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Abstract
In this paper, we study coisotropic submanifolds of a semi-Riemannian manifold.
We investigate the integrability condition of the screen distribution and give a
necessary and sufficient condition on Ricci tensor of a coisotropic submanifold to
be symmetric. Finally, we present some new theorems and results about totally

umbilical coisotropic submanifolds of a semi-Riemannian manifold.
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1. Introduction

The geometry of lightlike submanifolds of a semi-Riemannian manifold is one of
the interesting topics of differential geometry. In [2], Bejancu-Duggal have constructed
a transversal vector bundle of a lightlike submanifold. D. N. Kupeli [5], using the
canonical projection, has investigated the properties of these submanifolds. On the other
hand, Duggal and Jin have studied totally umbilical half-lightlike submanifolds in semi-
Riemannian manifolds, of codimension 2 [4].

In this paper, we consider coisotropic submanifolds which were proposed as a research
problem by Duggal and Jin in [4]. We obtain a necessary and sufficient condition for inte-

grability of the screen distribution. Also, we investigate Ricci tensor of a coisotropic sub-
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manifold and give a necessary and sufficient condition on the Ricci tensor of a coisotropic
submanifold to be symmetric. Moreover, we prove that the null sectional curvatures of
an ambient space and of a coisotropic submanifold are the same for a totally umbilical

coisotropic submanifold.

2. Preliminaries

Let (M, g) be areal (m+n)-dimensional semi-Riemannian manifold of constant index
q such that m,n >1, 1 < g <m+n—1and (2°) be a local coordinate system at a point
x € M. Then the associated quadratic form of § is a mapping h : T,,(M) — R given by
h(X) =g(X, X) for any X € T,,(M). Using a well-known result from linear algebra, we

have the following canonical form for h (with respect to a local basis of T, (M)):

m—+n

__Z(wl)2+ Z (wA)27

I=1 A=q+1

m4+n

where w!,--,w are linearly independent local differential 1-forms on M. With

respect to the local coordinate system (z%), by replacing in above each w! = w/dz® and

each w” = wadz’, we obtain

h =g,;dz'dz’, rank|g,;| = m+n,

m—+n

g 61,6 Zwlwl+ Z w;AU)f,
A=qg+1

where ¢ is the index of 7.

Now, let M be an m-dimensional submanifold of M and ¢ the induced metric of g
on M. In this paper, we suppose that all manifolds are paracompact and smooth. M is
called a lightlike (degenerate) submanifold of M, if § is degenerate on the tangent bundle
TM of M, [3]. We suppose that g is degenerate. Then, for each tangent space T, M,
reM,

T,M* = {u € T, M : G(u,v) =0,Yv € T,M}

is a degenerate n-dimensional subspace of T,M. Thus, both T,M and T, M=+ are de-

generate orthogonal subspaces but no longer complementary. In this case, there exists
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a subspace Rad T,M = T,M N T,M~L which is called radical (null) subspace. If the
mapping

Rad TM : x € M — Rad T, M

defines a smooth distribution on M of rank r > 0, then the submanifold M of M is called
r-lightlike (r-degenerate) submanifold and Rad TM is called the radical (lightlike, null)

distribution on M [3]. Following are four possible cases:
Case 1. r-lightlike submanifold. 1 < r < min{m,n}.
Case 2. Coisotropic submanifold. 1 <r=n <m.
Case 3. Isotropic submanifold. 1 <r=m < n.
Case 4. Totally lightlike submanifold. 1 <r =m = n.

For Case 1, there exists a non-degenerate screen distribution S(T'M) which is a

complementary vector subbundle to Rad T'M in T M. Therefore,
TM = RadTM1S(TM), (1)

where | denotes orthogonal direct sum. Although S(T'M) is not unique, it is iso-
morphic to the factor bundle TM/Rad TM . Denote an r-lightlike submanifold by
(M, g,S(TM),S(TM™)), where S(T M=) is a complementary vector subbundle to Rad T M
in TM+. Let tr(TM) and ltr(TM) be complementary (but not orthogonal) vectors bun-
dles to TM in TM |y and to Rad TM in S(T M=), respectively. Then we have

tr(TM) = Utr(TM)LS(TM™b), (2)
TM |y = TM & tr(TM)
= (RadTM & ltr(TM))LS(TM)LS(TM™"), (3)

where & denotes direct sum, but it is not orthogonal.

