5)+(5)b(3).

Wl EOFC T (D]ea® H[("THCT ) (D) ]ba’+2[(MF (S §>]ba(‘;>)

(1)

1 1 2
We show this by induction on n. Since ( 5 ) = ( 5 ) = ( 5 ) = 0 our argument

is obvious for n = 1. So assume that

(2P zetdye)n—1 — (xm—1>ay<n—1>bz<n—1>c+("51)batm—1>d+(";1)ca+(";1)b(3)+(";1)ba2

ur=De+ ("3 ) da+ ("3 )e(5)+("3 1) (5)

u[(";2)+(";3)+~~+(§)]ca2+[("52)+("53)+~~+(§)]ba3+2[2(";2)+(";3)+~~+(§)]ba(‘é))
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Multiplication of both sides by z%y’2°t%u¢ gives the left hand side of (1). Thus we have

(299 2etduc)n = (xm—1>ay<n—1>bz<n—1>c+(";1)bat<"—1>d+(";1)ca+(";1)b(3)+(";1)ba2

ur=De+ ("3 )dat ("3 )e(5) ("2 (5)

u[(”52)+("£3)+"'+(5)]Ca2+[("§2)+("§3)+'"+(§)]ba3+2[("52)+("£3)+"'+(§)]ba(g)) (z%yP 2 tue)
Notice that w is in the centre of G and (y,z) = z, (z,z) =t and (¢, z) = u, so that
(xaybzctdue)n _ xnaynban-'r(;)batnd-i-(;)ca-i-(;)b(;)+(g)ba2

et (3)dat(3)e(3)+()p(5)+[("2)+("2%)++ (2)Jea”

ul("a )+ )44 (9))pa® +2[(72 )+ ("57) 4 (2)Jba(5)

Let upper side of x,y, z,t and u be A, B, C, D and E, respectively. That is,

and
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Since (7) + ("FY) + (") +-+ (M) = (,51);

T T T T

penet ()aar (5)e(5) + (3)2(5) + (5o (1) +2(5)m(5)

Let (z®0ybozc0tdoge0) (z@1ybrze1¢diye1) and (z2yP22°2¢92u°2)be three elements of G. We

get the formula for multiplication of powers of these three elements. That is, using (1),
(xa()yb()zc()td[)ue[))l(xalybl chtdl uét )m(xazybz Zc2td2ue2)" _ (xa:;yb:s ZC3td3 ue3)

where (z20gybo zeotdoy o)l = gAoyBo,CotDoy Eo (garybryerpdigyerym — pAryBiCrybiy Frand

(zo2qyb2ze2td2qe2)n = pAzyB2 ,C2¢ D2y B2 for simplicity. Furthermore,

AO = lao
By = lby

CO = lCO + (;) boao

l l a l
Dy = ldg + <2>Coa0 + <2>bo<20> + <2>boa3
and
E:le—l—lda—l—lc ao—l—lb a0+lca2+l4ba3+2lba o
0 0 o | dodo S o]0l 5 3 | €0 4 0ap g Jboaol o )

Similarly,

A = may

Bl = mbl
Ci=mc + (Z) biay

m m a m
D1 =md; + <2>C1a1+ <2>b1<21> + <3>bla%
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and
m m ai m ay m
Bu=tent (Yot () () + () (5) + (5)onet
m m a1
+(4>4b1ai’+2(3>b1a1(2>.
Finally,
As = nas
B2 ang
Cs =ncs + (Z) baas
n n a n
Dy = ndy + (2>02a2 + (2>bz(22> + (3)()2@3
and

o S (e (2) (o)« (Bt (ot (5)n(2)
Thus,

(2A0yBo 200 Doy Fo) (A1 B ,C1 D1y By (g A2y B2 ;02 D2y B ) — gAsyBs ,CayDsy Bs
— (2A0yBo 2Co A1y B1 L C1yDotDi g ot By+Do Av) (A2 Bz ;24D B

= (z40yBo gy B Zco+cltD0+D1+COA1qu+E1+DoA1+Co(“‘;))(xAQsz 2 C2¢D2q B2)
— (gAo+AryBo+ By »Co+C1+Bo A1 Do+D1+Co A1+ Bo (3!
L FotE +D0A1+Co(“‘21)+bo(“‘31))(xA2sz C2¢D2q P2 )

