Turk J Math
28 (2004) , 281 — 293.
© TUBITAK

Fuzzy (-Compactness and Fuzzy (-Closed Spaces

1. M. Hanafy

Abstract

The concepts of B-compactness and (- closed spaces in the fuzzy setting are
defined and investigated. Fuzzy filterbases are used to characterize these concepts.
A comparison between these types and some different forms of compactness in fuzzy

topology is established.

Key Words: Fuzzy topological spaces, fuzzy 3-compactness, fuzzy (-closed spaces,

fuzzy filterbases.

1. Introduction

Compactness occupies a very important place in fuzzy topology and so do some of
its forms. In [1], Abd El- Monsef et al introduced the concepts of S-open sets and (-
continuous functions in general topology and Fath Alla in [8] introduced these concepts in
fuzzy setting. In [5], some interesting properties of fuzzy 8- compactness are investigated.
The purpose of this paper is devoted to introduce and study the concepts of S-compactness
and (-closed spaces in fuzzy setting. These notions generalize basic classical results (see
[1],12],[3],[4], [7] and [11]).Using fuzzy filterbases, we characterize fuzzy (-compactness
and fuzzy (-closed spaces. We also explore some expected basic properties of these

concepts.
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2. Preliminaries

Throughout this paper X and Y mean fuzzy topological spaces (fts, for short). A
fuzzy point z; in X is a fuzzy set having support € X and value ¢t € (0,1] [13]. The
complement and the support of a fuzzy set u denoted by 4 and S(u), respectively. For
two fuzzy sets u and v, we shall write uguv (uqv) to mean that u is quasi coincident
(not quasi coincident) with v, i.e., there exists x € X such that w(z) + v(z) > 1
(u(z) +v(z) <1) [13].

Definition 2.1 A fuzzy set u in a fts X is said to be:

(a) semiopen fuzzy set if u < clint v [4];

(b) preopen fuzzy set if u < intcl u [15];

(c) B-open fuzzy set if u < cl int cl u [8], equivalently, if there exists a preopen fuzzy
set A such that A < u < A.

It is obvious that each semiopen and preopen fuzzy set implies B3-open.

Definition 2.2 [4,10]. Let u be a fuzzy set in a fts X, the fuzzy pre-closure (resp.
semi-closure, pre-interior and semi-interior) of u denoted by pcl u ( resp. scl u, pint u
and sint u) are defined as follows:

pel u(sclu) =N {A: u< A, A ispreclosed (semiclosed)};

pint u(sint u) =V {A: u> A, A is preopen (semiopen)}.

Definition 2.3 Let u be a fuzzy set in a fts X. The fuzzy B-closure (Bcl) and S-interior
(Bint) of u are defined as follows:

Belu =N {A: u<A, Aisp-closed};

Bintu=V{A:u>A, Ais[-open}.
It is obvious that Bcl 4 = (Bint u) and Bint 4 =(Bcl u)'.

Definition 2.4 A function f: X — Y is said to be fuzzy [-continuous [8] (resp. M [3-
continuous) if the inverse image of every open (resp. [3- open) fuzzy set in'Y is $-open

(resp. B-open) fuzzy set in X.

Lemma 2.5 Let f: X — Y be a function, then the following are equivalent:
(a) f is fuzzy M B-continuous.
(b) f(Belu) < Bel f(u), for every fuzzy set u inX.
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Proof. (a)=(b): Let u be a fuzzy set of X, then fBcl f(u) is [-closed. By (a)
f1(Bel f(u)) is fclosed and so f~ (el f(u)) = fel f~ (ﬁclf( ). Since u < f71(f(w)),
we have Bclu < Bl f71(f(uw)) < Bel f71(Bel f(u)) = f~1(Bel f(u)). Hence f(Bclu) <
Bel f(u).

