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Abstract

This article introduces the concept of a τ -supplemented module as follows: Given

a hereditary torsion theory in Mod R with associated torsion functor τ , we say that

a module M is τ -supplemented when for every submodule N of M there exists a

direct summand K of M such that K ≤ N and N/K is τ -torsion module. We

present here some fundamental properties of this class of modules and study the

decompositions of τ -supplemented modules under certain conditions on modules.

The question of which direct sum of τ -supplemented R-modules are τ -supplemented

is treated here.
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1. Introduction

Let τ be a class of right modules over a ring. Motivated by the notion τ -complemented
modules studied in [8] we introduce and study τ -supplemented modules. In what follows
R will denote any ring with an identity and all modules will be unital right R-modules. τ
will denote the torsion functor associated with an arbitrary torsion theory on the category
Mod R of all right R-modules. A module M is lifting is a (or (D1)-module) if, for any
given A ≤M , there exists a direct summand K of M such that M = K ⊕ L and K ≤ A
with A

⋂
L is small in L. This article introduces the concept of τ -supplemented modules

as follows. Let τ = (T ,F) be a torsion theory. Then τ is uniquely determined by its
associated class T of τ -torsion modules T = {M ∈ Mod R | τ (M) = M} where for a
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module M , τ (M) =
∑
{N | N ≤ M,N ∈ T } and F is referred as a τ -torsion free class

and F = {M ∈Mod−R | τ (M) = 0}. A module in T (or F) is called a τ -torsion module
(τ -torsionfree module). Every torsion class T determines in every module M a unique
maximal T -submodule τ (M), the τ -torsion submodule of M , and τ (M/τ (M)) = 0, i.e.,
M/τ (M) is F -module and τ -torsionfree. In what follows τ will represent a hereditary
torsion theory, that is, if τ = (T ,F) then the class T is closed under taking submodules,
direct sums, images and extensions by short exact sequences, equivalently the class F
is closed under submodules, direct products, injective hulls and isomorphic copies. We
refer the reader to [3] and [9] as torsion theoretic sources sufficient for our purposes and
[1] and [10] for the other notations in this paper.

Given a hereditary torsion theory τ = (T ,F) in Mod R we say that a module M is
τ -supplemented if every submodule A of M contains a direct summand B of M such that
A/B is τ -torsion. We say that a submodule A of M satisfies the τ -supplemented condition
if A contains a direct summand B such that A/B is τ -torsion. M is τ -supplemented if
and only if every submodule of M satisfies τ -supplemented condition. For the torsion
class Mod R, we denote the corresponding torsion functor by χ, and if the torsion class
is the class of zero modules we denote the corresponding torsion functor by ξ. In this
notation ξ = (0, Mod R) and χ = (Mod R, 0) where 0 denotes the class of zero modules.
The torsion functor for the dual Goldie torsion theory will be denoted by τ∗. Then the
dual Goldie torsion theory τ∗ = (T∗,F∗) is generated by the class of small R-modules.
A module M is τ∗-torsion if and only if M = Z∗(M), where Z∗(M) = {n ∈ M : nR is
small} (see [4] and [6]).

Examples 1.1. Let R be any ring. Then
(i) Every R-module is χ-supplemented.
(ii) An R-module M is ξ-supplemented if and only if M is semisimple.
(iii) Every lifting R-module is τ∗-supplemented.

Proof. (i) and (iii) Clear. (ii) By [1, Theorem 9.6]. 2

Example 1.2. Let R be any domain which is not right primitive. Then every R-module
is τ∗-supplemented.

Proof. By [7, Corollary 2.5]. 2

Example 1.3. Let I be an idempotent ideal of an arbitrary ring R. Let τI denote the
hereditary torsion theory defined by I with torsion class TI = {N ∈ Mod R | NI = 0}.
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Then an R-module M is τI-supplemented if and only if NI is a direct summand of M
for each submodule N of M .

Proof. The sufficiency is clear. Conversely, let N be any submodule ofM . There exists
a direct summand K of M such that K is contained in NI and NI/K is τI -torsion. Then
NI = (NI)I contained in K contained in NI, and hence NI = K. 2

Corollary 1.4. Let I be an idempotent ideal of a ring R such that the R-module R is
τI -supplemented. Then I = eR for some idempotent element e of R.

Proof. By Example 1.3. 2

2. Properties of τ -Supplemented Modules

Lemma 2.1. Let M be a module. Then
(i) M is τ -supplemented module if and only if every submodule A of M can be written

as A = B
⊕
C with B is direct summand of M and C is τ -torsion submodule of M .

