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The Basis Number of the Semi-Composition Product

of Some Graphs I

M. M. M. Jaradat, E. A. Rawashdeh, M. Y. Alzoubi

Abstract

The basis number of a graph G is defined to be the least integer d such that
there is a basis B of the cycle space of G such that each edge of G is contained in
at most d members of B. We investigate the basis number of the semi-composition

product of two paths and a cycle with a path.
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1. Introduction and Definitions

Graph products have been the impetus for several areas of research. The revival of
interest seems to be mostly due to the algorithmic point of view and how particular
graphical parameters interact with graph products. In recent years, there was a growing
literature on the basis number of graphs. Even more recently, the most attention has
been given to the basis number of graphs obtained from graph products. We refer the
readers to the papers [1], [2], [3], [4], [7], [8], [9]-

All graphs under consideration are undirected, finite and simple. Our terminology and
notations will be standard except as indicated. For undefined terms, see [5]. We use the
symbols V(G) and E(G), respectively, to denote the vertex set and edge set of G. Given
a graph G, let ey, e, ..., ¢ ) be an ordering of its edges. Then a subset S of E(G)
corresponds to a (0, 1)-vector (b1,bs,...,bg(q)) in the usual way with b; = 1 if e; € S,
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and b; =0 if e; ¢ S. These vectors form an | F(G)|-dimensional vector space, denoted by
(Z2)IP(@I ] over the field of integer numbers modulo 2. The vectors in (Z5)/#(&)| which
correspond to the cycles in G generate a subspace called the cycle space of G and denoted
by C(G). We shall say that the cycles themselves, rather than the vectors corresponding
to them, generate C(G). It is known that for a connected graph G

dim C(G) = |E(G)| - |V(G)| + 1. (1)

Given any spanning tree T of G, every graph T + e, e ¢ T, consists exactly one cycle
C'., and the collection of cycles {C, : e ¢ T} forms a basis of C(G), called the fundamental
basis corresponding to T'. One can observe that each edge outside of T occurs in exactly
one cycle of this basis, but each edge of T itself may occur in many cycles of the basis.

This led Schmeichel [11]. to formally introduce the following definition:

Definition 1.1 A basis B for C(G) is called a d-fold if each edge of G occurs in at most
d of the cycles in the basis B. The basis number b(G) of G is the least non-negative
integer d such that C(G) has a d-fold basis. The required basis of G is a basis B of
b(G)-fold.
We now give the definitions of the following four graph products.

Definition 1.2 Let G = (V(G), E(G)) and H = (V(H),E(H)) be two graphs. (1)
The cartesian product G* = G x H has the vertex set V(G*) = V(G) x V(H) and the
edge set E(G*) = {(u1,v1)(u2,v2)|uiug € E(G) and v1 = va, or u; = ug and v1v2 €
E(H)}. (2) The lexicographic (or composition) product G* = G[H] has the vertex set
V(G*) =V(G)xV(H) and edge set the E(G*) = {(u1, v1)(uz2, v2)|uiuz € E(G), or u; =
ug and vivg € E(H)}. (8) The direct product G* = G AN H has the vertex set V(G*) =
V(G)xV (H) and the edge set E(G*) = {(u1, v1)(uz, v2)|vive € E(H) and ujus € E(G)}.
(4) The semi-composition product G* = G ©® H has the vertex set V(G*) = V(G) x
V(H) and the edge set E(G*) = {(u1,v1)(uz,v2)|lur = uz and v1vg € E(H) or uqug €
E(G) and v1v2 ¢ E(H)} (see Figure 1). Note that E(G ©® H) = E(G[H]) — E(G A H).

One can notice that the cartesian and the direct products is commutative but the

lexicographic and the semi-composition products are not commutative. Moreover,

deon(u,v) = |V(H)|da(w) +du(v) - da(u)du (v),
B(GoH)| = |BE@GVH+V(G)|EH) -2EG)||EH)
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Figure 1. This is an example to explain the definition of the semi-composition product of two
paths of order 3 and 4, Ps ® Px.

where dg(z) is the degree of the vertex  in the graph G.

The first important result in the basis number was given by MacLane, in 1937 [10],
who proved that b(G) < 2 if and only if G is non planar. In 1981 [11], Schmeichel proved
that b(Pz[N]) < 4 where P, is a path of order two and N is a null graph.

