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Maximal Oscillatory Singular Integrals with Kernels
in Llog L(S"™1)

Ahmad Al-Salman

Abstract

In this paper, we study the LP” mapping properties of a certain class of maximal
oscillatory singular integral operators. We establish the LP boundedness of our
operators provided that their kernels belong to the natural space Llog™ L(S"fl).
Our result substantially improves a previously known result. Moreover, the approach
developed in this paper can be applied to handle more general maximal oscillatory

singular integral operators.
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1. Introduction and statement of Results

Let R™, n > 2 be the n-dimensional Euclidean space and S"~! be the unit sphere in
R" equipped with the normalized Lebesgue measure do. For nonzero y € R", we shall

let oy = |y|_1 y. Let © € L'(S"1) be a homogeneous function of degree zero on R"™

which satisfies the cancelation property
[ 0o =0 (1.1)
Sn—1

For suitable mappings P(y) : R* — R? and ® : R” — R, define the oscillatory singular

integral operator Tp 3,0 and the maximal oscillatory singular integral operator T 4 o,
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(initially for C§° functions on R%) by
Traalf)@) = [ O fa—Pu)0w) sl ™ dy (1.2)

Tpoo(f)@) = suw Tpoo(f) (@), (1.3)

where
Tj o o(f)(@) = /| O P ol "y

It is clear that if ®(y) = 0 and P(y) = y, then the operators Tp ¢.o and 1% ¢ o are the
classical Calderén-Zygmund singular integral operator and the maximal singular integral
operator respectively. When ®(y) = 0 and P(y) = y, we shall simply let T = Tp 4,0 and
T3 = Tp ¢ o- In their fundamental work on singular integrals, Calderén and Zygmund
established the LP boundedness of the operators Tq and Tg for 1 < p < oo under the
condition that Q € Llog™ L(S™~1), i.e.

/Sn—l

The condition in the form that Q € Llog® L(S™~!) turns out to be the most desirable
size condition for the LP boundedness of T to hold. In fact, Calderén and Zygmund
([4], [5]) showed that Tq may fail to be bounded on LP for any p if the condition
Q € Llog™ L(S™ 1) is replaced by any condition Q € L(log™ L)!=¢(S"1), ¢ > 0. It
is worth pointing out that the space Llog L(S™™!) contains the space L(S"~!) (for any
g > 1) properly.

When ®(y) = 0, the L? boundedness properties of the operators (1.2)-(1.3) are well

understood ([16], [18]; see also [2], [§], among others). However, for general mappings ®

Q)| log™ [0(y)| do(y) < oo. (1.4)

and P, the problem regarding the LP boundedness of the corresponding operators T» ¢ o
and T 4 ¢ is still under investigation ([1], [3], [12], [13], [14], [15]).

It should be pointed out that the boundedness of the operators 1% ¢ o imply the
boundedness of the corresponding operators T’» o . In fact, establishing the a-priori
bound ||T7§,¢,Qf||p < C||f|l, with constant C' independent of f € LP, implies that for

any f € LP, T;7@7Q(f) converges (to Tp ¢ .o(f)) almost everywhere as ¢ — 01. Hence, the

boundedness of Tp ¢ o follows by an application of Fatou’s lemma. For the significance
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of studying maximal operators of the form (1.3), we advice the reader to consult ([16],
[17], [18], [19], among others).

In this paper, we focus our attention on studying the LP mapping properties of a class
of the maximal operators 1% ¢ .o- More specifically, in [10], Fan and Yang studied the
operators T} 4 ¢ under the conditions that P(y) = (P1,...,P;) where each P; is a real

valued polynomial and & is a homogeneous function that satisfies
d(ty) = £ ®()fort >0, (1.5)

D(y') € L°°(S"_1),and/
Sn—1

do(y') < oo, (1.6)

for some 6 > 0 and for some 3 # 0. Fan and Yang proved the following theorem.

