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Second-Order Nonlinear Three Point Boundary-Value
Problems on Time Scales

S. Gilsan Topal

Abstract

We consider a second order three point boundary value problem for dynamic
equations on time scales and establish criteria for the existence of at least two
positive solutions of an eigenvalue problem by an application of a fixed point theorem
in cones. Existence result for non-eigenvalue problem is also given by the monotone
method.

Key Words: Dynamic equations, cone, positive solutions, upper and lower solu-
tions.

1. Introduction

We are concerned with the three point boundary value problem
—y=V () = M(ty(t),  teab], (1.1)

ay(p(a)) — By (p(a)) =0, y(a(b)) — dy(n) =0, (1.2)

where o, 8 > 0and o+ 5 >0, A>0,0< 4§ <1, n € (p(a),o(h)). We likewise assume
that f : [a,b] X R — R is left-dense continuous.

Throughout this paper we let T' be any time scale (nonempty closed subset of R) and
[a, b] be subset of T such that [a,b] ={t €T :a <t <b}.

Related works on differential equations, difference equations and dynamic equations
on time scale include [1-6, 9-15]. Three point boundary value problems on time scales

was studied in the references [2, 3, 6, 12], in this study we also generalized the boundary
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condition. Some preliminary definitions and dynamic theorems on time scales can also
be found in the books [7, 8] which are useful references for the time scales calculus.
Let G(t, s) be the Green’s function for the BVP. The

Ly=—y~V(t)=0, te&la,b], (1.3)

ay(p(a)) — By~ (p(a)) =0, y(a(b)) — dy(n) = 0. (1.4)

G(t, s) is given by

1 Gi(t,s), pla) <s<mn;
G(t,s) = )
Ga(t,s), n<s<ab),
where
{ B+ a(s —pa))(a(b) —dn—t(1—0)), s<t
Gl(t,s) =
(5 -+ alt — pla)(o(b) — b — s(1 —8)), s>t
{ (B+a(s—p(a))(o®) —t) + (t —s)(n+ B —apla))d, s<t
Gg(t,s) =
(B + a(t = p(a))(o(b) — s), s>t

and D = B(1 - 8) + a(0(b) — pla) — (n — p(a))).

Lemma 1.1 For h(t) € C[p(a),o(d)], the BVP

Ly = —y~V(t) = h(t), te€la,b], (1.5)
ay(p(a)) — By>(pla)) =0, y(a(b)) —dy(n) =0 (1.6)
has a unique solution

a(t—p(a o(b a(t—p(a
y(t) = WIp(i;(o(b) — $)h(s)Vs — w pn(a) (n—s)h(s)Vs

— [f(t — s)h(s)Vs.

p(a)
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Lemma 1.2 Let 0 < 6 < 1. If h(t) € C[p(a),c(b)], and h > 0, then the unique solution
y of the problem (1.5), (1.6) satisfies

y(t) 20, te(pla),o(b)).
Proof. From the fact that y*V(t) = —h(t) < 0, we know that the graph of y(t) is
concave down on [p(a),o(b)] and y* (t) monotone decreasing. Thus y*(t) < y*(p(a)) =
3Y(p(a)), where 3 # 0.
Casel. If y(p(a)) < 0, then y>(t) < 0 for t € [p(a),o(b)]. Thus y is a monotone
decreasing function, this is y(¢) > y(o(b)).
1. If y(o(b)) > 0, then y(t) > 0. So this contradicts the assertion y(¢) is a monotone

decreasing function.
2. If y(o(b)) < 0, then we have that

y(n) = (b)) <0,

which contradicts the assertion that y(t) is monotone decreasing.
Case2. If y(p(a)) > 0, then y*(p(a))) > 0. So y(t) is monotone increasing on
[p(a), pla) + €).
1. If y(o (b)) > 0, then y(¢) > 0 on [p(a), o(b)].
2. If y(o(b)) < 0, then we have that

y(o(b)) = dy(n) > y(n)

which contradicts the assertion that the graph of y(t) is concave down on (p(a), o (b)).
If 8 = 0, from the boundary conditions we obtain y(p(a)) = 0.