Now, we suppose that U is a local coordinate neighborhood of M. We consider the

following local quasi-orthonormal field of frames of M along M, on U:

{517 "'7§T7W17 "'7Wm—T7N17 "'7N7‘7 U17 ceey Un—T}7 (4)
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where {&1, ..., &}, {N1, ..., N;.} are local lightlike bases of I'(Rad TM i), T(ltr(TM) |u)
and {W1q, ..., Wp,_} and {Uq, ..., U,_.} are local orthonormal bases of T'(S(T'M) |;) and
L(S(TM*1) |y), respectively.

For Case 2, we have Rad TM = TM+. Therefore S(TM+) = {0} and from (2),
tr(TM) = ltr(TM). From (3) and (4), we can write

TM |y = (Rad TM @ ltr(TM))LS(TM)
= (TM™* @ Ur(TM))LS(TM), (5)
{&, ey & Wy ooo, Wiy N1y ooy Nio by (6)

where {&1, ..., &}, {N1, ..., N;.} are local lightlike bases of I'(Rad TM i), T(ltr(TM) |u)
and {Wy, ..., W,,_.} is a local orthonormal basis of T'(S(T'M) |i), respectively.

For Case 3, we have Rad TM = TM. Thus S(T'M) = {0}. Therefore, from (3) and
(4), we have
TM |pm= (TM @ ltr(TM)) LS(TM™ ) (7)
{617"'7§T7N17“'7N7‘7U17"'7Un—7‘}7 (8)
where {&1, ..., &}, {N1, ..., N;.} are local lightlike bases of I'(Rad TM i), T(ltr(TM) |u)
and {Uy, ..., U,_,} is a local orthonormal basis of I'(S(T M=) |/), respectively.
For Case 4, we have Rad TM = TM = TM=*, S(TM) = S(TM~) = {0}. Therefore,
from (3) and (4), we have
TM |py= (TM & itr(TM)) (9)
{&,., &y N1y ooy Ny by (10)
where {&1,...,&}, and {Ny,...,N;} are local lightlike bases of I'(Rad TM |y), and

L(itr(TM) |u), respectively.

For the dependence of all the induced geometric objects, of M, on {S(T'M), S(TM~)}

we refer to [3].
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Now, let (M,g) be an (m + n)-dimensional semi-Riemannian manifold with index
g > 1 and M a coisotropic submanifold of M, of codimension n. Then, there exists
lightlike vector fields on a local coordinate neighborhood U of M, also denoted by &,
such that

g(qu) = 07 y(glvgj) = 07 7’7] = 17 ey 1T,

for any X € I'(T'M |y). Therefore, an n-dimensional radical distribution Rad TM of
the coisotropic submanifold M is locally spanned by {1, ..., &,}. Then, there exists local
lightlike vector fields N; on U, such that

y(givNi) - 17 g(glvN]) = 07 1 7é j» E(NUN]) = 07 7’7] = 17 sy 1,

where N; are not tangent to M.

If we choose & = «;&;, i=1,...,n, on another neighborhood of coordinates then we
obtain N = %Ni. Thus, the vector bundle l¢tr(TM) is defined over M which is the
canonical affine normal bundle of M with respect to the screen distribution S(TM),
where ltr(TM) is a n-dimensional vector bundle locally spanned by {Ny, ..., N, }.

Now, we give two examples for coisotropic submanifolds.

Example 2.1 Suppose M is a submanifold of R3 given by the equations

1 1
wSZE(ﬁ—i-xl), x4:ﬁ(:c2—x1).
Then
0 1 0 1 0 0 1 0 1 0
M =5plh = 55+ Bas ot 2T 02T B T aont
0
U3 = ——
s 6955}’
and

TM* = Sp{&r =Ui, & = U},

Thus, Rad TM = TM~+ C TM, and M is an 3-dimensional coisotropic submanifold of
R3. Let S(TM) be spanned by the spacelike vector field Us. Then, a lightlike transversal
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vector bundle ltr(TM) is spanned by

10 1 0 1 0 10 1 0 1 0

N = a T 050 avsaet T 202 T 0308 T ayaaat

Example 2.2 (Duggal and Bejancu, p. 152 in [3]) Consider in R the submanifold M
given by the equations

22 ={(®)? 4 @)V, at=2', >0, 2°>0.