The purpose of this paper is to find the basis number of the semi-composition product
of two paths and a cycle with a path.

Throughout this work, for B C C(G), fp(e) stands for the number of cycles in
B containing the edge e, C(B) stands for the subspace of C(G) generated by B and
E(B) =UcepE(c).

2. Main Results

In this section, we investigate the basis number of the semi-composition product of
two paths and a cycle with a path. In fact, we show, under some restrictions on their
orders, the basis number is 4. Let P, = ab be a path of order 2 and U = {uy, ug, ..., un}
be a set of vertices. Then the Schemichel basis, B, (see [11], Theorem 2.4) of the cycle
space C(P2[N]), where N is the null graph with vertex set U, is defined as follows:

B = {(a,u;) (b, w)(a,ujt1)(b,wr1)(a,uj) : 1 < gl <n—1}.
Now, Let

A(%) = {(a,u;)(b,w)(a,ujt1)(b,ws1)(a,uj) : 1 < j,l<n—1and|j—1] > 2}.
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Then the following assertions are easy to see (1) If e = (a, u;)(b, u;), then fA(l) (e) = 0.
(2) If e = (a,u1)(b,un) or e = (a,un)(b,u1) or (a,u;)(b,ujt2), or (a,u;j4+2)(b,u;), then
fA((llb) (e) < 1. (3) If e = (a,u1)(b,u;) or (a,u;)(b,u1) or (a,u;)(b,u,) or(a,u;)(b,u,),
then fA((llb) () < 2. (4) If e = (a,u;)(b,ujss) or (a,ujts)(b,u;), then fA((llb) (e) <3
(5) If e € E(A(%)) and is not any of the above forms, then f,u(e) < 4. Moreover,
ab

A1 = 1Bl = (5(n = 5) + 14) = (n.— 3)(n — 4).

The following lemma follows immediately from being that A(%) CB.
Lemma 2.1 .A(%) is a linearly independent set of cycles.

We now define the following sets of 4-cycles:

AL = (A = (a,u5) (b, uy) (@ uj42) (b, uj12) (0, u) 1 1< j <=2},
AR = (AP = (0, un) (@, 10— ) (b ) (@ un—j—2) (bun) 12 < j < — 3}

Note that if n < 5, then .A((;Z) contains no cycles.
Lemma 2.2 A((j)) U A((;Z) is a linearly independent set of cycles.

Proof. Since each cycle .Agj) contains (a, tn—;)(b, un—;), which is not in any other cycle
of A((f;)),A((;Z’)) is linearly independent. Similarly, each cycle Aéj) contains (b, u;)(a, wjt2)
which is not in any other cycle of A((j)) U A((;l')). Therefore, A((j)) U A((;Z) is a linearly
independent set of cycles. The proof is complete. O
Lemma 2.3 C(A(%) U A((j)) U A((;Z)) is the direct sum of C(A(%)) and C(A((j,) U A((;Z)).
Proof. To prove the lemma, by Lemma 2.1 and Lemma 2.2, it suffices to show that any
element of C (A((j,) U ASZ’))) can not be written as a linear combination of cycles from A(%).
Let C be a nontrivial element of C(A2 U A®)). Then C = Z;“:l AP 4 252:1 AP
(mod2) such that at least one of k1 and ko is non zero. We consider two cases:

Case 1. C contains at least one edge of the form (a,uys)(b,ur). Then C can not be

written as a linear combination of cycles of .A(%) because no cycle of A(%) contains such
an edge.

Case 2. C contains no edges of the form (a,us)(b,us). Since any linear combination of

cycles of A((;Z) (or A((j))) must contain at least one edge of the form (a, ur)(b, us) for some
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f, as a result both of k1, ks > 1. Now, A((z? C B, C(A((j,) U ASZ’,)) C C(P3[N]) and Bis a

basis for C(P2[N]). Thus, to show that C can not be written as a linear combination of
A(%), it suffices to show that the unique combination of C' from cycles of B must contain

at least one element of B —A((zz). Now each cycle of { A% )};?1:1 U{AS )};?2:1 can be written

uniquely as a linear combination of cycles of B as follows: For each j =1,2,...kq,

Aé2j) _ S§2j) + Sé2j) + S§2j) + Sfj)(mod?),

where
SE = (a,us,) (0, us,) (@, uz,41) (0, uz, 1) (a, us,),
S§2j) = (a,uz,;41)(b,uz;41)(a,uz, 12)(b, uz,;12)(a, vz, 1),
S§2j) = (a»Uzj)(b»u2j+1)(a»u2j+1)(b,U2j+2)(a,uzj)»
S = (byuz,)(a, us, 1) (0, us,41) (@, Uz, 42) (b, s, ).