1. If y(o(b)) > 0, then the concavity of y implies that y(t) > 0 for ¢ € [p(a), o(b)].

2. If y(o(b)) < 0, then
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This contradicts with the concavity of y. O

Lemma 1.3 If y~V(t) <0, then yff(g;)) < @ < @ for all t € [n,o(b)].

Proof. Let h(t) :=y(t)— y(o(b)). Thus, we have h(n) > 0 and h(o(b)) = 0.

ylo(0) _ y(t)

o(b) — p(a)

Since K2V (t) < 0 then h(t) > 0 on [n,0(b)]. So 0 < = For the function h(t),
o
since h(n) > 0, h(o(b)) = 0 and K2V () < 0 then the function h(t) is decreasing on
t
[n,0(b)]. So y(t—) < ?4(777) for all t € [n, o (b)]. O

Lemma 1.4 Let 0 <6 < 1. If h(t) € C[p(a),c(b)], and h > 0, then the unique solution
y of (1.5), (1.6) satisfies

inf t) > ,
te[w(b)]y( ) =AYl

where

— min 5(a(b) —n) on
L e e P TSR T RS

Proof. By the second boundary condition we know that y(n) > y(o(b)). Pick
to € (p(a), (b)) such that y(to) = ||y||. If to < n < o(b), then

min _y(t) = y(o(b))

t€[n,o(b)]
and
y(o(®) —y(m) _ y(n) —y(to)
ob)—n — n—ty
Therefore
(o (b) —n)

min >
te[n,o(b)] = o(b) —on— pa)(1 —9)

12



TOPAL

If n <to < o(b), again we have y(o(b)) = minse[,,o(») y(t). From the Lemma 1.3, we

Combining with the boundary condition dy(n) = y(c(b)), we conclude that

y(a(®) o ylto) o ylto) _ Iyl

> .
T to — o) ob)
This is
. on
min t) > —— .
L min y(t) > sl

2. A Fixed Point Theorem

Let B be a Banach space, and P a closed, nonempty subset of B. P is a cone
provided (i) au+ Bv € P for all u,v € P and all a, 8 > 0, and (i4) u,—u € P imply
u = 0(0 is zero of P).

We refer to [9] for a discussion of the fixed point index that we use below. In particular,

we will make frequent use of the following lemma.

Lemma 2.1 Let B be a Banach space, and let P C B be a cone in B. Assumer > 0 and
that ® : P. — P is compact operator such that ®x # x for x € OP, :={x € P : ||z|| =r}.
Then, the following assertions hold:

@) If |=|| < ||®z||, for all x € OP,, then i(®, P, P) = 0.

(@)If ||z|| > |||, for all x € OP,, then i(®, P, P)=1

Thus, if there exist 71 > ro > 0 such that condition (i) holds for z € dP,, and (ii) holds
for € OP,, (or (ii) and (4)), then, from the additivity properties of the index, we know
that

i(®, Py, P) = i(®, P, \Int(P.,), P) +i(®, P, P).

As consequence i(®, P, \Int(P,,),P) # 0, from where we assure the existence of a

nonzero fixed point of operator ® whose norm is between r; and 5.
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3. An Existence Theorem For 1.1 —1.2

We will assume that
(A1) f : [a,b] x R is continuous with respect to & and f(¢, &) for £ € RT, where R™

denotes the set of nonnegative real numbers.

Define the nonnegative extended real numbers fo, f°, f and f*° by

Jo :=1lim,__ o+ inf minge(q ) @
SO :=lim, o+ sup maxXiela,b] f(tf)
= i inf mi .
foo . My oo 110 mlnte[a,b] x
ftz)

[ = limy oo sSUpMaxsc(q,p) —

It is not difficult to show that the eigenvalue problem (1.1),(1.2) having a solution is

equivalent to the fixed point equation

y=<1>,\(y), yEB:C[avb]v (31)

having a solution, where the operator ®, is defined by

o(b)
Dyy(t) = )\/( : G(t,3)f(s,y(s))Vs. (3.2)

Now, consider the Banach space B with maximum norm and the cone P in B given
by

P={yeB:y(t) 2 0,t € [a,0] and inf y(t) = y[|}-
>n

It is obvious that P is a cone in B. Moreover, by Lemma 1.4 ®,(P) C P. It is also easy

to see that ®) : P — P is completely continuous.
Now, we are ready to obtain criteria for the existence of least two positive solutions

of the eigenvalue problem (1.1), (1.2).