Then we have

0 0 0 0 0 0
TM=spit =2 + % =t 42 % = 29
r{th Oxl + Oxt’ 2T o2 Tt Ox3’ 3T 2 T 6955}’
and
0 0 0 0 0
1_ _ 9 o _ .29 3 5
M= = Sp{& = Ox?! + ox?t’ S Ox2 o Ox3 o 6905}'

It follows that Rad TM = TM~+ c TM. Hence M is an 3-dimensional coisotropic
submanifold of R5. Let S(TM) be spanned by the spacelike vector field Us and the
complementary vector bundle F of TM~ in S(TM)* be spanned by

9]

0
{Vl—ﬁ» Vz—ﬁ}-

Moreover, ltr(TM) is spanned by

1.0 9 1 o .0 .0

R . PSR N Y
M 2(6904 8951)’ 2(953)2( Yo TV om " 8955)}

Let us denote by P the projection of TM on S(T'M) with respect to the decomposition

(5), then we can write

X =PX+Y n(X)&, (11)
=1

for any X € T'(TM), where n;, i = 1,...,n, are local differential 1-forms on M given by

ni(X):g(X,Ni), t=1,...,n. (12)
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Let v/ be the Levi-Civita connection on M. Then, according to (1) and (5), the Gauss

and Weingarten formulas are given by

VxY = VxY +h(X,Y), (13)

vai = —An X +VJXNZ', 1=1,...,n, (14)

for any X,Y € T'(TM), where VxY, Ay, X belong to I'(TM), while h(X,Y), and
V%Ni, i = 1,...,n belong to T'(ntr(T'M)). Moreover, it is easy to check that V is a
torsion-free linear connection on M, h is a symmetric bilinear form on T'(TM) which is
called the second fundamental form, Ay,, ¢ = 1,...,n are linear operators on M which

are called shape operators.

We define symmetric bilinear forms D; and 1-forms p;;, 7,7 = 1,...,n, on a local
coordinate neighborhood U of M by

DZ(va) = g(h(va)vgz)v
pij(X) = G(VXNi,&), i,5=1,..,n,
for any X,Y € T'(TM). Since ltr(TM) is spanned by Ny, ..., N,,, we get

n

WX,Y) = Y DiX,Y)N;, (15)
=1
VJ)ENZ = Zpij(X)Nj, 1= 1,...,7’1,, (16)
j=1

for any X, Y € T'(TM), where D;, i = 1, ..., n, are called the lightlike second fundamental
forms of M with respect to ltr(TM).

From (13) and (15), we have
Vx&=Vx&+ Y Di(X,&)N;, i=1,...n.
j=1
Hence, we obtain

Di(X,&)=0. (17)
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Moreover, since g(&;,&;) = 0, we have
Di(X, &) + D;(X, &) =0. (18)
Similarly, for the lightlike transversal vector fields N;, i = 1,...,n, we get

g(ANZ.X,Ni):O, t=1,...,n. (19)

E(AN,-Xv NJ) +§(ANjX, Nz) =0,i1#j, i,7=1,...,n. (20)

Now, by using (12)—(16), we obtain

pij(X) = —ni(Vx¢&)), i,5=1,...,n. (21)

Since V is a metric connection and by using (13)-(16), we arrive at
(Vx9)(Y,2) = > Di(X,Y)ni(2) + Di(X, Z)n;(Y), (22)

=1

for any X,Y,Z € I'(TM).