And for each j =1,2,..., ko,

n—1
3; 3; 3;
Aé i) _ Z (S§lj) +S§lg))
I=n—3;
where
SS)j) = (a7un—3j—2)(b7ul)(avun—Sj—l)(bqu-l)(a»un—Sj—2)7
Sé?j) = (a,un—3;-1)(b, w)(a, upn—3,)(b,ury1)(a, un_3,-2).
Note that (a,uz,12)(b,ua,) € B(S{™)) and (a,us,12)(b,ua,) ¢ USLy ., Uy B(S™)),
Moreover, (a,us,+2)(b, us,) ¢ U?il U?:_nl—sj (E(Sﬁ)’j)) U E(Sé?j))). Thus, Sfft) appears

only in the combination of .Aé%). Therefore, Sfft) appears in the combination of C' and
is an element of B — A((zz). Hence, C' can not be written as a linear combination of cycles

of .A((zz). The proof is complete. O
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We now define the following sets of cycles for n > 5:

AL = {AP = (a,u)(a,1541) (b, w15 (a,u5) : 1< j < m = B}U

{AL™ = (@0 -2) (@, tn 1) (b, 1) (b, un) (0, i —2) },

ALY — L AD) — (@) (@ wn 1) (b tn 1) (by ) (@, tn—j) : 0 < j < m — 3},
AL = {(b, 1) (b, 1) (@, u2) (@, 1) (b, 1)},

AL = {(b, ) (b, 1n—1) (@, 1) (b, 1 —2) }-

Lemma 2.4 UZ:PA((ZIZ) is a linearly independent set of cycles.

Proof. By Lemma 2.3, Uzzl.Agz) is a linearly independent set of cycles. Since each cycle
Aij) contains (a,u;)(a,ujy1) which is not in any other cycle of UizlAgZ), (UizlAgIZ)) -
{A(n_2)} is linearly independent. Now, A((z? contains the edge (b, un—1)(b, u,) which is
not in any other cycle of (Uf_ 1A(k)) {Ain—2)}_ Thus, (Uj_ 1.A(k)) A((z? - {Ain—2)}
is linearly independent. The cycle A4 "2 contains the edge (a,un—2)(a, un—1) which is
not in any cycle of (U}_ 1A(k)) A((z? - {Ain_z)}. Hence, (Uj_ 1A(k)) A((z? is linearly
independent. The cycle .A((zb) contains the edge (b, uy,—1)(b, un—2) which is not in any
cycle of (Ui_lA(k)) U A(G). Hence, (Ui_lA(k)) U A(G) U A(? is linearly independent. The
cycle Aé contains the edge (a,u,)(a, u,—1) which is not in any cycle of (Ui_ 1A(k))

A((z? U A((z?. Thus, (UizlAgIZ)) U A((z? U A((z? U {Aéo)} is linearly independent. Similarly,
for each j > 1, the cycle .A(j) contains (b, tp—;j—1)(b, Up— j 2) which is not in any cycle of
(Ui 1A(k)) A((z? (7) U {A(O)} Therefore, (U]_ 1A ) is linearly independent set of

cycles. The proof is complete. O

In the following work, for the simplicity, the edge e = (a, u;)(b, u;) € P2[N] is said to
be of length I(e) = |i — j| for any 4, j. Set

AL = AT = (0, uy) (b, uj11) (0, uy3) (b, ug) 1 1< j <n— 3}

Lemma 2.5 C(U}_ 1A(k) {A(n 2) A(O) A(n 3 A(l)}) is the direct sum of C(U] _ 1A(k)
(A7 A} and (A — (AT ALY,
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Proof. Since E(Ag)) N E(Aék)) ¢ for each i # k, .A(b is linearly independent.
Therefore, it suffices to show that any linear combination C of A((j)) — {Aén 3),Aé1)}
can not be written as a linear combination of cycles of (UZ:PA((ZIZ)) — {Aén_m, .Aéo)}. Let
C' be a linear combination of cycles of A((j)) - {Aén_S),Aél)}. Then C is either a cycle
or an edge disjoint union of cycles each of which is a cycle of A((j)) — {Aén_s),flél)}.