(b)=(a): Let v be a B-closed fuzzy set in Y. By (b) if u = f~1(v), then Bcl f~1(v) <

FHBel f(fH W) < fH(Belw) = f71(v). Since f~(v) < Bel f~1(v), then f~H(v) =
Bel f~(v). Hence f~1(v) is B-closed fuzzy set in X. Hence f is fuzzy M - continuous. O

Lemma 2.6 Let f: X — Y be a function, then the following are equivalent:
(a) f is fuzzy [-continuous.
(b) f(Belu) < e f(u), for every fuzzy set u in X.

Proof. Obvious o

Theorem 2.7 [16]. If f: X — Y is fuzzy open function, then f~1(cl(u)) < cl(f~1(u)),
for every fuzzy set u in'Y.

Definition 2.8 [9]. A collection of fuzzy subsets & of a fts X is said to form a fuzzy
filterbases iff for every finite collection {A; :j=1,...,n}, ‘7\1 Aj; # Ox.
j=

Definition 2.9 [9]. A collection p of fuzzy sets in a fts X is said to be cover of a fuzzy
set u of X iff (Av A)(x) = 1x, for every x € S(u). A fuzzy cover p of a fuzzy set u in a
(S7)

fts X is said to have a finite subcover iff there exists a finite subcollectionn = {Aq, ..., An}

of 1 such that (\T}1 A () > u(z), for every x € S(u).
J:

Definition 2.10 A fts X is said to be strongly compact [14] (resp. semicompact [12] ) iff

every preopen ( resp. semiopen) cover of X has a finite subcover.

Definition 2.11 A fts X is said to be almost compact [7] (resp. S-closed [6], s-closed
[11], P-closed [17]) iff every open (resp. semiopen, semiopen, preopen) cover of X has a

finite subcollection whose closures (resp. closures, semi-closures, pre-closures) cover X.
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3. Fuzzy p-Compact Space

Definition 3.1 [5]. A fts X is said to be fuzzy 5-compact iff for every family p of B-open

fuzzy sets such that AV A = 1x there is a finite subfamily n C p such that AV A=1x.
€n €n

Definition 3.2 A fuzzy set uw in a fts X is said to be fuzzy B-compact relative to X iff
for every family u of B-open fuzzy sets such that A\/ A > u(x) there is a finite subfamily
(S7)

n C p such that Av A > u(x) for every x € S(u).
en

Remark 3.3 Since each of semiopen and preopen fuzzy set implies B-open, it is clear
that every fuzzy (B-compact space implies each of fuzzy strongly compact space and fuzzy

semicompact space. But the converse need not be true.

Theorem 3.4 A fts X is B-compact iff for every collection {A; : j € J} of B-closed
fuzzy sets of X having the finite intersection property, »/\JAj #0x.
j€

Proof. Let {4;:j € J} bea collection of 3-closed fuzzy sets with the finite intersection
property. Suppose that j/e\JAj = 0x. Then j\G/JAj = 1x. Since {AJ : j € J}is a collection
of B-open fuzzy sets cover of X, then from the S-compactness of X it follows that there
exists a finite subset F' C J such that j\G/JAj = 1x. Then jé\FAj = 0x which gives a
contradiction and therefore j/e\JAj #0x.

Conversely, Let {A; : j € J} be a collection of 8- open fuzzy sets cover of X. Suppose
that for every finite subset F© C J, we have ngAj # 1x. Then jé\FAj # 0x. Hence
{Aj : j € J} satisfies the finite intersection property. Then from the hypothesis we have
j/G\JAj # 0x which implies jé\FAj # 1x and this contradicting that {4, : j € J} is a

(B-open cover of X. Thus X is fuzzy f-compact.