Theorem A ([10]). Suppose that Q is a homogeneous function of degree zero on R™
that satisfies (1.1) and that Q € LI(S™~1) for some q > 1. Suppose also that P(y) =
(Pi,...,Pg) is a polynomial mapping. If ® is a homogeneous function that satisfies
(1.5)-(1.6) with either the index [ # 0 is not a positive integer or [ is a positive integer
larger than max{deg(P;) : 1 < j < d}, then the operator T} 4 o is bounded on LP for
all 1 < p < o0o. Moreover, the operator norm is independent of the coefficients of the

polynomial mappings {P; : 1 < j < d}.

Since, by Calderén-Zygmund’s result discussed above, the natural condition to impose

on the function  is that Q € Llog™ L(S™™!), the following question naturally arises.

Question. Suppose that € is a homogeneous function of degree zero on R™ that satisfies
(1.1). Suppose also that P, ®, and T% 3. are as in Theorem A. Does the result of
Theorem A still hold if the condition 2 € LI(S™~1) for some q > 1 is replaced by the

weakest and more natural condition Q € Llog™ L(S"~1)?

In this paper, we shall answer this question in the affirmative. In fact, we have the

following theorem.

Theorem B Suppose that  is a homogeneous function of degree zero on R™ that
satisfies (1.1) and that Q € Llog™ L(S™1). Suppose also that P(y) = (Py,...,Ps)
is a polynomial mapping. If ® is a homogeneous function that satisfies (1.5)—(1.6) with
either the index B # 0 is not a positive integer or (B is a positive integer larger than

max{deg(P;) : 1 < j < d}, then the operator Tp 4 ¢ is bounded on LP for all 1 < p < oo.
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Moreover, the operator norm is independent of the coefficients of the polynomial mappings

Throughout this paper the letter C' will denote a constant that may vary at each
occurrence, but it is independent of the essential variables. For a set A, we let x, denote
the characteristic function of A.

Finally, the author would like to thank the referee for his/her valuable remarks.

2. Some Lemmas

We shall begin by recalling the following result in [9]:
Lemma 2.1 ([9]). Let P = (Py,..., Py) be a polynomial mapping from R™ into R
Suppose Q € L'(S"~1) and

popf@) =sip [ 15— PO
€
/ 27 <|y| <2+

Q(y')‘ dy.
Then for 1 < p < oo there exists a constant Cp, > 0 independent of ), and the coefficients
of Pi,..., Py such that
luep fll, < CpllQl Ly gn—1y [1£1l,
for every f € LP(RY).

The following lemma will be useful in handling the needed oscillatory integrals:

Lemma 2.2 (van der Corput [18]). Suppose ¢ is real-valued and smooth in (a, b), and
that | ()| > 1 for all t € (a, b). Then the inequality

b 1
/ e MOy (1)dt| < Cy [N F

holds when:
(i) k> 2, or
(ii) k=1 and ¢ is monotonic.
The bound Cy is independent of a, b, ¢, and .
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We now prove the following lemma.

Lemma 2.3 Let P = (Py, ..., Py) be a polynomial mapping from R™ into R%. Suppose
m €N, Qe LY(S" 1), and ® € L°°(S" 1) is a homogeneous function of degree 3 # 0.
Let

D™ = {yeR": |y >2°"},
D™ = {yeR": |yl <2°M},

and

DO™ — fy e R : 1 < |y| < 22™}.

Let M7(302I, Q M7(312I, q and M7(322I, q be the operators given by

MYy o(f)(@) = sup dy

e>0

/I | W f(x —Py)) [yl 7" Qy )X pom
y|>e

and

MYy o(f)(@) = sup dy,

e>0

/|| (€@ —1) f(z = P) |yl ™" 2y )xpim

for i =1,2. Then for all 1 < p < oo there ezists a constant C, > 0 independent of

and m such that

|48 aP)] < m 19 sgmsy Co 171, @)

for i=0,1,2 with 3 <0 fori=1 and 8 >0 for i = 2.

Proof. We start by proving (2.1) for ¢ = 0. Notice that

MhatN@ < [ fow)| bl e - o)y

2m—1 ,
- > )|l 11— P(0)] dy}
= J2<lyl<2in
2m—1
< > popf(@) =2mugpf(z), (22)

=0
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where o pf is the operator given in Lemma 2.1. Hence (2.1) for ¢ = 0 follows by (2.2)
and Lemma 2.1.

