Turk J Math
29 (2005) , 381 — 387.
© TUBITAK

On Generalization of The Quasi Homogeneous Riesz
Potential

Hiiseyin Yildirim

Abstract

In this paper, a generalization of the quasi homogeneous Riesz Potential has

been defined using non-isotropic quasi-distance and its L, (p > 1) continuity study.
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1. Introduction

Continuity properties of the classical Riesz Potential was studied in [1],[2],[3] and [4].
In this article we have defined a generalization of the quasi homogeneous Riesz Potential

and we studied the L, (p > 1)— continuity of this potential.

2. Preliminaries

Firstly, we give some notations and definitions. We define a quasimetric (a non-

isotropic quasi-distance) in R™ by

20 2An %|%|
o=yl = (lor =31l 5+ o — 9l )T M
where A1,..., A\, and v are the positive real numbers and |§| = )\% + ...+ )\L This

quasimetric is named non-isotropic quasi-distance [5].
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For p € R and z € R™ define p%x:(p%xl,pﬁ@,...,pﬁxn).
L lzlly,=0&2=0

o |L
2. oz, = 1ol 3 il ,

3. e +ylly, < Clz]

Ay + Hy| )\77)7

where Apax = max {1, ..., A} and C = 2(2’\“‘“"’7)2_““. It is clear that if A\, = ... =

An = 2 and v = 2 then, quasimetric (a non-isotropic quasi-distance) is the Euclidean
metric (Euclidean norm) on R"™.
Fora f:R" — R and a K : R"XR" — RT we write

(I f) () = / F@)K (2, 9)dy, @)
]Rn
where
K(z,y) = __ (3)
= olle =yl

For R{ = [0, 00), function ¢ : Rj — Ry has the finite derivative and the following are

valid:
¢(0)=0 (4)
¢'(t)
o) Noon (0,A) (A >0) (5)
te't) .
o) >0,t— 40 (6)
/T”l%l_1 o 10 (1)
=0 o)
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for any § € Rg,
p(Bt) = B"e(t), meR. (8)
The operator I;""Yf, when
e(t) =t"""0<a<n,te[0,+0c0) (9)

is called the generalized Riesz potential with non-isotropic quasi-distance of function f.
If o satisfies the conditions (4), (5), (6), (7) and (8), then I;‘”f is the generalization of

the following quasi homogeneous Riesz potential

Py = / e — gl f(y)dy. (10)
]Rn

The L, -continuity, or continuity in the L, norm, of a real function g at point z € R"
thus:

1
3

1
Ton / 9(e +5) —gl@)Pds b — 0, r— 40, (11)
BT

where |B,| is the volume of a ball of radius r with center at zero [2].

Here we consider spherical coordinates by the following formulas:

Y= (pcosﬁl)%, iy Yn = (psin By, sinbs, ___7Sin9n_1)x_7n7

where we obtained that ||z||, = p%lﬂ. It can be seen that the Jacobian Jy(p, ) of this
transformation is Jy(p, 0) = p7|%|_1ﬂ,\ (9), where Q,(6) is the bounded function and
O (0) = 'y".)\%)\%...%ﬂ(cos 91)%_1.(00592)%_1...(005971_1)%n_l(sinﬁl)%%mﬁ_l e

(sin 91)*%_1

Now we will prove that, depending on conditions imposed on f and ¢, the operator

Ij,‘ﬂ f is L, continuous at every point at which it exists.

Theorem 2.1: If p > 1 and I;""Yf exists at point z € R™, then I;""Yf is L, continuous

at x.
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Proof: From (11), it is sufficient to consider the case when z = 0 and to prove that

([2] and [6])

[(I27F) (s) = (127 F) (0)] ds § = o(r¥|3]) (12)

sl <r

holds when r — 40. From (12), (2) and (3), we have following inequality:

§=

12 f) () = (137 F) (0)] ds

lsllx, <7

p

_ ) o
 ista< ]an [WHs—y\u,w sa(HyHA,W)}f(y)dy ds

sllx, <7

Py
1 1
: {l \|j< Iyl f>2 [%"ﬂls—yum _sa<uyux,7>}f(y)dy ds
Ay r A,y T
Py
L I [ =T }f(y)dy ds
{l sy <r Nl <zr LPUETYINL) o elivl o) )
N
: J / [Lf#} dy| ds
{| slix A <r |lylly, <27 e(lls=ylly )
Py

+9 I | dy| as

sl <r [lulls 5

Py
1

' I uf< Iyl f>2 [S‘J(HS_ZJHA,W) sa(HyuM |f(y)l dy| ds

s Ay r A,y s

=T, + 1, + 1.

By Minkowsky inequality and (7) we have
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1
3

f |f(y)] f Wip(us_lyuxﬁ)ds dy

lylly ., <2r sl <r

I

IN

1
3

J If(y)|< J d7> i
Iyl 40 <27 ly—slfs<acr 7PN

IN

SCTt7|%|71 P
[ 1f@l | Bl { Lt | dy
Hy‘|>\,7<2r (
14)
O (307‘)%|%| 9 £ ()] d _ l|%| 0
waen 7 T)uyu f<2 oW | = o713, (r—0),

Ay 4T

since the following is valid:

/ Wzl )dz = | Bual / oI, (15)
0

lzllx,<r

if t7|%|_1h(t) is non-negative and measurable or integrable function at (0,r), where,

| B1,»| denote the volume of the ball of By »(z) = {x ER™: |zl , < 1}.

For the I
; :
I, < / f )l / ds dy=o / ds zo(r%lﬂ), r — +0.
e(llyllx.-)
lylly,,<2r [sllx,y<rT Isllx,,<r

If we use the Minkowski inequality at the I3, then we obtain,
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Py
_ 1 _ 1
I, = J J [mus—y\u,ﬁ sl | F W)l dy| ds
lsllny<r [Ilully,>2r
Py
‘(llyl
= 0 J S02(“1;“17) Isllx [f W) dy| ds
lslls<r [Ilully>2r
%
‘(lyl 17
< 03 [ SEpSuwl | L s, ds| dy (17)
Iyl >2r g lsll,, <r

IN
Q

@ Iyl 5 Tl P
N (HyHA:) [f @)l . ({t %] dt) dy

llyllx,>2

) T%|§|+1 f S"(HyHA 7) |f( )Idy

o2 ([lull
lyllx,>2r

for 0 < r < min{1, A}, from (5) and (6) follows:

"(lyllx DI @I
mdy = I+ Lo dy
Iwlly >2r e(llyllx,,) Wl 5207 2072yl 520 e(llyllx,,)
_ Qe g0
- PAVAE
e (2vr) Wl 2y e(llyllx,,)
I e (18)
©'(2y/T) Lf(»)]
S e flwuyuw Y
4 £2r) [ W g,
(2r) (yllx,5)
T i p<zvE T
= O(5r) o) =0 ().
Then from (17) and (18) follows:
I3:0(T%|§|), (r — +0) (19)
Hence Theorem is obtained from (14), (16) and (19). O
Specially, if ¢ is defined by ¢ = t"™%, v =2and \; = ... = A\, = 2, then I, f is

clasical Riesz potential of f. If ¢ is defined by ¢ = t" *ji.e. if I;""Yf is a non-isotrop
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Riesz potentials of f, then the conditions (4),(5),(6),(7) and (8) are valid if 1 —11—7 <$ <1

and if I;""Yf exists at point € R™, then the function I;""Yf is L, continous at z.
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