Theorem 3.1 If (A1) holds and either
(a) ﬁ <A< LLfO or
(b) 1 <1

YK fo Lfee
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o (b) a(b)

is satisfied, where K = minte[a’b]/ G(t,s)Vs, L = maxte[a’b]/ G(t,s)Vs, then
pa) p(a)

the eigenvalue problem (1.1), (1.2) has two positive solutions on [p(a), o(b)].

Proof. Assume (a) holds. Since

there is an € > 0 so that
L(f°+er< 1.

Using the definition of f9, there is an r; > 0, sufficiently small, so that

max M <f4e
t€la,b] x
for 0 <z <ry.
It follows that f(t,x) < (f°+e€)z for 0 <z <ry, t € [a,b].

Assume that u € OP,,, then

o(b)
Sru(t) < A+ / G(t,5)Vs
p(a)
< A +ellullL
< ull,
for t € [a, b].
Next, we use the assumption
1
<A
VK foo

First, we consider the case when f., < co. In this case pick an €; > 0 so that

'7)\K(foo —61) Z 1.

Using the definition of f., there is an r > ry sufficiently large , so that

min M > foo — €1,
t€la,b] x
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for x > r.
It follows that f(¢,z) > (foo —€1)x for & > r, t € [a,b]. We now show that there is

an ro > r such that if u € P,,, then ||® u| > ||ul.

Pick ro > 6r > r1. Now assume u € 0F,, and consider

o(b)
Dru(t) > AMfoo —61)/( : G(t, s)u(s)Vs

o(b)

> Afoo — el / Gt 5)Vs
p(a)

> A(foo — 19K Jul

>l

for t € [a, b].
Finally, we consider the case f,, = co. In this case the hypothesis becomes A > 0.
Choose M > 0 sufficiently large so that
AM~yK > 1,

for any t € [a, b].
So there exists r > 7 so that f(¢t,2) > Mz for z > r and for all ¢ € [a,b]. Now
define ry as before and assume u € 0P,

<I>>\u(t)

VIV oV
>
=
=2
=
=

for t € [a,b].

Therefore by Lemma 2.1, ®) has a fixed point u with r1 < ||ul]| < r2, and, in
consequence, condition (a) yields the existence of a positive solution on [a,b] of such
problem.

The proof of part (b) is similar. O

Theorem 3.2 Let the assumption (A1) hold.

(a) If f© =0 or f>° =0, then there is a Ao > 0 such that for all X > X\ the problem
1.1),(1.2) has a positive solution.
(

(b) If fO = f° = 0, then there is a Ao > 0 such that for all A\ > \g the problem
(1.1), (1.2) has two positive solutions.
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(¢) If f© = 00 or f* = oo, then there is a Ao such that for all 0 < X\ < \g the problem
(1.1),(1.2) has a positive solution.

(d) If f© = f> = oo, then there is a Ao such that for all 0 < X\ < g the problem

(1.1), (1.2) has two positive solutions.

f.

)

Proo
(a) Let to € (p(a), o (b)) and for all p > 0 define
o(b)
m(p) = min{ G(to, s)f(s,u(s))Vs,u € OP,}.
p(a)

It can be shown that m(p ) > 0 for all p > 0. We now show that for any py > 0 that
for all A > Ao, where \g := m(p 5, we have that if u € OF,,, then [[®ru]| > ||ull. To prove

this let v € OP,,. Then for A > Ao,

o(b)

Dyu(ty) = )\/ G(to, s)f(s,u(s))Vs
p(a)

Am(po) = Aom(po) = po = ull

Y

Hence it follows that ||®yu|l > ||lul for all u € IP,, and A > X.

We now show that the condition fy = 0 implies that given any pg > 0 there is an hg
such that 0 < hy < pg and for any u € 9Py, it follows that || P u|| < [Jul], for all A > A,.
To prove this fix A > \g and pick vy > 0 so that

AL <1 (3.3)
Since
t,x)
0 )
= 1 = 0
f sDg+ P t?[%] T ’
there is an hg < po such that
t
I UT) <,
t€la,b] x
for 0 < z < hg. Hence we have that
ft, z) < v, (3.4)
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for t € [p(a),o(d)], 0 <z < hy.
Let uw € 0P, and consider

o(b)
Dyu(t) = )\/ G(t, s)f(s,u(s))Vs
)
)\/ G(t, s)rou(s)Vs
p(a)
Avollull L < lull.