Now, we consider the decomposition (1). Then, we can write

VxPY = V%PY +h*(X,PY), (23)
Vx& = —ALX+V¥&G, i=1..n, (24)

for any X,V € I'(T'M), where Vi PY and A7 X belong to I'(S(T'M)) while h*(X, PY')

and Vi&¢; belong to I'(Rad TM). Furthermore, V* and V*+ are linear connections on
the screen and radical distribution, respectively, Ag, are linear operators on I'(T'M), h*
is a bilinear form on I'(TM) x I'(S(TM)). We note that V* is a metric connection on
S(T'M), but it is not free torsion. We define

Ei(Xv PY) :g(h*(Xv Py)vNi)»

uii(X) =g(V§&, Nj), i,5=1,...,n,
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for any X, Y € T(TM). Thus, (23) and (24) become

VxPY = VYPY+> Ei(X,PY), (25)

=1
Vx& = —ALX+) ui(X)g, i=1,..,n. (26)

j=1

Using (13)—(16), (25) and (26) we have

Ei(X,PY) =g(An, X, PY), i=1,...n, (27)
Di(X,PY) = g(A;X,PY), i=1,..n, (28)
uij(X) = —pji(X) ,i j: 1,...,7’L. (29)

Hence (26) becomes
Vxét = —ALX =) pu(X)g, i=1,..n, (30)
j=1

From (17) and (28), we get
Azzfz =0,7=1,...,n. (31)

3. Some Properties of Coisotropic Submanifolds

It is known that lightlike submanifolds whose screen distribution is integrable have
interesting properties. Therefore, we investigate the integrability of the screen distribu-
tion. On the other hand, the Ricci tensor of a lightlike submanifold is not symmetric, in
general. In this section, we will show that the Ricci tensor of a coisotropic submanifold
is symmetric under certain conditions.

Now, taking & = «;&;, it follows that N = (%Ni, i =1,...,n. Hence we obtain

pii(X) = pfj(X) + X(log o), i =1,...,n,

for any X € I'(TM), where we note that p;; depends on the section & € I'(Rad TM).

The exterior derivative of 1-form p;; is given by
1 .
dpi(X,Y) = oAX (0 (V) = Y(p:i(X)) = pu([X, Y])}, i=1,....m.
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Thus we have the following theorem.

Theorem 3.1 Let M be a coisotropic submanifold of a semi-Riemannian manifold (M ,g),
of codimension n. Suppose p;j and p;; are the 1-forms on U associated to & and &, re-

spectiwely. Then, dp;; = dpij, i,j=1,...n , onU.

Theorem 3.2 Let M be a coisotropic submanifold of M, of codimension n. The screen
distribution S(T M) is integrable if and only if n;, i = 1, ..., n, are closed forms on S(TM).

Proof.  Since V is a torsion-free linear connection, by using (11), (23) and (30) we
obtain
[X,Y] = VyPY =V5PX+Y ni(X)ALY —mi(Y)A; X
i=1
+ Y {E(X,PY) = Ei(Y, PX) + X(:(Y)) — Y (n:(X)) (32)
i=1

+ Z 0 (X)pij (V) = n;(Y)pij (X) ;.

Taking the scalar product of the last equation with N;, i = 1,...,n, we obtain

(X, Y],N;) = FEi(X,PY)—E(Y,PX)+X(n:i(Y)) —Y(n:(X)) (33)
+ 2 (Y) = ;(V)pyy(X), i =1, m.

Hence we get

2dn;(X,Y) = Ei(Y,PX) - Ei(X,PY) (34)
+ Y n(V)pi(X) = mi(X)pig (YV), i =1,
j=1
From (12) and (34) we obtain
2dn;(PX, PY) = Ey(PY, PX) — E{(PX,PY), i =1, ...n, (35)

or

n([PX, PY]) = E;(PY, PX) — E{(PX,PY), i=1,...n. (36)
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Thus, we have the assertion of the theorem.

The Riemannian curvature tensor R of an arbitrary differentiable manifold M is given

by R(X,Y)Z =VxVyZ - VyVxZ - Vixy)Z, for any X,Y, Z € T(TM).

Now, let M be a coisotropic submanifold of an (m + n)-dimensional semi-Riemannian
manifold M, of codimensional n. Denote by R and R the curvature tensors of V and V,

respectively. Then by straightforward calculations, we have

R(X,Y)Z

R(X,Y)&

R(X,Y)&k =

Vi (A2, X) — Vi (ALY) + AL Y]+ 3 pu(Y)

R(X,Y)Z+Y Di(X,2)ANY — Di(Y, Z)An, X

Zn:{ (VxDi)(Y,Z) = (VyDi)(X, Z)} N;
ZZ{IOU Z) = pij(Y)Di(X, Z)}Nj,

—

=1

<.