Therefore, C' contains an edge of the form ey = (b, u;)(a,u;+3), which is of a longest

length in C, for some 2 < j < n — 4. Thus, if C' is a sum modulo 2 of some cycles of

(Ui_ 1A(k)) {Aén_m,fléo)}, say of R = {R1, Ra, ..., Rs}, then there must be at least

one cycle of R, say R, contains this edge. Note that there are at most three cycles of
(Ui_ 1A(k)) {Aén_2) (0)} contain this edge, we list them as follows:

R{Y = (b, u;)(a, u;43) (b, w51 (@, wj44) (b, ),

R(2) (b, uj—1)(a; uj12)(b; uj)(a, ujts)(b, uj—1),

R(S) (b, u;j-1)(a; uj13)(b, uj)(a, wjta) (b, uj—1).
Therefore, R; must be one of R§ ), R?) and R§3). To this end, we choose R; to be the
cycle of R§1), R?) and R§3) which belongs to R and has an edge of a longest length among
the edges of Rgl) U R§2) U R§3). Thus, only one of the following holds:
(1) R§3) € R. Then we choose Ry = R§3). Note that (a,u;14)(b,uj—1) € E(Rq) which is
the longest edge of Ry. Moreover, (a,u;1+4)(b,u;—1) ¢ E(C).
(i) R§3) ¢ R and R§2) € R. Then we choose Ry = R§2). Note that (a,u;j4+3)(b,uj_1) €
E(R1) which is the longest edge of Ry. Moreover, (a,u;+3)(b,uj_1) ¢ E(C).
(iii) R§3), R?) ¢ R and Rg) € R. Then we choose R; = R§1). Note that (a, ujyq)(b, uj) €
E(R;) which is the longest edge of Ry. Moreover, (a,u;+4)(b,u;) ¢ E(C).
We notice that in either of the above (i), (ii) and (iii) holds, we get the following: Ry
contains an edge of the longest length of the form e; = (a, ug, ) (b, uj,) where k1 > j + 3,
j>j1,1(e1) > 4andli(er) > l(eg). Moreover, e; ¢ E(C). Thus, without loss of generality,
we may assume that any of (i), (ii) and (iii) holds, say (i).
Since e1 = (a,ujy4a)(b,uj_1) € E(R1) and e; ¢ E(C), as a result there must be a cycle

of R, say Ro, which contains e; as an edge. Now, e; belongs to at most four cycles of

(Ui 1A(k)) {Aén_z), Aéo)}, we list them as follows:

R(l) (b wj—1)(a, ujt3) (b, uj) (@, wjra) (b, uj—1),
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RE) = (b,uj-1)(au44) (b, 15) (@, w545 (b, 1),

RS = (b, -2)(a,u;43) (b, w5 -1)(a, w5 1.4) (b, u; ),

RSV = (b, uj-2)(a, wj44) (b, 1) (a, 1 45) (b, o).
Since Rél) = Ry, Ry must be one of Rg), Rés) and Ré4). As in the above, we choose the
cycle which belongs to R and has a longest edge. Thus, only one of the following holds:
(I) Ré4) € R. Then we choose Ry = Ré4). Note that (a,ujys)(b, uj_2) is the longest
edge in Ry + Ro (mod2) which is longer than the longest edge in Ry by 2. Moreover,
(@, u;15)(b, uj—2) ¢ E(C).
(I1) Ré4) ¢ R and Rés) € R. Then we choose Ry = Rés). Note that (a,uj+4)(b, uj—2) is
the longest edge in Ry + Re (mod2) which is longer than the longest edge in Ry by 1.
Moreover, (a, uj+4)(b,uj_2) ¢ E(C)
(I1T) Ré4), Rés) ¢ Rand Rg) € R. Then we choose Ry = Réz). Note that (a, ujy5)(b, u;—1)
is the longest edge in Ry + Ry (mod2) which is longer than the longest edge in R; by 1.
Moreover, (a,u;j4+5)(b,u;—1) ¢ E(C).
We notice that in either of the above (I), (II) and (III) holds, we get the following.
R1 4+ Ry (mod2) contains an edge of the longest length of the form ey = (a, ug,) (b, uj,)
where ko > k1, j1 > j2 and l(e2) > l(e1) > l(eg). Moreover, ex ¢ E(C). Thus, without
loss of generality, we may assume that any of (I), (II) and (IIT) holds, say (I).
Since ez = (a,ujy5)(b, uj_2) is an edge of Ry + Ry (mod2) and ey ¢ E(C), as a result
there must be a cycle of R, say Rs3, which contains e; as an edge. Now, ey belongs to
at most four cycles of (UZ:PASZ)) — {.Aén_m,/léo)}. By using the same arguments as
in the above cases, we get that the longest edge of Ry + Ry + R3 (mod2) has the form
es = (a,ug,)(b, uj,) where ks > ko, jo > js and l(e3) > l(e2) > l(e1) > l(eg). Moreover,
es ¢ E(C).
By continuing in this process, there must be the least integer r < s such that R, € R
and the longest edge of R, + R,—1 + --- + Ry (mod2), which is of R,, has the form
er = (a,up)(b,u1) or (a,uy)(b,uy) where h > 5 and g < n — 4. Moreover, Il(e;) >
l(er—1) > ...>l(eg). Now we consider two cases:
Case a. (a,up)(b,uy) is the longest edge of R, + R,—1 + ---+ Ry (mod2). Note that,
(a,up)(b,u1) belongs to exactly two cycles of (U] _, Ay) — {Aén_m, .Aéo)} we list them as
follows:

Ry = (b,u1)(a, un) (b, ua) (@, ungr) (b, ),
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Rﬁ)l = (b, u1)(a, up—1)(b, uz)(a,up) (b, u).
Since (a, up) (b, u1) is an edge of R+ R,—1+- - -+ Ry (mod2), R, must be one of R&)l and
R(2) If R(21 = R,, then (a, upy1)(b,u1) is an edge of R, +R,_1+- - -+ Ry (mod2) which
is longer than (a, up)(b, u1), a contradiction. Therefore, R, = Rﬁ)l. Since (a, up) (b, u1) is
an edge of R+ Ry_1+---+ Ry (mod2) and (a, up)(b,u1) ¢ E(C), R&)l € R,say Rry1 =
R&)l- Thus, (a, upt1)(b, u1) is an edge of Ry41+ R+ Rr—1+- -+ Ry (mod2) and not in
E(C). Since (a, up+1)(b, u1) belongs to exactly two cycles of (U] _ 1A(k)) (AL A0
in fact, in R,41 and in R&é = (b,u1)(a, up+1) (b, u2)(a, upt2)(b,ur). Thus, R$_22 must

be in R. say R,1o = R§_|22. So, (a,up42)(b,u1) is an edge of Ryyo + Rry1 + -+ Ry
(mod2), but (a,upi2)(b,u1) ¢ E(C). By continuing in this way , there must be an
integer z such that R, = (b, u1)(a, un—1)(b, u2)(a, uy)(b,u1) € R. Thus, (a,un)(d,u1) €

R.4+R._1+--+ Ry (mod2). Since R, is the only cycle of (UzzlAgIZ)) — {Aén_z), Aéo)}
which contains the edge (a, uy)(b, u1), (@, un)(b,u1) € R1 + Ro + - - + Ry (mod2). This
contradicts the fact that (a, u,)(b,u1) ¢ E(C).

Case b. (a,uy)(b,uy) is the longest edge of R, + R,_1 + - -+ R1 (mod2). Then we use

the same arguments as in Case a, to get the same contradiction. The proof is complete.
O

Lemma 2.6 Uizl.Agz) is a linearly independent set of cycles.

Proof. By the proof of Lemma 2.5, (UizlAgIZ)) - {Aén_z),Aéo),Aél),Aén_s)} is lin-
early independent. Aén_s) contains the edge (b, un—2)(a,u,) which is not in any cy-
cle of (US_; AN — 4572 A0 4D AT Thus (U8, A%)) — {402, A0 AW}
is linearly independent. Aéo) contains the edge (a,un—1)(a,uy,) which is not in any
cycle of (U§_ 1A(k)) — (AP A Ay Thus, (U§_ 1A(k)) — {AY2 A s lin-
early independent. Aén_2) contains the edge (a,un)(b, u,) which is not in any cycle of
(U, (k)) {A2 ALY Thus, (U A(k)) — {A{} is linearly independent. Fi-
nally, assume that A( ) is a linear combination of cycles from (Ug_ 1A(k)) {Aél)}, say
T ={N,Ts,...,T,}. Since .,48 contains the edge (b, u1)(b,uz) and the only cycle of
(U§_ 1A(k)) {Aél)} contains such an edge is Aén_s), as a result Aén_s) must belong to
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T ,say Th = Aén_s). Since (a,u3)(b,u1) € E(Aén_s)) and (a,us)(b,u1) ¢ E(Aél)) and