= pAot+A1

Bo+B1 ,Co+C1+Bo A 1Az Ba O yDo+D1+Da+CoA1+Bo (%)

Y Y
W Eo+H B+ B2 +DoAr+Co(“5)+Bo(5!) +A2(Do+D1+D2+Co A1+ Bo(“3))

— pAo+A1yBo+Bi g Az B ,Co+C1+Ca+Bo A1 yDo+D1+D2+CoA1+Bo (! +42(Co+Cr+BoA)

Y Y
B0+ B +B2+DoA1+Co (") +Bo () +A2(Do+Di+D2+Co A1+ Bo (41 ) +(Co+C1+Bo A1) (')
_ xA0+A1+A2yB0+B1+B2ZCg—i—Cl+CQ+B0A1+(BO+B1)AgtD0+D1+D2+CoA1+BO(AQl)
A42(Co+C1+Bo A1) +(Bo+B1) (“2) , Eo+E1+E2+Do A1 +Co () +Bo (%)

uA2(Do+D1+Da+Co ArtBo(“31))+(Co+Cr+Bo Av) (2 ) +(Bo+B1) (2)
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We can write

A3 =Ag+ A1+ Ay
Bs = By + By + B>

C3=Co+C1+Csy+ ByAi + (By + By) A

A A
D3 =Dy + D, +D2+COA1+BQ< 21> + A3(Co 4+ C1 + BoAy) + ( 22>(Bo+31)
A A A
E3=E0+E1+E2+D0A1+Co<21> +Bo<31> + Ao <D0+D1+COA1+BO<21>>

(v (B

Thus, we can write

Az = lag + maq + nas
Bz = lby + mby + nbs

m
2

l l a l m
D3 = ldo+ <2> coag + <2> bo ( 2O> + <3> boai 4+ mdy + <2>01a1
m a m n n a n
+<2>b1<21> - <3>b1a% +nd2 - (2)62@2 - <2>b2<22> - <3>b2a%

l l
“r(lCo + <2> boag)may + lbg <m2al> + nag(lco + <2> boag

l
C3 =lcy + <2> boap + mey + ( >bla1 + ncs + (Z) boas + Ilmbgaq + (lbo + mbl)nag

nas

+mer + (2) biai + lbgmai) + ( 5

>(lbo + mby)
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3 =

o (o (el

(Yot (Tt 2
()]« (et

)+ (s)
2y () e ()

(5

(5)+ Qi+ (o
(3)a () () (5)

(C;l> +nes + (Z) dyas + (Z) e (“22
bgaQ +2 <3> boas (“;)

l l l
+(ldp + <2> coao + <2> bo (C;O> + <3> boag)mal

+(leo + (é) boao) <m2“1> + lbo<

mai
3

l l a l m
+naz(ldy + <2> coag + <2> bo ( 20> + <3> boag 4+ md; + <2>c1a1
m a m l ma
+<2>b1 ( 21> + <3>bla% + (lCQ + <2> boag)may + lbo( 9 1>)
+ (n;m) (leo + (;) boao + me1 + (7;1) biay + lbymas) + <n§2> (lbg + mby)

We shall use vector notation to calculate the sequence and define a bi-infinite sequence

(r;) = (ai, bi, ci,d;, e;) via the 3-step general recurrence. We must consider two types of
initial data for loops in G. We have a loop v of type I with initial data

Vo = (Oa 0) 0) ) 0)

v = (1; 0; 0; ) 0)

Vo = (0; 1; sy YUy 0)
and another w of type II with initial data

wo = (15 0) ) ) 0)

w1 (0; 1; ) ) 0)

w2 = (0; 0; sy Uy 0)

The analysis of the type II loop is entirely similar to that of type I. Thus the type I loop
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begins

Vo = (tO; S0, 0; Oa 0)
V1 = (tla S1, 0) 0) 0)

and
Vo = (tQ; 52, 0) 0) 0)

so that (a;) = (t;) and (b;) = (s;).
It can easily be seen that the sequence t; can be written in terms of s; as t; = s;41—ns;.