R(X,Y)& + Y Di(X,&)ANY — Di(Y, &) An, X
=1

D A(VxD)(Y, &) = (Vy Di)(X, &)}V,

=1

DO {pi(X)Di(Y, &) = pij (V) Di(X, &)},

j=14i=1

=1

> {E(Y, AL, X) — Bi(X, ALY) — 2dpin(X,Y)}

Zz{plk 'OJZ pik( )pjl( )}fj»

=1

(38)

(39)
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for any X,Y,Z € I'(T'M). From (37)—(39), we have Gauss and Codazzi equations:
J(R(X,Y)PZ,PW) = g¢(R(X,Y)PZ, PW) (40)

+ Y Di(X,PZ)Ei(Y,PW) — Di(Y, PZ)Ei(X, PW),
=1

G(R(X,Y)&, Ny) = G(R(X,Y)&, Ni) (41)
+ an ANY)Di(X, &) — i (An, X) Di(Y, &),
GR(X, Y )&k, Ni) = Ew(Y, Ag, X) — Ep(X, A;Y) — 2dpi(X,Y) (42)
+ szk ) ki (X) = pir(X)pri (V).

Thus, from (37) we have the following theorem.

Theorem 3.3 Let (M, g) be a coisotropic submanifold of (M,q), of codimension n. If
M is totally geodesic in M, then

R(X,Y) = R(X,Y)
for any X, Y e T(TM).

Now, we consider the Ricci tensor of a coisotropic submanifold. The Ricci tensor Ric

of an arbitrary manifold M is defined by
Ric(X,Y) =trace{Z — R(X,Z)Y}

for any X,Y € T'(T'M) [6]. Then, the Ricci tensor of a coisotropic submanifold M of an
(m + n)-dimensional semi-Riemannian manifold M, of codimension n, is given by
Ric(X,Y) Z e g(R(X, W)Y, W;) Z R(X, &)Y, N;),

=1
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where {Wy, Wa, ..., W,,_,} is an orthonormal basis of I'(S(TM)).

identity we have

3

eg(R(X,Y)W;, W;)

1

Ric(X,Y) — Ric(Y, X)

-
Il

+
NE

g(R(X,Y)&, Ni).

-
Il

Moreover, from (27) and (28) we derive
Ej(X,ALY) = mz_neij(Y,Wk)Ei(X,Wk), j=1,..n.
k=1
Using the structure equations given with (43) and (44), we obtain
Ric(X,Y) — Ric(Y, X) = =2 Zn: dpek(X,Y),

k=1

for any X,Y € I'(T'M). So, we have the following theorem.

Using first Bianchi

(43)

Theorem 3.4 Let (M, g) be a coisotropic submanifold of (M, ), of codimension n. Then

the Ricci tensor Ric of M is symmetric if and only if on M

Z dprr = 0.
k=1

Corollary 3.5 Let (M, g) be a coisotropic submanifold of (M,g), of codimension n.

Then Ricci tensor Ric of M is symmetric, if pxx, k=1, ...,n, are closed form.

Let M(c) be a semi-Riemannian manifold with constant sectional curvature c. Then

curvature tensor of M (c) is given by

R(X,Y)Z = cfg(Y, 2)X — §(X, Z)V }.

(45)

Let M be a coisotropic submanifold of M (c), of codimension n. Then, from (40), (41)
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and (45) we get

Rie(X,Y) = (1—-m)cg(PX,PY) (46)
+ i Ek{Di(Wk,Y)Ei(X, Wk) —Di(X, Y)Ei(Wk,Wk)}
k=1 i=1
+ Y (AN X)Di(6,Y) = ni(An &) Di(X,Y).

114

1

<.
Il

Then we have the following theorem

Theorem 3.6 Let M be a coisotropic submanifold of an (m + n)-dimensional semi-

Riemannian space form (M(c),q), of codimension n. If M is total geodesic, then M is

an Finstein manifold.

