Turk J Math
29 (2005) , 275 — 285.
© TUBITAK

On Rough Singular Integrals Along Surfaces on

Product Domains

Ahmad Al-Salman, Ali A. Al-Jarrah

Abstract

In this paper, we study a class of singular integrals along surfaces on product

domains with kernels in L(log L)*(S™"~! x 8™~!). We formulate a general theorem

concerning the L? boundedness of these operators. As a consequence of this theorem
we establish LP estimates of several classes of operators whose L boundedness in

the one parameter setting is known. The condition L(log L)?(S™ ™! xS™™!) is known

to be an optimal size condition.

1. Introduction

Let R? (d = n,m > 2) be the d-dimensional Euclidean space and S?! be the
unit sphere in R? equipped with the normalized Lebesgue measure dog. Let Q €
LY (S"~! x §™~1) be such that

Q(tz, sy) = Q(z,y) for any t, s > 0; (1.1)

/Sni1 Q(u,-)doy (u) = / Q(-,v)doy, (v) = 0. (1.2)

Sm—1

Consider the classical singular integral operator on product domains T, given by

(Taf)(z,y) =p.v. /R" . flx —u,y—v)|ul " |v]”™ Q (u,v) dudv (1.3)
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The LP boundedness of the operator T, under various conditions on (2, has been in-
vestigated by many authors ([1], [8], [12], [13]). For example, R. Fefferman and E. Stein
proved in ([13]) that Tg, is bounded on LP(R™ ™) for 1 < p < oo if 2 satisfies certain Lip-
schitz conditions. Subsequently in ([8]) Duoandikoetxea established the L? (1 < p < 00)
boundedness of Ty, under the weaker condition that Q € LI(S"~1 x S™~1) with ¢ > 1.

Motivated by Calderén-Zygmund’s result in the one parameter setting ([7]), Al-
Salman, Al-Qassem, and Pan ([5]) studied the operator T under the condition that
Qe LllogL)?(S" 1 x S™ 1) ie.,

/Sni1 P |Q(u, v)| (log 2 + |Q(u, U)|)2d0n (u) do, (v) < 0. (1.4)

They proved that Tq is bounded on LP (1 < p < oo) provided that  satisfies (1.1)-(1.2)
and (1.4). Moreover, they showed that the condition Q € L(log L)?(S"~1 x S™1) is

nearly optimal in the sense that the exponent 2 in L(log L)? can not be replaced by any
smaller numbers.

In this paper, we study the LP boundedness of a class of singular integrals along
surfaces with kernels satisfying (1.4). Namely, for suitable mappings ¢, ¢2 : RT — R,

consider the operator

(TQ7¢17¢2f)(x>y) =p.v. /R" R f(LL' - (bl(lul)ulvy - ¢2(|U|)UI) |u|—n |U|_m Q (U,U) dudv.
(1.5)

It is clear that if ¢1(u) = u and ¢2(v) = v, then T 4, 4, = Ta.
Also, we shall consider the corresponding truncated singular integral operator (T, ¢,,¢,)*
given by

(Ta,1,6,)" (f)(x,y) = sup
€e>0,6>0

/ P = ou(ul)usy — g2(v))o’) Jul =" o] ™ 2 (u, v) dudv| .
|u|>e,|v|>8

Our main purpose in this paper is presenting sufficient conditions on the functions
¢1and ¢ such that the corresponding operators Tq, ¢, ¢, and (To,¢,.¢,)* are bounded on
LP for all 1 < p < oo provided that Q € L(log L)?(S"~1 x §m~1).

Our main result is the following theorem.
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Theorem 1.1. Let dy = n and do = m. If ¢rand ¢o are real valued functions defined
on R that satisfy the property that for each k € N, there exists a lacunary sequence
™ .

ajfll)’“ > 2" such that
a .