Now, we prove (2.1) for i = 1. First, observe that

[ pwlew)
ly|>22m

/| o 120 2|1y 1@ = Py))) dy. (2.3)

My o()(x)

)X

IN

ly| ™" [f(z = P(y)] dy

IN

Thus, by (2.3) and the assumption that ® € L>°(S"~!), we have

Mol < 1l [ o)l G - Py
= o 3 Q)| [yl ™" | f(z — P(y))| d
ol Lo 1200|717~ P
) 3 2mbi Q)| Iyl ™" — P d
< 19 20 Lo |26l 15 = P )
< Bl {0 2" e p ).

=2
Therefore, Since 8 < 0, we immediately obtain
B

M, (@) < @] T popf (2). 2.4)

Hence, (2.1) for i = 1 follows from (2.4) and Lemma 2.1. Similarly, one can obtain (2.1)
for ¢ = 2. We omit the details. This ends the proof. O

The following lemma will play an important role in the proof of our result.

Lemma 2.4 Suppose that Q € L>®°(S"™1) is a homogeneous function of degree zero
on R"that satisfies || < 1 and ||Q < 2™ for some m > 1. Suppose also that
P(y) = (P1,...,Pa) is a polynomial mapping and ® is a homogeneous function that
satisfies (1.5)-(1.6) with either the index 3 # 0 is not a positive integer or B is a positive
integer larger than max{deg(P;) : 1 <j <d}. Let ¢k m be a smooth function on R that
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satisfies 0 < Yp.m < 1, supp(Pym) C [27mF+D 2=mE=1] " gnd ‘%(u)‘ < Cu~1 with

constant C independent of m and k. Then

n—1

H(@.6.0)= | [ o) [P0 RanlIR < oyt
0

for some constants 0 < a < 1 and C > 0 which are independent of m,k, and the
coefficients of Py, ..., Py.

Proof. By the properties of ¢y, and the fact that |||, < 1, we have

Ji(9,£,9) < 2mIn2. (2.5)

On the other hand, since |||, . < 2™, we have

Ju(®,6,Q) < 2™ / /ei{fﬁ‘ﬂy’)—P(fy’)f}W’Tm(t)dt do(y). (2.6)
Sn—1 0
Next, let
I (®,6) = /ei{tﬁ@(y’)—P(ty’)-é}Wva(t)dt . (2.7)
0

Then by the support property of 1y m, (2.7) reduces to

22771

Ik(q),f) _ / ei{(ak,mt)ﬁ<I>(y/)_79(ak,mty’)-5}wdt , (2_8)
1

where we set aj, ,, = 271,
Now, notice that

I+1

() )~ Plarnmty)- ]
B = B)- = B){aw )" 2T DR(y)]

for all 1 <t < 2™ where [ is the degree of P. Thus by Lemma 2.2, we have

[t mnt P gy < 2T ) 0)

1

PR S
T+1

L 29)
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for all 1 < u < 22™ where C is a constant independent of m. Therefore, by (2.8), (2.9),

and integration by parts, we obtain

(+1-8)

11(2,6) < 20T C (0 m) 200

C(k,m), (2.10)

where

2m

wk7m(ak7m22m) (ak,mtw;g7m(ak,mt) - 1pk:,m(ak:,mt)
C(k,m) = — = + 3 : (2.11)
1
By the properties of 1y m, we immediately obtain
2 1
Thus, by (2.10) and (2.12), we get
1(2,€) <27 O [(ap) ()| (213)
which when interpolated with the trivial estimate Iy (®, &) < 2mIn2, imply that
5 —r
1(®,) < mC |(anm) ()| T (2.14)
By (2.14), (2.6), and (1.6), we obtain
o~ T
Je(®,£,Q) < mC2m ‘(a,m) ‘ i (2.15)

Now, by an interpolation between (2.5) and (2.15), we get the desired result. This
completes the proof. O

Lemma 2.5 Let k > 0,m > 1, and § < 0. Suppose that {om x—; : j < 1} is a sequence

of Borel measures on R™ such that
(i) sup |Gmp—;(§)] < mC29%k=3);
geRn

(i3) The corresponding mazimal function

Mo (f)(z) = sup |om k—j * f(2)]

Jj<i
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satisfies

[ M1 () (@)[l,, < mC [ £, (2.16)

forall 1 < p < 0.