(ii) Every submodule of a τ -supplemented module is τ -supplemented.

Proof. Clear from definitions. 2

We do not know if there is a torsion theory τ and a τ -supplemented module M such that
some homomorphic image of M is not τ -supplemented nor do we know, in general, when
a finite direct sum of τ -supplemented modules is τ -supplemented.

Proposition 2.2 Let M = M ′ ⊕M ′′ be a direct sum of a τ -supplemented module M ′

and a τ -torsion module M ′′. Then M is τ -supplemented.

Proof. Let N be a submodule of the module M . Then N ∩M ′ is a submodule of
M ′. There exists a direct summand K of M ′(hence also of M) such that (N ∩M ′)/K is
τ -torsion. But N/(N ∩M ′) is isomorphic to (N +M ′)/M ′, so is τ -torsion. Thus N/K is
τ -torsion. It follows that M is τ -supplemented. 2

Corollary 2.3. Let M = M ′ ⊕M ′′ be a direct sum of a semisimple module M ′ and a
τ -torsion module M ′′. Then M is τ -supplemented.

Proof. By Proposition 2.2. 2

Corollary 2.4. Let I be an idempotent ideal of a ring R such that I = Re for some
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idempotent element e of R. Then an R-module M is τI-supplemented if and only if
M = M ′⊕M ′′ is a direct sum of a semisimple submodule M ′ and a τI -torsion submodule
M ′′.

Proof. The sufficiency is clear by Corollary 2.3. Conversely, suppose that M is τI -
supplemented. Note that eR is contained in I = Re. Therefore Me is a submodule of
M . Let K be any submodule of Me. Then K = Ke = KRe = KI, so that K is a
direct summand of M and hence also of Me, by Example 1.3. Thus Me is semisimple.
Moreover Me is a direct summand of M , say M = Me ⊕ N for some submodule N of
M . Because N is isomorphic to M/Me, we have NI = Ne = 0. 2

Lemma 2.5. Let M be a module. Assume that M is a τ -supplemented module. Then
any τ -torsion free submodule is direct summand.

Proof. Let M be a τ -supplemented module and L a τ -torsion free submodule of M .
There exist submodules K and K′ of M such that M = K⊕K′, K is contained in L and
L/K is τ -torsion. Clearly L = K ⊕ (L ∩K′). But L ∩K′ is contained in L ∩ τ (M) so
that L ∩K′ = 0 and L = K. 2

Corollary 2.6. Let M be a τ -torsionfree module. Then the following statements are
equivalent.
(i) M is a τ -supplemented module.
(ii) M is a semisimple module.

Proof. Let M be a τ -torsion free module. Every submodule of M is τ -torsion free.
By Lemma 2.5 the proof is clear. 2

Lemma 2.7. Any τ -supplemented module M is a direct sum M ′ ⊕M ′′ of a semisim-
ple submodule M ′ and a τ -supplemented module M ′′ such that τ (M ′′) is an essential
submodule of M ′′.

Proof. Let K be complement of τ (M) in M . By Lemma 2.5, K is semisimple and
M = K⊕K′ for some submodule K′ of M . Note that τ (M)⊕K is an essential submodule
of M and τ (M) = τ (K)⊕τ (K′) = τ (K′) so that τ (M) = (τ (M)⊕K)∩K′ is an essential
submodule of K′. 2

A torsion theory τ is called stable if the class of τ -torsion right R-modules is closed under
essential extensions; equivalently, it is closed under injective hulls. For example, Goldie
torsion theory is stable [9, page 153 Proposition 7.3].
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Theorem 2.8. Let τ be a stable torsion theory. Then the following statements are
equivalent for a module M .
(i) M is τ -supplemented.
(ii) Every τ -torsionfree submodule is a direct summand of M .
(iii) M = M ′ ⊕ M ′′ is a direct sum of a semisimple submodule M ′ and a τ -torsion
submodule M ′′.

Proof. (i)⇒ (ii) By Lemma 2.5.
(ii) ⇒ (iii) Let K be a complement of τ (M) in M . By hypothesis, M = K ⊕ K′

for some submodule K′ of M and K is semisimple. Because τ (M) = τ (K′) is essential
submodule of K′ and τ is stable, we have K′ is τ -torsion.

(iii)⇒ (i) By Corollary 2.3. 2

Corollary 2.9. Let τ be a stable hereditary torsion theory. Then any finite direct sum
of τ -supplemented modules is τ -supplemented.

Proof. By Theorem 2.8. 2

We shall show in Section 3 that Theorem 2.8 fails for non-stable torsion theories.

