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A Generalization of a Result on Torsion-Free Groups

With all Subgroups Subnormal

Tahire Özen

Abstract

The main result in this paper is the following: Let G be a torsion-free locally

nilpotent group and let F be a finitely generated subgroup of G. If every subgroup

of G containing F is subnormal in G, then G is nilpotent.

1. Introduction

In [1] and [5] it is proved that a torsion-free group with all subgroups subnormal is
nilpotent. A generalization of this result is given by Smith in [8].

In this note we consider locally nilpotent torsion-free groups such that every subgroup
containing a fixed finitely generated subgroup is subnormal and prove the following result :

Theorem. Let G be a torsion-free locally nilpotent group and let F be a finitely generated
subgroup of G. If every subgroup of G containing F is subnormal in G, then G is nilpotent.

To prove the theorem we mainly exploit Möhres’, Casolo’s and Detomi’s ideas in [4],
[1] and [3], respectively.

2. Proof of the Theorem

Let G be a group and H be a subgroup of G. The isolator of H in G is the set defined
by IG(H) = {g ∈ G : gn ∈ H , for some non-negative natural number n}. See [4] for some
interesting properties of isolators.

The following Lemma is analogous to Lemma 4 of [4].
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Lemma 1. Let G be a non-nilpotent, locally nilpotent, torsion-free group and let F be a
finitely generated subgroup of G. If every subgroup of G containing F is subnormal in G,
then there exist a non-negative natural number r, a non-nilpotent subgroup K of G and
a finitely generated subgroup H of K containing F such that the subnormality index in
K of every subgroup of K containing H is at most r. If G is countable, then K can be
chosen such that IG(K) = G.

Proof. Since G is a non-nilpotent group, G has a non-nilpotent countable subgroup
containing F . So we may assume that G is countable. Suppose that the assertion is
false. Put H0 = F and let x0 ∈ G \ F . By Lemma 2 of [4], there exists a subgroup
K1 of G containing F such that x0 /∈ K1 and IG(K1) = G. Since G is a non-nilpotent
group, by Lemma 1.3.5 of [3], K1 is a non-nilpotent subgroup of G. Hence by Lemma 3
of [4] there exists a finitely generated subgroup H1 of G such that H0 ≤ H1 ≤ K1 and
s(K1 : H1) > 1, where s(K1 : H1) is the subnormality index of H1 in K1. This implies
that there exists an element x1 ∈ [K1, H1] \H1 and clearly x0, x1 /∈ H1. Assume that
there exist a non-nilpotent subgroup Ki−1 of G and a finitely generated subgroup Hi−1

of Ki−1 such that x0, . . . , xi−1 /∈ Hi−1 for a natural number i ≥ 1. Then we can obtain
a non-nilpotent subgroup Ki of Ki−1 containing a finitely generated subgroup Hi such
that s(Ki : Hi) > i and Hi−1 ≤ Hi as above. Thus there exists xi ∈ [Ki,iHi] \Hi and
clearly x0, . . . , xi /∈ Hi. Now put H = ∪∞i=1Hi. Since F ≤ H , H is subnormal in G by
hypothesis. If d is the subnormality index of H in G, then xd ∈ [Kd,dHd] ≤ [G,dH ] ≤ H .
Hence xd ∈ Hi for i > d, a contradiction. That completes the proof. 2

Lemma 2. Let G be a locally nilpotent, torsion-free, metabelian group and let F be a
finitely generated subgroup of G. If every subgroup of G containing F is subnormal in G,
then G is nilpotent.

Proof. Assume that G is not nilpotent. Hence we may assume that G is countable. By
Lemma 1 there exist a natural number r, a non-nilpotent subgroup K of G and a finitely
generated subgroup H of K containing F such that every subgroup of K containing H
has defect at most r in K.

Let A = HK′ and L = IK(A′). Since H is subnormal in A and K′ is nilpotent, by
Lemma 1 of [7] A is nilpotent and so IK (A′) is a nilpotent group by Lemma 1.3.5 of [3].
So K/L is non-trivial and torsion-free. Since AL/L is an abelian normal subgroup of
K/L and every subgroup of K/L containing HL/L has defect in K/L at most r, K/L

384
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is nilpotent by Lemma 3 of [1]. Hence we obtain that K is nilpotent by Lemma 4 of [1].
This contradiction completes the proof. 2

Lemma 3. Let G be a locally nilpotent, torsion-free group such that G′ is nilpotent and
let F be a finitely generated subgroup of G. If every subgroup of G containing F is sub-
normal in G, then G is nilpotent.

Proof. Since G/IG(G′′) is nilpotent by Lemma 2 and G′ is nilpotent, G is nilpotent
by Lemma 4 of [1].

Proof of the Theorem. Assume that the assertion is false. Then we may assume that G
is countable and by Lemma 1 there exist a non-negative natural number r, a non-nilpotent
subgroup K of G and a finitely generated subgroup H of K containing F such that the
subnormality index in K of every subgroup of K containing H is at most r. We proceed
by induction on r. If r = 1, then every subgroup containing H is normal in K. By 5.3.7
(Dedekind-Baer) of [6] K/IK(H) is abelian. By Lemma 1.3.5 of [3] IK(H) is nilpotent
and Lemma 3 gives the contradiction that K is nilpotent. If r > 1 then N = HK is
nilpotent. Because if R is a subgroup of N such that R ≥ H , then RK = N and so R has
defect at most r− 1 in HK = N . Thus by induction hypothesis, N is a nilpotent group.
By Corollary to Theorem 1 (Roseblade Theorem) of [2], K/IK(N) is a nontrivial soluble
group. Let the derived length of K/IK(N) be d. Now we prove that K is nilpotent by
induction on d. If d = 1 then by Lemma 1 (v) of [4], K/IK(N ′) is a metabelian group
which satisfies the conditions of Lemma 2. Thus K/IK(N ′) is nilpotent. By Lemma 4
of [1] K is nilpotent. If d > 1 then since the derived length of K′IK(N)/IK(N) is d− 1,
by induction hypothesis K′IK(N) is nilpotent. Since K/IK((K′IK(N))′) is a metabelian
group which satisfies the conditions of Lemma 2, it is nilpotent. Thus by Lemma 4 of [1]
K is nilpotent. But this is a contradiction. 2

The author is grateful to Professor Carlo Casolo for his helpful suggestions in proof
of the Theorem.
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