Then, for 1 < p < oo there exist positive constants o, and C which are independent
of k and m such that

1Mo (F)(@)I],, < mO2°#E | £]],.

Proof. We start by observing that

1
Mo (f)(2) < Z T k—j * f(@)]-
j=—00
Therefore, by (i) and Plancherel’s theorem, we have

1 1
Y lloma—s * flly < Ifllz D lomp—il

j=—o0 j=—o0

([ Mo, ()l

IN

1
mC2°%( " 27 ||fll, < mC2°F || £, - (2.17)

j=—c0

IN

Hence, by interpolation between (2.15) and (2.17), we get the desired result. This

completes the proof.
We end this section with the following lemma.

Lemma 2.6 Suppose that h € L®(RY) and P = (P4, ..., Py) is a polynomial mapping
from R™ into R%. Suppose also that Q € L>=(S"~1) is a homogeneous function of degree
zero on Rthat satisfies (1.1) with ||, <1 and ||Q| < 2™ for some m > 1. Then

the operator

Span(f)(@) =sup
e>0

/| TG = PGl 41" dy

satisfies

157,01 (Dl, <m Il Coll£ll,
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for all 1 < p < oo with constant C, independent of m,h,Q, and the coefficients of
Py, ..., P,

It should be pointed out that Lemma 2.6 was proved in (see [8], Theorem 1.2 therein)
under the assumption that Q is in the Hardy space H'(S"~!). But, in our case, it is
essential to determine the dependence of the LP bounds on the parameter m. However,
the latter can be obtained by following similar argument as in the proof of Theorem 1.1
in [2]. We omit the details.

3. Proof of Main Result

Proof of Theorem B. Assume that Q € Llog L(S" 1) and satisfies (1.1). Let ®, 3,
and P(y) = (Py, ..., P;) be as in the statement of Theorem B. We start by decomposing

the function 2 as follows.

Form € N, let E_ be the set of points ¢ € S"~! which satisfy 2™ < |Q (y/)] < 2m*1.
Also, we let Eg be the set of all those points ¢/ € S™ lwhich satisfy | (v/)| < 2. For
m € NU{0}, set by, =Qx, and 6, =|b,,];. Set

D={meN:f,>27%"}.

For m € D, define the function A, on S"~! by

AL W) = 0,07 om0~ [ 5o ().

Sn—1

We also define G on S”~! by

GU/) =)+ 3 b)) = [ )dot) = 3 [ bl )doty)

mgD snot m¢D
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Then, it is straightforward to show that the following hold:

/ A (Y)do(y) = 0, and/ G(y')do(y') = 0; (3.1)
Sn—l Sn—l
[Amll, < C, |4, |l < C24mHY, (3.2)
AY) = G+ D 0, An); (3.3)
meD
G € L*Ss" Yy (3.4)
Z Ml < ClQU L og £)(sn-1) - (3.5)
meD
Thus by (3.3), we have
T7§,¢,Qf(x) < T7§,<I>,Gf(x) + Z 97nT7§,‘P,A7nf(w)' (3.6)
meD

Since G € L?(S" 1), it follows from Theorem A that

1T5.0.cf], < ClfI, (3.7)
for all 1 < p < oo. Therefore by (3.6), (3.7), and (3.5), it suffices to show that
75,0, f|l,, < mCIfll, (3.8)

for all 1 < p < co and m € D with constant C' independent of m.
First, let us show that (3.8) and (3.7) will imply the theorem. Given 1 < p < oc.
Then by (3.6), (3.7), and (3.8), we have

1T500fll, < |Tpecfl,+ D 0. 1T50.a./,
meD
< cf{i+ > ml Y, <Clfl,

meD

where the last inequality follows by (3.5).
Now, we turn to the proof of (3.8). By an elementary procedure, choose a collection

of C* functions {tk m }rez on (0,00) with the properties:
Supp(wk:,m) g [2—m(kr+1)7 2—m(k:—1)]7 0 S 1pk:,m S 17 Z 1pk:,m(u) = 17
keZ

dswk,m
du®

IN

Cou™*

()
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with constants Cs independent of m (see [2] for more details).