Ik

{al") : j € Z} with inf;ez

gr(HD .
Ii(4,k,A) = /zw' e M=l < kO aﬁl)\ ; (1.6)
gr(+D) c
. —i r — l
Ji(4, kA = - {em) _ 1}~ ldr| < kO a§il7mA (1.7)

foraljeZ, NeR, keN, and [=1,2.
Then the operators Ta ¢, ¢, and (Ta.¢,.6,)* are bounded on LP(R™ x R™) for p €
(1,00) provided that 2 € L(log L)?(S™~! x S™~1) and satisfies (1.1)-(1.2). Here, C is a

constant independent of the essential variables and 0 < e << 1.

It can be easily seen that the assumptions (1.6)—(1.7) given in Theorem 1.1 are satisfied
by many functions. For showing the strength and generality of Theorem 1.1, we present
in Section 3 of this paper several classes of operators whose LP boundedness follows by
applying this theorem.

Throughout this paper the letter C' stands for a constant that may vary at each

occurrence, but it is independent of the essential variables.

2. Proof of Main Theorem

We start this section by recalling the following result in ([3]):

Lemma 2.1 ([3]). Suppose that d > 1 and {py : k € Z} is a family of Borel measures
with pg >0 and ||uk|| =1 such that

(i)l (©)] < laxL ()77,
(ii) |k (&) — 1] < |ag1L(E)|, where {ar} is a lacunary sequence that has the property that
infrez art1/ar > 1 and L is a linear transformation from R™ into RY.

Then the mazimal function M f(x) = supyeg |k * f(x)| is bounded on LP ¥ 1 < p <

oo with bound independent of the linear transformation L.

As a consequence of this lemma, we immediately obtain the following result.
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Corollary 2.2. Let {a; : j € Z} be a lacunary sequence with infjcz ajy1/a; > 1.
Suppose also that ¢ : R — R is a function that satisfy (1.6)-(1.7) in Theorem 1.1, with
a®

a;,, replaced by a;. For 2/ € S"1 let My, ./ be the mazimal function defined on R™ by

2J+1
et =y [ e o220
JEZ J2i

Then
Mg (N)Il, < ClIfI,
forall 1 <p< oo and f € LP(R™), where C is a constant independent of z’.

Now, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1 We shall follow similar ideas as in [1], [5], [6]. We start by
decomposing the operator T ¢,,¢,. For £ € N, let

E = {(,y)esS " tx8sm1:2" <|Q («,y)] <2},

K

and
Eo = {(2/,4/) € S"" ! x 8™ 1. |Q («/,5)| < 2}.

We let D be the set of all k € N that satisfy

// Qa, v)| dorm () dor, (v) > 23

Define the sequence of functions {2, : K € DU{0}} by

Qo(z,y) = g, (1,9) + Y e, (,9) — / X, (u, y)do(u)

méD Sgn—1
- [ 2w - 3 1 [ . (wpdo(w
gm—1 KED gn-1
+ / Qxe_(z,v)do(v // QX (u, v)do(u)do(v)
Sn 1><S7YL 1

SWL—l
+> f U, (1, v)do(u)dor(v)

K;%D S’Vl 1><S’VYL 1
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0.0 = () @)~ [ O, (0ot

Sn—l
- / Qxe, (z,v)do(v // Ax, (u,v)do(u)do(v)}.
Sn 1><S7YL 1
SWL—l

It is straightforward to see the following:
/ Q. (u,-)dop (u) = / Q. (-,v)don, (v) =0, (2.1)

Sn—l S7YL71
12,0 < C, 1192, ]l < C21HD |22 < O, (2.2)
Uz,y) = >, 0.Q.(zy), (2.3)

reDU{0}
Y D, < CllLegryzsn-t st (2.4)

reDU{0}

Here, 6, = ||Qx,, ||1 forx € D and 6, = 1.
Now, for k € DU{0}, we let Tq_ ¢, 4,be the operator defined by (1.5) with £ replaced
by Q, . Therefore, by (2.3) we have the following decomposition for the operator Tq, ¢, ¢,:

Togef@y) = Y 0.To, 6,.6.f(@y). (2.5)
reDU{0}

By (2.4), (2.5), and Minkowski’s inequality, it suffices to show that

1 Ta, .60.0.f|], < (5 +1)2)C|If], (2.6)

for all k and p € (1, 00).
To prove (2.6), we argue as follows:

For j,k € Z, let 0;7 . be the measure defined by
[ [ ety ol bl ), 22
¥ LAY

where

AQ,k, k) = {(:c7y) €R" x R™ : 280+ < |y < 2FD(HD g 9705 <y < 20'“)(”“)}.
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Let (¢7)* be the maximal function

Now, we have the following:

Uj,kH < Ok +1)%

__B_
oia&m)| < Clet1)? §},2+1s\ "o T
B8
Giu&m)| < Cla+1) a;(fll et
6;‘,k(§» nl < Cl+ 1) (1) ag m+177‘
B8
&;‘,k(fvn) < C(+ 1) §,1»3+1§‘ az(g2.|).1 w17 "

Clearly (2.8) holds. To see (2.9), notice that by polar coordinates we have

S| <20 [ RGort L€ )Rk 1 )do()do(o),

Sn—l ><S7YL—1

(2.13)

where [} is given by (1.6) in the statement of the theorem. Therefore, by assumption, we

get

—€1

@ €

Il(j,ﬁ}-i—l,f'ul) < (K—i_l)c _] K41

—e9

Likr+1,n-o) < (k+1) c‘a,m“n v

Thus by (2.13) and (2.14)—(2.15), we obtain

@) T2
ak: M-i-177

FrEm)| < (x4 1220000 all),

Therefore, by interpolation between (2.8) and (2.17), the inequality (2.9) follows.
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Next, we show (2.11). By polar coordinates and using the cancelation property of

Q. (u,-), we get

(};k(g,n)‘ < 240+HD) // N0, 5+ 1,Eu) Lk, 5+ 1,0 0')do(u)do(v),  (2.17)

Sn—l ><S7YL—1

where J; is given by (1.7) in the statement of the theorem. Thus, we have

—e9

ak ] (2.18)

Gyalom)| < (r+1)°

Therefore, (2.11) follows by (2.18) and an interpolation argument similar to that led to
(2.9). The proofs of (2.10) and (2.12) can be obtained similarly with minor modification.
We omit the details.

Now, we show that
| ] < e+ v2eis, (2.19)

for all 1 < p < co. To see this notice that

(") () (2.9) < (s +1)? / / (!, o) ML, o M2, £z, y)do(u)do (v),
Sn-Txgm-1

(2.20)

where M} . f(x,y) = Mg, w f(-,9)(x), MZ, .. f(x,y) = Mg, o f(z,-)(y), and o denotes
the composition of operators. Thus, by (2.20), Holder’s inequality, the estimate |2, ||; <
C, the estimates (1.6)—(1.7) (for k = 1), and Corollary 2.2, we immediately obtain (2.19).
Now, by (2.8)—(2.12), (2.19), and adapting the same argument in the one parameter
setting in ([6], [9]) (see also Theorem 11 in [1]), we can easily obtain (2.6). We omit the
details.
Finally, the boundedness of (T, ¢,,4,)* follows by (2.3)—(2.4), (2.8)—(2.12), and similar

argument as in the one parameter setting in ([6], [10]) (see also, [1]). O

3. Applications

As we mentioned in the introduction section, this section is devoted for presenting

examples on operators whose LP boundedness can be obtained by applying Theorem 1.1.
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We should point out here that all results presented here have been extensively investigated
in the one parameter setting by many authors ([2], [4], [11], among others).