Now, we give some results of fuzzy [S-compactness in terms of fuzzy filterbases. a

Theorem 3.5 A fts X is fuzzy B-compact iff every filterbases & in X, G/\ﬁﬁClG #*
€

Ox.
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Proof. Let pu be a S-open fuzzy set cover of X and p has no a finite subcover. Then
for every finite subcollection {A, ..., A, }of u, there exists € X such that A;(x) < 1 for

every j =1,...,n. Then A;(z) > 0, so that j/Z\l Aj(z) # 0x. Thus {4;(x) : A; € p} forms

a filterbases in X. Since p is B-open fuzzy set cover of X | then (Av Aj)(z) = 1x for
JEN

every z € X and hence A fBel Aj(x) = A Aj(x) = 0x, which is a contradiction. Then
AjEp AjEp

every f3-open fuzzy set cover of X has a finite subcover and hence X is fuzzy [-compact.

Conversely, suppose there exists a filterbases £ such that G/\gﬁClG = 0x, so that
€

(G\ég(ﬁd G))(x) = 1x for every € X and hence p = {(Bcl G) : G € &} is a S-open
fuzzy set cover of X. Since X is fuzzy (-compact, then p has a finite subcover. Then
(jz/1 (Bel G;))(x) = 1x and hence (J‘\Z/1 G%)(z) = 1x, so that j/Z\l G; = 0x which is a
contradiction, since the G; are members of filterbases . Therefore G/égﬁClG # 0x for

every filterbases €. i

Theorem 3.6 A fuzzy set u in a fts X is fuzzy B—compact relative to X iff for every

filterbases & such that every finite of members of £ is quasi coincident with u, (G/\
€
Bl G) ANu # 0x.

Proof. Let u not be fuzzy [B-compact relative to X , then there exists a S-open fuzzy

set p cover of u such that p has no finite subcover 7. Then (AV Aj)(z) < u(z) for some
€N

x € S(u), so that (A/\ A;)(x) > @(x) > 0 and hence € = {4, : A; € u} forms a filterbases
J€n
and A Aj qu. By hypothesis ( A ﬁclAj) Au # 0x and hence (A AJ) Au # Ox.
Ajen Ajen Ajen
Then for some = € S(u), ( A A;)(z) > Ox, that is ( V. A;)(z) < 1x, which is a
Ajep Ajep
contradiction. Hence u is fuzzy [B-compact relative to X.
Conversely, suppose that there exists a filterbases £ such that every finite of members

of £ is quasi coincident with v and ( G/\gﬁd G) ANu # 0x. Then for every z € S(u),
€
(G/\gﬁd G)(z) = 0x and hence ( Gvg(ﬁd G))(x) = 1x for every & € S(u). Thus
€ €

uw = {(BdG) : G € &} is f-open fuzzy set cover of u. Since w is fuzzy [-compact
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relative to X, then there exists a finite subcover, say {(8cl G1), ..., (Bcl Gy)'}, such that
(}(L/1 (Bel G;))(x) > u(zx) for every x € S(u). Hence (Xl (Bel Gj))(x) < 4(zx) for every
j= j=

x € S(u), so that ‘X1 (Bel Gy) q u, which is a contradiction. Therefore for every filterbases
J:

¢ such that every finite of members of £ is quasi coincident with u, ( G/\gﬁd G)Au # 0x.
€
O

Theorem 3.7 Fvery B-closed fuzzy subset of a fuzzy B-compact space is fuzzy B-compact

relative to X.

Proof. Let & be a fuzzy filterbases in X such that ug A {G : G € A} holds for every
finite subcollection A of £ and a (-closed fuzzy set u. Consider £* = {u}U&. For any finite
subcollection A* of &*, if u ¢ A*, then AXN* #£ 0x. If u € A* and since ug N {G : G € \* —u},
then AX* # Ox. Hence \* is a fuzzy filterbases in X. Since X is fuzzy (-compact, then

A Bel G # 0x, so that ( A Bl G) Au = (A Bel G) A Belu # 0x. Hence by Theorem
Geg* Geg Geg

3.6, we have u is fuzzy [-compact relative to X. O

Theorem 3.8 If a function f : X — Y is fuzzy M B-continuous and u is fuzzy B-compact
relative to X, then so is f(u).