IN

A

It follows that if u € OPp,, then ||® u| < |lu|| and hence, the problem (1.1),(1.2) has a

positive solution and the first part of (a) has been proven.

We now prove the second part of (a) of this theorem. Fix A > A\, where \g = —2°~

Pick vy so that (3.3) holds. Since f*° = 0, there is a Hy > pg so that

for x > Hy. Hence we have that

ft z) <wvox

for t € [p(a), o (b)].

We consider two cases. The first case is that f(¢,u) is bounded on [p(a),c(b)] x RT.

In this case there is a positive number N such that
[f(t,u)] <N
for t € [p(a),o(b)], u € RT. Choose Hy > Hj so that

NAL < H;.
Then u € 0Py, , we have

o(b)
Dyu(t) = )\/ G(t,s)f(s,u(s))Vs

(a)

< ANL < H; = |ul.

It follows that if u € OPp, , then ||[®yu|| < |lu||. Since at the beginning of the proof of this

theorem we proved that if u € dP,,, then ||® u| > ||u||, and since py < H; it follows from

Lemma 2.1 that ®, has a fixed point and hence the problem (1.1),(1.2) has a positive

solution.
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Next we consider the case where f(¢,u) is unbounded on [p(a), o(b)] X RT. Let

g(h) :==max{f(t,y) : t € [p(a),o(b)],0 <y < h}.

The function g(h) is non-decreasing and

hlim g(h) = oc.
Choose Ho > Hj so that
g(Hz) > g(h), for 0 < h < Hs.

Then for v € 0Py,, we have

o(b)
Dyru(t) = )\/() G(t, s)f(s,u(s))Vs
i’ o(b)
< )\g(Hg)/ G(t,s)Vs
p(a)
S )\V()HQL S H2 = HUH

It follows that the problem (1.1), (1.2) has a positive solution ug(t) satisfying po < |Jug|| <
H, and the proof of part (a) of this theorem is complete.
(b) Clearly if fO = f>° = 0, then by the proof of part (a) we get for any po > 0 that

for each fixed A > X\ := mz(’go) there are numbers hg < pg < Hs such that there are two

positive solutions of the problem (1.1), (1.2) satisfying hg < ||u1]] < po < |Juz| < Ha.
The proof of part (¢) will be easy to see when we prove part (d) so we will only prove
part (d) here.

(d) Assume fy = foo =00 and 0 < 71 < ro are given numbers. Let
M; == max{f(t,y) : (t,y) € [p(a),o(b)] x [0,7;]} for i =1,2.
Then if u € OF,,, it follows that
o (b)

Dyu(t) < Mi)\/ G(t, s)Vs.
p(a)

It follows that we can pick Ag > 0 sufficiently small so that for all 0 < A < A

(|[Prul| < ||ul|, for allw € OP,,,i =1,2.

Fix A < Ag. Choose M > 0 sufficiently large so that
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YMAK > 1 (3.5)
where tg € (p(a),o(b)). Since fo = 0o, there is £ < r1 such that

[t )
min
t€la,b] x

> M

for 0 < ¢ < x1. Hence we have that

ft,z) > Mx

for t € [p(a),o(b)]. We next show that if uw € dP,,, then ||[®yu|l > ||u|. To show this

assume v € 0FP;,. Then

o(b)
Dyu(ty) = )\/ G(to, s)f(s,u(s))Vs

Y

o(b)
)\M/ G(to, s)u(s)Vs
)\M7Hu|\K > [full.

V

Hence we have shown that if u € OP,,, then ||®yul| > |Ju]l.

Next, we use the assumption that f., = co. Since fo, = oo there is 2 > 75 such that

St x)
min
t€la,b] x

> M

for > 29 and M is chosen so that (3.5) holds. It follows that

ft,z) > Mx

for t € [p(a),o(b)]. We show that if u € OP,,, then ||®yu| > ||u|. To show this assume
u € OP;,. Then

o(b)
Dyu(ty) = )\/() G(to, s)f(s,u(s))Vs

o(b)
AM / Gto, s)u(s)Vs

)\MVHUHK > ull-

Y

V

20



TOPAL

Hence we have shown that if u € OP,,, then ||®yul| > ||u||. It follows from Lemma 2.1
that the operator ®, has two fixed point u(t) and uq(t) satisfying

ry < |Jur]| <71 <o < Juz|| < ws.