We shall need two formulas for C,, and D, to work out the formula for E,, o > 0. Now,

a—1
let the notation > denote the notation Y. Then by induction,
i=0

l m n
Co = <2> Z Sa—i—1Sit; + <2> Z Sa—i—1Si+1tiy1 + <2> Z Sa—i—1Si+2tit2

+1Im Z Sq—i—18iti+1 +nl Z Sa—i—18iti+2 +mn Z Sa—i—18i+1tit2

and

o= () S (S ()

m y )
+<2> Zsa_i_16i+1ti+1 " ( > ZSO‘ i— 151+1< 3 > ( > Zsa i— 151+1tz+1

n 2
+<2> Zsa_i_16i+2ti+2 " ( > ZSO‘ i— 151+2< 5 > ( > Zsa i— 151+2tz+2

ammih 2 a—i—193bili+1 a—i—19% 2
l
+nl Z Sa—i—1Citiy2 +n <2> Z Sa—i—1Sititiya +nm Z Sai1Cisrliso
5 nt;
+n ( 2> Z Sa—i—1Sit1tiy1tive + nlm Z Sa—i—18itit1tive +1 Z S_i18i ( ;+2>
nt; 2

+mz Sa—i—18i+1 ( ;—i— >

533



OZKAN

for a > 0. These enable us, via a similar process, to describe E,, for a > 0 as

o () B () (s) () S

l l t;
3> Zsa i— lczt + ( > Zsa i— lszt + 2( > Zsa—i—lsiti <2z>
m m t;

2> Zsa i—1dip1tipr + <2> Zsa—i—lci+1< z;)

m

2> Zsa i— 151+1< z+1> ( > Zsa i— lcz+1t1+1

(
(
(
(D) S sttt (5) Socsacna (")
(
(

+
+

+

+

n 2
2> Zsa i— 151+2< v > ( > Zsa i— lcz+2tz+2
3 By m( ! o) D sairsits b
4 Sa—i—18i+2l; 42 a—i—1Sili4+1 9
l th_l

+m Z Sk—i—15; z+1t +lz Sa—i—1Ci 9

l mt mt;i1
+<2>Zsa i—15i z( ;+1>+lzsa i— 15'L< §+>+7ﬂzsa i— 1dtz+2

: > sacicicititipa + : D sacic1siti b

9 Sa—i—1Cilili42 TN 9 Sa—i—15ili42 9

l
n <3> Z Sa—i—18ititats + nm Z Sa—i—1diy1tiyo

m m tit1

( 2> Z Sa—i—1Cit1tit1tizo + 1 ( 2> Z Sa—i—18i+1tit2 ( z; >
m
+n ( 3> Z 5a—i—15i+1ti+2t%+1 + nlm Z Sa—i—1Citiy1tito
l mt;q
+nm <2> Z Sa—i—18ititit1tito +nl Z Sa—i—lsiti+2< ;+ >
nt nt;

+lzsa i— lcz< z+2> Zsa i—15i z( ;+1>

+

+n

_l_

+n
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nt; m nt;
+mz Sa—i—1Ci+1 ( ;+2> + <2> Z Sa—i—18i+1tit+1 ( ;+2>
nt; 2 nt; 2 nt; 2
+lmzsa—i—15iti+1< ;Jr > +lzsa—i—15i< ;+ > +mzsa—i—15i+1< ? >

In the table, A(¢) = T'(¢) and B(i) = S(i).
Now we use these formulas to calculate the Fibonacci loop I(x, ¥, z, . ..). The first few

terms are as follows:
(0,0,0,0,0)
(1,0,0,0,0)
(0,1,0,0,0)
(

m, n, 0,0, 0)
(I + mn m + n? nmn+nm2 nnm + nan—l—m e nnm—i—
’ T\ 2 "\ 2 2 3 2 )7 \2
n 3 n m n.m
2 .
()= 2 ) () (757
The following table shows elements of the sequence for various values of I, m and n.
The elements can be obtained by hand and computer program. Moreover, we have more