Lemma 2.10. An indecomposable module is τ -supplemented if and only if every proper
submodule of M is τ -torsion.

Proof. Clear. 2

We shall say a module M is almost τ -torsion if every proper submodule of M is τ -
torsion. Note that τ -torsion modules are almost τ -torsion and almost τ -torsion modules
are τ -supplemented. Let M be an almost τ -torsion module which is not τ -torsion. Let
T = τ (M). Then T does not equal M . Let m be an element of M not in T . By hypoth-
esis, M = mR and M is local module with unique maximal submodule T .

Theorem 2.11. Let M be a τ -supplemented module which satisfies dcc or acc on direct
summands. Then M is a finite direct sum of almost τ -torsion submodules.

Proof. By hypothesis, M = M1⊕M2⊕...⊕Mn is a finite direct sum of indecomposable
submodules Mi (1 ≤ i ≤ n). By Lemma 2.1 and 2.10, Mi is almost τ -torsion for each
1 ≤ i ≤ n. 2

181
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Corollary 2.12. Let R be a right Noetherian ring and let M be a τ -supplemented R-
module. Then M/τ (M) is a semisimple module.

Proof. Let T = τ (M). Let m belong to M . By Lemma 2.1, mR is τ -supplemented and
hence, by Theorem 2.11, mR/(mR ∩ T ) is semisimple. Thus (mR + T )/T is semisimple
for each m in M . Hence M/T is semisimple. 2

3. Examples

Theorem 2.8 fails for non-stable torsion theories.

Example 3.1. Let R denote the ring of all upper triangular 2 × 2 matrices with
entries in the ring Z of integers and let I denote the ideal of R which is generated as
a right ideal by the idempotent where the (1, 1) entry 1 and all other entries 0. Let τ
denote the hereditary torsion theory such that a module M is torsion provided MI = 0.
Then the torsion submodule τ (R) of the right R-module R consists of all matrices in R

with (1, 1) entry is 0. Clearly τ (R) is an essential submodule of R. But the right ideal
N generated by the element a with (1, 1) entry 2 and all other entries are 0 does not
contain a direct summand K of R such that N/K is τ -torsion. Thus every τ -torsion-free
submodule of R is a direct summand of R but R is not τ -supplemented.

Example 3.2. Let F be any field and let S be any F -algebra. Let R denote the
subring of the ring of all 2 by 2 matrices over S consisting of all 2 by 2 matrices with
second column having entries from S, with (1, 1) entry from F and with (2, 1) entry 0.
Let I denote the ideal generated as a right ideal by the idempotent e in R with (1, 1)
entry 1 and all other entries 0. Let τ denote the torsion theory where a module M is
τ -torsion if MI = 0. It can be shown that any submodule of the right R-module R is
τ -torsion or contains e. It follows that R is a τ -supplemented R-module but τ (R) is not
a direct summand of R.

There are modules M and torsion theories τ such that M is τ -supplemented but not
lifting.
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Example 3.3. Let M denote the Z-module Z/8Z
⊕
Z/2Z. Let V = (4, 0)Z, U =

(2, 1)Z, V1 = (4, 1)Z, U1 = (1, 1)Z, U2 = (2, 0)Z, N = (1, 0)Z, K = (0, 1)Z. They are all
proper submodules of M . N , K and U1 are direct summands and V ∼= V1 and U ∼= U2.
Since M = U + U1 and U

⋂
U1 = V and V is small in U , U is a supplement of U1. But

U is not a direct summand. By [5, page 58, Proposition 4.8] M is not a lifting module.
Let τ = ξ(U) denote the smallest hereditary torsion theory relative to which U is torsion.
The direct summands N , K, U1 satisfy the τ -supplemented condition, and as U , V , U2

and V1 are τ -torsion, they also satisfy the τ -supplemented condition. It follows that M
is τ -supplemented.

There are modules M and torsion theories τ such that M is not τ -supplemented, but
lifting.

Example 3.4. Let F be a field and R the upper triangular matrix ring R =(
F F

0 F

)
. Let M denote the right R-module R, eij the matrix units in R. Let

I = e12R + e22R. Then I is an idempotent ideal and so defines a hereditary torsion
theory τI with torsion class TI = {N ∈ Mod R | NI = 0}. By [5, page 71, Theorem
4.41] M is a lifting module. Let K = e12R. Then K is not a direct summand since K is
essential in the direct summand e11R. K is not τI -torsion since KI = e12R. K is simple
module. Hence K can not contain any submodule A such that A is direct summand and
K/A is τI -torsion. Thus M is not τI -supplemented.
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