Now, as in [10], we have two cases. The fist case is when 3 < 0 and the second case is
when ( is a positive integer larger than max{deg(P;) : 1 < j < d}. We shall only prove
the case for 8 < 0. The proof for the other case follows by minor modifications.

Assume that 0 < 0. Let

-1

) = . eyl
k=—o00
Knoly) = Y An(y)¥rm(y)).
k=0
Then, it is clear that
supp(Km,oo) C {y€R": |yl =1} (3.9)
Kmeo(y) = An(y) forall [y| > 22 (3.10)
supp(Kmo) C {yeR"™: |y <2™}. (3.11)
Therefore, we have
Tp.¢.4,,f(@) <Tp ok, (@) +Tp sk, ,()T) (3.12)

Now, by (3.9) and (3.10), we can decompose the factor e’®®) |y| ™" K, o (y) as follows:

WY " Knoo(y) = yl™" Am(y)x{(jy1>22m) +
(€W — 1) Jy| ™" A (i )x {1y >22m) +
W) |y 7" Koo (Y)X{1<]y|<22m7 - (3.13)

This immediately implies that
* * 1 0
T 6 (F) @) S o (D@) + Mpg o (£)(@) + MB)y (@),

_ (0) (1) * : :
where h., = X{Jy|>22m}, M737(I>7Q,M737(1>7Am7 and SP7A7n7h7n are the operators given in

Lemma 2.3 and Lemma 2.6. Thus, by Lemma 2.3 and Lemma 2.6, we obtain

|78, 50 (D], <meifl (3.14)
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forall 1 < p < oc.

Next, by (3.11), we have

o0

Tpo 1,0 ()@) = sup Y- / Wy ™" A () Yk (Y)) (2 — P(y))dy| . (3.15)
0<e<2™ k:0|y|>€

Now, 0 < € < 2™, choose j < 1 such that 2~ < ¢ < 2" Therefore,

) / POy A (y o m (|9 f(x = P(y))dy| < L(f)(@) + L(f)(x),  (3.16)

k=0 ]>e

where

L@ = [ [ O A s @ - Py

F=0mi <jy|<2m

o0

BA@ = | [ 0 b A (9@~ P
k=0_ | [<omi
It is clear that
k=2—j
LiHE < / " 1 Am )] (& — P())| dy
k=max{0,~1=3}ym ;1) < |y <2md
< 3mpa,, prflz), (3.17)

where pa,, pf(x) is the operator given in Lemma 2.1 with § is replaced by A,,
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On the other hand, by the support property of vy, ,, we have

aow = > | w2 (i) e = Pl

k:027nj§|y|<27n

1
< X [ ety s — Py +
k=Opin
1—j A
> [ ey i - P
= ly|"
ly|<2mi
< Z/ “””A D) () — P)dy| + 2mpia, o1 (@),
k= OR"
(3.18)
Therefore by (3.15)—(3.18), we
Tp 0.k,., (@) < G(f)(x) + 5mpa,, pf(x), (3.19)
where
)= sup > / B0 17 Ay W () (& — P ()]
k= OR"
Let oy, 1 be the measure defined by
[ o= [ 2O 7 Ayl P (3.20)
Then
1—3 o)
G(f)(@) = sup Zamk*f SZ (3.21)

where M,, i is the operator given in Lemma 2.5.
Thus, by (3.21), Lemma 2.1, Lemma 2.4, and Lemma 2.5, we have

IGNI, <mCIfll, (3.22)
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for all 1 < p < oo; which when combined with (3.19) and Lemma 2.1, we obtain

| 750000 (0] <mC 11, (3.23)

for all 1 < p < co. Hence, (3.8) follows by (3.12), (3.13), and (3.23). This completes the
proof. O

(1]
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