since the only cycle of (UizlAa]Z)) - {Aén_s)} contains such an edge is Aél), it implies

that Aél) e T, say Aél) = T5. Since (a,u1)(b,uy) € Aél) and no other cycles of UizlAa]Z)

contain such an edge, we have that (a,u1)(b,u1) is an edge of Ty + T + ...+ T, (mod2)
but (a,u1)(b,u;) ¢ E(.Aél)). That is a contradiction. The proof is complete. O

Now, let P,, = ajasz...a, and P, = ujus...u, be two paths with m,n vertices.
Then, the following lemma is a straightforward from equation (1.1) and noting that
|E(Py, ® Py)| = (m—1)n?— (n—1)(m —2) and |V(P,, ® P,)| = mn.

Lemma 2.7 dimC(P,, ® P,) = (n—1)*(m — 1).
Lemma 2.8 For any integer n > 2, (P, © P,,) < 4.

Proof. To prove the lemma, it suffices to exhibit a 4-fold basis. The lemma is clear for

n =2,3, and 4. For n > 5, define B(P, ® P,) = Uz:lAa]Z)' By Lemma 2.6, B(P, ® P,)

is linearly independent. Since

A = (n —3)(n — 4),

2 4 5
AD =145 = 14D = (n - 2),

A = (n—4),

A = AT =1,

and

AR = (n - 3),

we have,
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BP0 P)| = [ Uiy Akl

8

= > M
i=1

= m=-3)(n—-4H+3n—-2)+(n—4)+1+1+(n—3)
= (n—l)2
= dim C(PQ@Pn).

Therefore, B(P> ® P,,) is a basis of C(P2 ® P,). We now show that B(P, ® P,,) is of fold
4. Let e € E(P, © P,). Then (1) If e = (a, u;)(b,u;) where j # n —1, then f ) (e) =
ab
fAfl? (6) = fA((li) (6) = fAf;? (6) = fA((J/Sb) (6) = vaA((li) (6) < 27fA((l?;) (6) < 17fA((15b) (6) <L (2)
If e = (a,un-1)(b; un—1), then fym(e) = fyw(e) = fu@(e) = [ym(e) = fye(e) =
O,fA(?(e) < 1,fA(?(e) = 1,fA(5b)(e) < 1. 3) If e = (a,un)(b,u;) or (b,u1)(a,u;)
or(a,u1)(b,u;) or(b,uy)(a,uy) for j < n—3,i >33 <l <n-12<j<n-—3,
then fue(e) = fuw(e) = fuo(e) = fuw(e) = fuo(e) = fuo(e) = fum(e) =
fA(? (e) = O,fA(lb) (e) < 4. (4) If e = (a,u1)(b,upn) or (a,uz)(d, uy) or(a,ur)(b, un—1),
then fue(e) = fyo(e) = fao(e) = fymle) = [uo(e) = fye(e) =0, 0(e) =
fAfl? (e) = 1,fA((11b)(e) < 2. 5) If e = (a,uj)(b,ujsa) for j < m — 2, then fAffb)(e) =
Fao(e) = famle) = fuo(e) =0, [0 (e) <1 [yale) =1, fyo(e) <1 fumle) < 1.
(6) Ife = (aaun—2)(b7un)7 then fA(lb) (6) = fA(5b) (6) = fA(i) (6) = fA(7b) (6) = fA(Sb) (6) =
0,f () <1, f (e <1, fmle) <2.(7) If e = (a,ujt2)(b,uy), then f, e (e) =
ab ab ab ab
fan(e) = fuo(e) = fym(e) =0,f m(e) <1, fye(e) =1, fym(e) <1, fum(e) <
(8) If e = (a7uj)(b7uj+3) where ] < n-— 37 then fA(z) (6) = fA(S) (6) = fA(5) (6) =
ab ab ab
Fao(e) = fam(e) = fum(e) =0, [0 (e) <3, f wle) < 1. (9) If e = (a, un—3)(b,u
then f @ (e) = fym(e) = fao(e) = fam(e) = fum(e) = 0. [ 0(e) < 2, @ ()
1, fAf;? (6) < 1(10) Ife = (a,uj+3)(b,uj) then ng? (6) = fAf;? (6) = fAf;? (6) = fA((lsb) (6) =
fA(? (e) = fA(? (e) = O,fA(lb)(e) < 3,fA(?(e) < 1. (11) If e = (a,u;)(a,ujy1) where