The rest of this section we consider totally umbilical coisotropic submanifolds. A
coisotropic submanifold M is said to be totally umbilical in M if there is a smooth affine
normal vector field Z € T'(¢r((T'M)) on M such that

hX,Y)=Z3(X,Y)

for all X,Y € T'(TM) [4]. From (15) it is easy to see that M is totally umbilical if and
only if there exist smooth functions H;, i = 1,...,n, on each coordinate neighborhood U
such that

Di(X,Y) = Hg(X,Y), i=1,..,n, (47)

for any X,Y € T'(TM). From (28), we have

ALX = HiPX, i=1,..,n, (48)

for any X € T'(TM). Moreover, we have

Di(X,fj) = 0, AZ,@ = 0, i,j = 1, cey T (49)

From (22), we derive

Veg=0, i=1,..n. (50)
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From (46) and (49), we get
Rie(X,6) =0, i=1,....n,

for any X e I'(T'M).

Corollary 3.7 Let M be a coisotropic submanifold of a semi-Riemannian space form
M((c). Then the Ricci tensor of M is degenerate.

Theorem 3.8 Let M be a totaly umbilical coisotropic submanifold of an (m + n)-

dimensional semi-Riemannian manifold (M), of codimension n. Then, the radical distri-
bution Rad TM s parallel in M.

Proof. Since V is a metric connection, we obtain
g(Vee', X) = —g(Ve X, €),
for any &,& € T'(Rad TM) and X € T'(TM). By using Gauss formula, we get
9(Vel', X) = —g(h(§, X), &)
Thus, since M is totally umbilical coisotropic submanifold, we have h(£, X) = 0. Hence
9(Ved', X) = g(Veg', X) =0,

ie., Ve& € T(Rad TM). Thus Rad T'M is parallel in M.

Theorem 3.9 Let M be a totaly umbilical coisotropic submanifold of an (m + n)-

dimensional semi-Riemannian manifold of constant curvature (M(c),q), of codimension

n. Then the functions H;, i = 1,...,n, satisfies the following partial differential equation:

fi(Hi)'i‘iji(fi)Hj_HE:O» i,j=1,..,n. (51)

j=1

Proof. Taking X = ¢; in (37) and using (49), (50) and the fact that M is a space of

constant curvature, we have the assertion of the Theorem 3.9.
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Let o be a null plane spanned by & and X. Then the null sectional curvature of a

semi-Riemannian manifold with respect to £ is given by

T _E(X7§7§7X)
R T

where X is an arbitrary non-null vector field in I'(T'M) and £ € Rad Thy [1]. Similarly

the null sectional curvature is given by

R(X,£,6 X)

_ 76757
Keo) = —/x %)

Then, from (37) and (49) we have the next theorem.

Theorem 3.10 Let M be a totally umbilical coisotropic submanifold of an (m + n)-

dimensional semi-Riemannian manifold (M,g), of codimension n. Then,
K¢(0) = Ke(o).

The screen distribution S(T'M) is called totally umbilical in M if there exists a smooth
vector field w € I'(Rad TM) on M such that

h*(X, PY) = wg(X, PY),

for all X, Y € T'(TM), (see [3]). Hence S(T'M) is totally umbilical if and only if, on any
coordinate neighborhood U C M, there exists a smooth functions K;, i = 1,...,n, such
that

E/(X,PY) = K;g(X,PY), i=1,...n, (52)
for any X, Y € T'(TM). From (27) we have
Ei(fj,PY) = 0, i = 1, ey T

Using (34), we obtain
2dn;(X,Y) =3 n;(Y)pii (X) — 1 (X)pi; (V).
j=1
Hence, we have the following corollary.
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Corollary 3.11 Let M be a coisotropic submanifold of an (m + n)-dimensional semi-
Riemannian manifold M, of codimension n, such that screen distribution S(T M) is totally

umbilical. If p;; =0, then dn; =0, i,5=1,...,n.

From (36), we have the following corollary.

Corollary 3.12 Let M be a coisotropic submanifold of an (m + n)-dimensional semi-
Riemannian manifold M, of codimension n. If S(TM) is totally umbilical, then S(TM)
1s integrable.
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