Proof. Let {A,:j € J} be a f-open fuzzy set cover of S(f(u)). For x € S(u), f(z) €
f(S(w)) = S(f(u)). Since f is fuzzy M f-continuous, then { f~1(4;): j € J} is S-open

fuzzy set cover of S(u). Since w is fuzzy S-compact relative to X, there is a finite subfamily

{f7'(A;) : j =1,...,n} such that S(u) SJ‘\Z/1 F71(A;) which implies S(u) < f—l(j\z/l Aj)

and then S(f(u)) = f(S(u)) < ff~1(

J
relative to Y. O

<3z

) Aj) < ‘\71 A;. Therefore f(u) is fuzzy S-compact
j=

Lemma 3.9 If f : X — Y is fuzzy open and fuzzy continuous function , then f is fuzzy

M (3-continuous.
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Proof. Let v be an B-open fuzzy set in Y, then v < clintclv. So f~1(v)
fi(clintclv) < el (f~t(intclv)). Since f is fuzzy continuous, then f~!(intclv)
int (f~1(clv)). Also by Theorem 2.7, f~!(int clv) = int (f ' (int clv)) < int (f~(clv))
intel (f~1(v)). Thus f~1(v) <l (f~(intclv)) < cl intcl(f~1(v)). Hence the result.

IN

O A

Corollary 3.10 Let f : X — Y be fuzzy open and fuzzy continuous function and X is
fuzzy B-compact , then f(X) is fuzzy B-compact .

Proof. It is follows directly from Lemma 3.9 and Theorem 3.8. O

Definition 3.11 A function f : X — Y is said to be fuzzy M B-open iff the image of
every B-open fuzzy set in X is B-open in'Y.

Theorem 3.12 Let f : X — Y be a fuzzy M B-open bijective function and Y is fuzzy
B-compact, then X is fuzzy B-compact.

Proof. Let {4; : j € J} be a collection of (-open fuzzy set cover of X, then
{f(4;) : j € J} is B-open fuzzy set covering of Y. Since Y is fuzzy [-compact,
there is a finite subset F' C J such that {f(4;) : j € F} is an cover of Y. But
lx =f1(ly) = f_lf(jé/FAj) = jé/FAj and therefore X is fuzzy 3-compact. O

4. Fuzzy (-Closed Spaces

Definition 4.1 A fuzzy set u in a fts X is said to be a Bq — nbd of a fuzzy point x; in
X if there exists a B-open fuzzy set A < u such that xiqA.

Theorem 4.2 Let z; be a fuzzy point in a fts X and u be any fuzzy set of X, then
x € Belu iff for every Bg-nbd H of x:, Hqu.

Proof. Let z; € Bclu and there exists a g — nbd H of x;, H ¢ u. Then there exists

a (-open fuzzy set A < H in X such that x;gA , which implies A ¢ v and hence u < A.
Since A is (B-closed fuzzy set, then Gclu < A. Since Xy & A, then x; ¢ Sel u, which is a

contradiction.
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Conversely, let a; ¢ Gclu = N{A: A is f-closed in X, A > u}. Then there exists a
[-closed fuzzy set A > u such that 2 ¢ A. Hence z,gA = H, where H is a $-open fuzzy

set in X and H ¢ u. Then there exists a Bq—nbd H of x; with H ¢ u. Hence the result. O

Definition 4.3 A fts X is said to be —closed iff for every family p of B-open fuzzy set
such that LY A = 1x there is a finite subfamily n C p such that (AV Bel A)(z) = 1x
En €n

for every x € X.

Remark 4.4 From the above definition and other types of fuzzy compactness, one can

draw the following diagram:

F-semicompact —  Fs-closed — FS-closed
T T
F B-compact —  FpB-closed
! !

F-strongly compact —  F P-closed

where F' =fuzzy.