We start by the following interesting result:

Corollary 3.1. If ¢iand ¢ are convex increasing functions with ¢1(0) = ¢2(0) = 0,
then the corresponding operators T ¢, ¢, and (Ta,¢, ,¢,)" are bounded on LP(R™ x R™)
for p € (1,00) provided that Q € L(log L)?(S"~! x S™~1),

Proof. We only need to verify the assumptions of Theorem 1.1, i.e., the estimates
(1.6) and (1.7). For k € N and j € Z, let a;l,z = ¢1(2") and afz = ¢(2"7). Then

since ¢1and ¢o are convex increasing functions with ¢1(0) = ¢2(0) = 0, it follows
1

that {agl'z :j € Z} and {aﬁz : j € Z} are lacunary sequences with inf;cz a;f% and
I K

. al?), "

inf;cz ;ﬂ >2.

Now, we show that (1.6) and (1.7) hold. To see (1.6) notice that (¢ (2%r)) =

253 g1 (289 r) > (289 7) > aﬁl for r > 1. Thus by integration by parts, we get

-1

aW A

L(j, K, A) = < |95k

2" v
/ e (27r) =1 gy (3.1)
1

when combined with the estimate I;(j, xk, A) < k implies (1.6) for any 0 < e < 1.

The proof (1.7) is clear. In fact, one only needs to observe that

or(i+1)

Ji(g, K, A) < / Ay (r)|r~tdr < w
2K

a(l) Al

J+1k

Hence the result follows by an application of Theorem 1.1. This completes the proof.

Corollary 3.2. If ¢1and ¢y are of the form t” (o # 0), then the corresponding operators
To.61,60 and (Ta,p,0,)° are bounded on LP(R™ x R™) for p € (1,00) provided that
Qe L(log L)?(S™~1 x S™~1).

This result has the following generalization:

Corollary 3.3. Suppose that ¢y, | = 1,2 satisfy

[Gi(t)] < Crat™, ] (t)] < Cot™ 2, (3.2)
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Caat"=t < |gi(1)] < Cagt (3.3)

for some d; # 0 and t € (0, 0©0), where C1,, Cay, Cs,, and Cy, are positive constants
independent of t.

Then the corresponding operators Tq. ¢, ,¢, and (Ta,¢,,¢,)* are bounded on LP(R™ X
R™) for p € (1,00) provided that 2 € L(log L)*(S"~1 x S™~1).

Proof. For k € N, let {agl'z :j € Z} and {aﬁz : j € Z} be the lacunary sequences

given by aﬁl =2rdij | =1,2.

Now it is easy to see that under the conditions (3.2)—(3.3), the estimates (1.6)—(1.7)
hold trivially. In fact, (1.7) follows by the first inequality in (3.2). On the other hand,
(1.6) follows by (3.2)—(3.3) and an integration by parts. For the details see pages 525-526
in ([2]). Hence the result follows by Theorem 1.1.

By arguing inductively using Theorem 1.1, we can also obtain the following:

Corollary 3.4. If ¢; and ¢o are real valued polynomials, then the corresponding
operators Tq, ¢, 4, and (Ta,g,,6,)* are bounded on LP(R™ x R™) for p € (1, 00) provided
that Q € L(log L)?(S"~1 x S™~1).

We should mention here that the result of Corollary 3.4 still holds if ¢iand ¢, are
allowed to be generalized polynomials ( For more details see[4]).

Final Remark. By minor modifications of the argument in this paper, one can

easily notice that the operators discussed here can be allowed to be rough in the radial
direction. More specifically, we are able to consider operators of the form

(T opn D) = pov. [ = on(ul)al sy = dao)e) [l ™ ol BJul oD (. v) duc,

where h: RTxRT — R is a measurable function that satisfies

Ri [ Ra , 5
sup (Rle)_l/ / | (t, )| dtds| < oo (3.4)
R1,Ry>0 o Jo

for some v > 1. The only difference here between the results for T ¢,.4,,n and those

for Tq,4,,4, is that the interval of p for which the later is bounded on L? is ‘le - %‘ <

min {%, %} For more information on operators of this form, we refer the reader to

consult [1], [2], [6], [9], [10].
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