j 7é 1 then fA((llb) (6) = fA((lzb) (6) = fA((l?;) (6) = fA((li) (6) = fAf;? (6) = fA((J/Sb) (6) = 07 fAfl? (6) =

—_

n)s
<
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faw (e) = 1. (12) If e = (a,u1)(a, uz), then faw (e) = fae (e) = fao (€)= fu0 (e) =
Fan(e) = fum(e) = 0,f wle) = fyole) = 1.03) If e = (b,u;)(b,uj+1) where
j#Fn—1ln=2then fym(e) = fye(e) = [uw(e) = fymle) = [uo(e) = fym(e) =
0, [y () = fyole) = 1. (14) If e = (b, un—2)(b,un—1), then f () = f @ (e) =
fao(e) = fymle) = fuole) = fum(e) = 0,f () = [ymle) = 1. (15) If e =
(b, un—-1) (b un), then fym(e) = fum(e) = fym(e) = fuo(e) = fam(e) = fum(e) =
0,f A (e)=1f o (e) =1. (16) If e € E(P> ® P,,) and not of any form of the above, then
fa(e) = fam(e) = faw(e) = fum(e) = fyo(e) = fam(e) = fyo(e) =0, fym(e) <

4. The proof is complete. g

Theorem 2.1 For any n,m > 2, we have b(P,, ® P,,) < 4. Moreover, the equality holds
if n > 14 and m > 2.

Proof. To prove that b(P,, ® P,) < 4, it suffices to exhibit a 4-fold basis. Let
P2(i) = a;a;41 for each i« < m — 1. Define B(P,, ® P,) = U;”:_llB(Péi) ©® P,) where

B(Péi) ® P,) is the basis of C(P2(i) ®P,) as in Lemma 2.8. We proceed using induction on
m to show that B(P,, ® P,) is linearly independent. If m = 2, then B(P,, ® P,) =

B(Pél) ©® P,) which is linearly independent, by Lemma 2.8. Now, B(P, ® P,) =
(U;”:_128(P2(i) ® P,)) U B(Pém_l) ©® P,). By induction step and Lemma 2.8, each of
U;1_12B(P2(i) ® P,) and B(Pém_l) ©® P,) is linearly independent. Since E(U;”:_12(P2(i) ©)
P,))N E(Pém_l) ©® P,) = E(am—1 X Pp) which is an edge set of a path, as a result any
non trivial linear combination of cycles of B(Pém_l) ® P,,) can not be written as a linear

combination of U;1_12B(P2(i) ®P,). Thus, B(P,, ®P,) is a linearly independent set. Since,

m—1
IB(P © Py)| = B(Py” © Py)|
=1
m—1
= (n—1)
=1
= (n—172*m—1)

= dimC(P, ® P,),
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B(P,, ® P,) is a basis of C(P,, ® P,). Let e € E(P,, ® P,). (1) If e € E(a; x P,) for
. m—1

some 2 < i < m — 1, then fgp,or,)(€) = > iy fB(Pék)QPn)(e) = fB(Pz(i—l)GPn)(e) +

fB(Péi)QPn)(e) <2+2=4. (2) Ifec E(a1 x P,), then fzp,op,)(e) = fB(Pél)QPn)(e) <

2. (3) If e € E(am x P,), then fpp,or,(e) = fB(Pémfl)QPn)(e) <2 (4 Ife ¢

E(U™,a; x P,), then e belongs only to P2(i°) ® P, for some iy and so , by Lemma 2.8,
fBp,op,)(e) = fB(Pzgm@Pn)(e) <4

On the other hand, to show that b(P,, ® P,) > 4 for any n > 14 and m > 2, we have
to exclude any possibility for the cycle space C(P,, ® P,) to have a 3-fold basis for any
n > 14 and m > 2. Suppose that B is a 3-fold basis of the cycle space, then we have the
following three cases:

Case 1. Suppose that B consists only of 3-cycles. Then |B| < 3m(n — 1) because any 3-
cycle must contain an edge of the form (a;, u;)(a;, uj41) forsome 1 <i<m,1 <j<n-1
and each edge is of fold at most 3. That is equivalent to the inequality (m —1)(n —1)% <
3m(n — 1) which implies that m(n —4) < n —1. But m > 2, son < 7. This is a
contradiction.