Example 4.5 Let X # 0x be a set and up(z) =1 — % for everyx € X and n € N7T.
The collection {u, : n € NT} is a base for a fuzzy topology on X. The collection
{un : m € NT} is obviously a B—open fuzzy set cover of X. On the other hand we have
Belu = 1x for every n > 3. Hence X is -closed but not fuzzy [-compact, (see [6]).

Remark 4.6 Example 4.5 also shows that:

(i) Each of the concepts Fs—closed, F'S—closed and F P—closed spaces does not imply
F3-compact.

(i1) Since the collection {u, : n € NT} is also semiopen (resp. preopen) fuzzy sets
cover of X, then X is F[3-closed space but not F—semicompact space (resp. F—strongly

compact space).

Example 4.7 Let X = I =[0,1] and consider the following fuzzy sets
Ul(.ﬁ):% 5 Ug(x)zl—? s Ug(x):L\/gQ 3 e Nrel.
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Let 0 = {uj : j € NT}U{0x, 1x}. It is clear that o is a fuzzy topology on X.
Now, the collection {u; : j € N} is a semiopen (resp. preopen) fuzzy set cover of X but
not has a finite subcover. So X is not F—semicompact space (resp. F—strongly compact
space). Since the semi-closure (resp. pre-closure) of every semiopen (resp. preopen) fuzzy
set of X is 1x, then X is Fs—closed (resp. FP—-closed).

Remark 4.8 Ezxample 4.7 is also shows that each of the concepts F'S—closed and F P—closed

spaces does not imply each of F—semicompact and F—strongly compact spaces.

Remark 4.9 From Remark 3.3, Fxample 4.5, Remark 4.6, Example 4.7 and Remark
4.8, it is clear that:

(i) FS—closed and FP—closed spaces are independent notions.

(i1) F'S—closed and F-strongly compact spaces are independent notions.

(#4i) FP—closed and F-semicompact spaces are independent notions.

(iv) FB-compact, F-semicompact and F-strongly compact spaces are independent

notions.

Theorem 4.10 A fts X is 3-closed iff for every fuzzy B-open filterbases £ in X, G/\gﬁcl G #
€

Ox.

Proof. Let p be a f-open fuzzy set cover of X and let for every finite subfamily n

of u, (AV Bel A)(z) < 1x for some z € X. Then (A/\ Bel A)(x) > 0x for some z € X.
€n €n

Thus {(Bcl A)' : A € p} = £ forms a fuzzy [-open filterbases in X. Since u is a - open

fuzzy set cover of X, then A/\ A = 0y which implies A/\ Bel(Bel A) = 0x, which is a
En €n

contradiction. Then every [-open fuzzy set u cover of X has a finite subfamily n such
that (Av Bel A)(z) = 1x for every x € X. Hence X is [-closed.
€n

Conversely, suppose there exists a fuzzy G-open filterbases £ in X such that G/\g Bel G =
€

Ox, so that (Gvg(ﬁd G))(z) = 1x for every x € X and hence p = {(BclG)' : G €&} isa
€

(- open fuzzy set cover of X. Since X is (-closed, then p has a finite subfamily 7 such
that (Gv Bel(Bel G)')(x) = 1x for every z € X, and hence A (Bel(Bel G)'Y = 0x. Thus
€n €n

G/\ GG = 0x which is a contradiction, since all the G are members of filterbases. O
en
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Definition 4.11 A fuzzy set u in a fts X is said to be B-closed relative to X iff for every
family u of B-open fuzzy sets such that AV A = u, there is a finite subfamily n C u such
(S7)

that (A\é Bel A)(z) > u(x) for every x € S(u).
n

Theorem 4.12 A fuzzy subset u in a fts X is 8- closed relative to X iff every fuzzy
(B-open filterbases & in X, (G/égﬁd G) ANu = 0x, there exists a finite subfamily \ of & such
that (G/G\AG) qu.