data for various values of [, m and n. Computer codes and their results are available on

a request.
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Table
-1 LAB® |1 B3) |1 c@3) | o DB3) | 0 EG3) | 0
A | 2 B(4) | 2 c@) | 1 D) | 0 E(4) | 0
1 LAG) [ 3 B(5) | 4 c@) | 6 D(5) | 4 E(5)
A(6) | 6 B(6) | 7 c@6) | 18 D(6) | 23 E(6) | 16
R EYGEEE B(7) | 13 c(r) | 67 D(7) | 16 E(7) | 415
A(8) | 20 B(8) | 24 C(8) | 236 D(8) | 1460 E(8) | 6434
-1 [A® |2 B(3) | 2 c@3) | o D3) | 0 E(3) | 0
A4 |5 B(4) | 6 c(a) | 12 D(4) | 14 E(4) | 8
o |LAG) | 14 B(5) | 17 c(5) | 112 D(5) | 462 E(5) | 1310
A(6) | 40 B(6) | 48 c(6) | 928 D(6) | 11616 E(6) | 106474
W—o A [ 113 B(7) | 136 c(7) | 7618 D(7) | 281329 E(7) | 7773408
A(8) | 320 B(8) | 385 C(8) | 61390 D(8) | 6480888 E(8) | 515371456
1 AB3) | 2 B(3) | 4 c@3) | o D3) | 0 E(3) | 0
A |9 B(4) | 18 C(4) | 64 D(4) | 144 E(4) | 208
o |AG) [ 40 B(5) | 81 C(5) | 1564 D(5) | 19874 E(5) | 184202
A(6) | 180 B(6) | 364 C(6) | 32458 D(6) | 1920918 E(6) | 84789040
s A | 809 B(7) | 1636 | C(7) | 660424 D(7) | 177539344 | E(7) | 1409806336
A(8) | 3636 | B(8) | 7353 | C(8) | 13361924 | D(8) | -999957504 | E(8) | -1920991232
12 A(3) | 3 B(3) | 5 c@3) | o D@3) | 0 E(3) | 0
A |17 B(4) | 28 C(4) | 195 D(4) | 915 E(4) | 2990
ez |LAG) | 04 B(5) | 157 C(5) | 7243 D(5) | 222964 E(5) | 5090233
A(6) | 527 B(6) | 879 Cc(6) | 230513 D(6) | 40249532 E(6) | 967275520
—s A [ 2051 | B(7) | 4922 | C(7) | 7256201 D(7) | -460688640 | E(7) | -108789760
A(8) | 16524 | B(8) | 27561 | C(8) | 227678144 | D(8) | -574029824 | E(8) | -2013265920
=2 A(3) | 4 B3) |1 c@3) | o D3) | 0 E(3) | 0
A4 | 6 B(4) | 5 C(a) | 16 D(4) | 24 E(4) | 16
et |LAG) | 22 B(5) | 11 C(5) | 108 D(5) | 790 E(5) | 4416
A(6) | 54 B(6) | 33 C(6) | 888 D(6) | 14520 E(6) | 176863
1 A(7) | 154 B(7) | 87 c(7) | 6630 D(7) | 33399 E(7) | 13348748
A(R) | 414 B(8) | 241 C(8) | 49800 D(8) | 6585600 E(8) | 6879074592
-4 AB3) |1 B(3) | 2 c@3) | o D3) | 0 E(3) | 0
A4 | 6 B(4) | 5 Cc(a) | 4 D4) | 1 E(4) | 0
1 |LAG) | 13 B(5) | 16 c(s) | 114 D(5) | 557 E(5) | 1750
A(6) | 36 B(6) | 45 C(6) | 838 D(6) | 9986 E(6) | 84425
o | A ] 100 B(7) | 126 C(7) | 6458 D(7) | 217889 E(7) | 5458466
A(8) | 306 B(8) | 361 C(8) | 55258 D(8) | 5660503 E(8) | 433183040
Conjecture

Omne can prove theorems similar to those in [4]. That is, there is a relation between

the fundamental period (Wall number) of a 3-step general Fibonacci sequence and the

length of a fundamental period of any loop satisfying the recurrence.
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