Case 2. Suppose that B consists only of cycles of length greater than or equal to 4. Then
4|B| < 3|E(Py,, ® P,,)| because the length of each cycle of B greater than or equal to 4
and each edge is of fold at most 3. Thus, 4(m —1)(n—1)? <3(m—1)n?— (n—1)(m —2)
which is equivalent to m(n2 —m+3) < n?—6n+2. But m > 2, son < 7. This is a
contradiction.

Case 3. Suppose that B consists of s 3-cycles and t cycles of length greater than or
equal to 4. Then as in Case 1 s < 3m(n — 1). Since the length of each cycle of s is
3 and each cycle of t is at least 4 and the fold of each edge is at most 3, we have that
4t +3s < 3|E(Pn @ By)|. But t = |B| —s = |[E(Pn @ Pp)| — V(P © Pp)|+ 1 — s, so
4t +3s = 4|E(Pyn © Py)| — 4|V(Py, © Pp)| +4 — s < 3|E(Py, © P,)| which implies that
|E(Pp © P)| —4|V(Pr O P, +4=(m—1)(n—1)2=3nm+3 < s < 3m(n—1) . Thus,
(m—1)(n—1)2=3nm+3 < 3m(n—1) which is equivalent to m(n? —8n+4) < n?—2n—2.

But m > 2, so n < 13. This is a contradiction. The proof is complete. O

Let Cp, = a1as...ama1 be a cycle of order m. Then, the following lemma is a

2

straightforward from equation (1.1) and noting that |E(Cy, ® P,)| = mn* —m(n—1) and

|[V(Cp ©® Pp)| = mn.

Lemma 2.9 dimC(C,, ® P,) =m(n —1)? + 1.
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Theorem 2.2 For any n > 2,m > 3, we have b(Cy,, ® P,,) < 4. Moreover, the equality
holds if n > 8 and m > 4.

Proof. To prove that b(C,, ® P,) < 4, it suffices to exhibit a 4-fold basis. Let
P2(i) = a;a;+1 for each i < m — 1 and P2(m) = amai. Define B = U;”le(Péi) ©P,)
where B(Péi) ©® P,) is the basis of C(Péi) ©® P,) as in Lemma 2.8. By Theorem 2.1,
U;”:_llB(Péi) ©® P,) is a linearly independent set. Since E(a; X Py) U E(am X Py) is
an edge set of a forest, any linear combination of cycles of B(Pém) ©® P,,) must contain

at least one edge of the form (a1,u;)(am,w;) for some 7,1 which is not in any cycle of

U;”:_llB(Péi) ©® P,). Thus, B is linearly independent. Now, consider the following cycle:

C = (a1,u1)(az,u1) ... (am—1,u1)(@m,u1)(as,u).

We now show that C' is independent of cycles of U;”le(Péi) ® P,). Suppose that C is a
sum modulo 2 of cycles of U;”le(Péi) ® P,). Then

m

C= ij (mod 2)

Jj=1

where b; is a linear combination of cycles of B(Péj ) o P,). Thus,

Therefore,

EMb) =E(C®by @ ®by) CEBPSY @ P,)) N (EURBPY © P,) UE(C))

where & is the ring sum. But,

EBPPY @ P,) N (E(U,B(PY © P,) UE(C)) = E(a x P,)UE(ay x Py)

U{ (a1, u1)(az,u1)},
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which is an edge set of a tree. This contradicts the fact that b, is a cycle or an edge

disj

oint union of cycles. Therefore, B(C,, ® P,,) = BU{C'} is linearly independent. Since,
Cn 0PI = 180 Rl +10
= i n - 1
= (; —1)2m+1

= dimC(C, © Pn),

B(Cy, @ Pp) is a basis of C(Cy, ® P,). It is easy to show that B(Cy, ® P,) is a 4-fold

basis.

On the other hand, to show that b(C,,, ® P,,) > 4, we follow, more or less, the same

arguments as in the three cases of Theorem 2.1. The proof is complete. O
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