Proof. Let u be a (-closed relative to X, suppose £ is a fuzzy [-open filterbases
in X such that for every finite subfamily X\ of &, (G/é)\G)qu, but (G/égBClG) Au = 0x.

Then for every = € S(u), (G/\gﬁch)(x) = 0x and hence ( V (8clG)')(z) = 1x for every
€

vV
Gee
x € S(u). Then p = {(BclG)' : G € £} is a [S-open fuzzy set cover of u and hence there
exists a finite subfamily A C £ such that GV)\ﬁcl(ﬁch)' > u, so that G/\)\(ﬁcl(ﬁch)')' =

€ €

A Bint(BclG) <4 and hence A G < 4. Then A G ¢ u which is a contradiction.
Gex Gex Gex

Conversely, let u not be a (-closed fuzzy set relative to X, then there exists a [-

open fuzzy set ucover of u such that every finite subfamily n C pu, (AV BelA)(z) < u(z)
€n

for some z € S(u) and hence (A (BclA)')(xz) > 4(x) > 0 for some = € S(u). Thus

N
Aen
& = {(BclA) : A € u} forms a fuzzy [-open filterbases in X. Let there exists a finite

subfamily {(GclA)’ : A € n} such that (A/\ (BclA)) ¢ u. Then u < A\é BclA. So there
€n U

exists a finite subfamily n C u such that AV BclA > w which is a contradiction. Then
€n

for each finite subfamily A = {(8clA)’ : A € n} of & we have ( A (BclA)")qu. Hence

A
Aen
by the given condition (A/\ Bel (BelA)') A u # 0x, so there exists € S(u) such that

(S7)
(A/\ Bel (BclA)')(z) > 0x. Then (AV (Bel (Bl A) ) (x) = (AV Bint (BclA))(x) < 1x, and
SN Epn €n
hence ( V A)(x) < 1x which contradicts the fact that y is a B—open fuzzy set cover of

Aep

u. Therefore u is fuzzy (-closed relative to X. O

Definition 4.13 A fuzzy set u of X is said to be fuzzy B — regular if it is both (3-open
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and (B-closed fuzzy set.

Proposition 4.14 If u is B-open fuzzy set in X, then Bclu is B — regular.

Proof. Since Bcl u is (B-closed, we must show that (¢l u is S-open. Since u is (3-open
in X, v < u < clv holds for some preopen fuzzy set v in X. Therefore, we have v <
Belv < Belu < clwv, and hence Bcl u is G-open. O

Theorem 4.15 For a fts X, the following are equivalent:
(a) X is B-closed space.
(b) Every cover of X by fuzzy B — regular sets has a finite subcover.
(c) For every collection {A; : j € J} of fuzzy B — regular sets such that j/e\JAj =

Ox, there exists a finite subset F' C J such that ‘/\FAj =0x.
je

Proof. It is obvious from Proposition 4.14 and from the facts that, for every collection

Aj:jedy, (VAY= AA;, AAY = VA, d
{A4; 7 } (jeJ ) jer (jeJ i) & an

A is B-open fuzzy set iff Ais (B-closed fuzzy set. O

Theorem 4.16 Let f : X — Y be a fuzzy [-continuous surjection function. If X is

(-closed space, then Y is almost compact.

Proof. Let {A; :j € J} be an open fuzzy set cover of Y. Then {f~1(A;) :j € J}

is a (B-open fuzzy set cover of X. By hypothesis, there exists a finite subset F' C J such

that ‘VFﬁcl F71(A;) = 1x. From the surjectivity of f and by Lemma 2.6, 1y = f(1x) =
j€

—1(4;)) < 1(4))) = . i _ m
f(ngﬁclf (AJ))—ngdf(f (4;)) ngClAJ Hence Y is almost compact

Using Lemma 2.5, we have also the following theorem which can proved similarly to
Theorem 4.16.

Theorem 4.17 If f : X — Y is fuzzy M 3-continuous surjection function and X is fuzzy

B — closed space, then'Y is so.
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