4. Lower and Upper Solutions

We define the set
D :={y:y>V is continuous on  [p(a),b]}.
For any u,v € D, we define the sector [u, v] by
[u,v] ;={w e D:u<w< v}

Definition 4.1 A real valued function u(t) € D on [p(a),o(b)] is a lower solution for
(1.1), (1.2) if

—u®V(t) < Mf(t,u(t))for t in [a, b]

au(p(a)) — Bu® (p(a)) = 0 and u(o(b)) < Su(n).

Similarly, a real valued function v(t) € D on [p(a),o(b)] is an upper solution for
(1.1), (1.2) if

—v2V(t) > Mf(t,v(t))for t in [a, ]

av(p(a) - Bv® (p(a)) = 0 and v(o(b)) > bv(n).

We will prove that when the lower and upper solutions are given in the well order, i. e.
u < v, problem (1.1), (1.2) admits lying between both functions.

Theorem 4.1 Assume that the condition (A1) is satisfied and uw and v are respectively
lower and upper solutions for the BVP (1.1)—(1.2) such that u < v on [p(a),c(b)]. Then
the BVP (1.1), (1.2) has a solution y € [u,v] on [p(a), o (D)].
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Proof. Consider the BVP

—yAV(t) = AF(t,y(t)), t€ [a,b], (4.1)
ay(p(a)) — By™ (p(a)) =0, y(o(b)) = dy(n), (4.2)
where,
o) - S50 62 0t
F(t.§) =4 [(t9), ult) < € <v(t),
s+ S5 €<ty
for t € [a, b].

Clearly, the function F is bounded for ¢ € [a, b] and £ € R, and is continuous in . Thus,
by Theorem 3.1, there exists a solution y(t) of the three point BVP (4.1)—(4.2).

We claim y(t) < v(t) for t € [a,b]. If not, from the boundary conditions we know that
y(t) — v(t) has a positive maximum at some ¢ € [a,b]. Consequently, we must have
(y —v)?(c) <0 and (y —v)>V(c) < 0. On the other hand,

(€)= Fley(e)) = M((e). (o)) — Ao
< Af(e),v(e)) < —v2V(c).

Hence, we have
(y—v)2V(e) >0

which is a contradiction. It follows that y(¢) < v(t) on [a, b].
Since y(a (b)) = dy(n) < dv(n) < v(o(b)), we have that y(o(b)) < v(o(b)). If a is left
scattered, then (y —v)(p(a)) = P ) E: p(a))+ﬁ (y—v)(a). So, we get (y —v)(p(a)) < 0. Thus

we have y(t) < u(t) on [p(a),o(b)].
Similarly, u < y on [p(a), o(b)]. Thus y(t) is a solution of (1.1), (1.2) and lies between

u and v. O
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Theorem 4.2 Assume that the condition (A1) is satisfied and u and v are lower and

upper solutions of the (1.1),(1.2) on [p(a),o(b)]. If f(t,y) is strictly decreasing y for each
t € [a,b]. Then u < v on [p(a),c(d)].

Proof. We claim that v < v for t € [p(a),o(b)]. If not from the boundary conditions

we know that u—wv has a positive maximum at some ¢ in [p(a), b]. Consequently, we know
that (u —v)*(c) <0 and (u —v)*V(c) < 0. On the other hand,

—u®Y(c) = fle,u(c)) < fle,v(e)) < ™YV (c).

Hence, we have

(u—v)2V(c) > 0.

which is a contradiction. It follows that u(t) < v(t) on [p(a), b].
Since u(o(b)) < du(n) < dv(n) < v(o(b)), we have that u(c (b)) < v(o(b)). So, we get
u(t) < o(t) on [p(a), o (b)) 0

Acknowledgement

(1]

The author wishes to thank the referee for valuable comments.

References

R.P. Agarwal, M. Bohner, Basic calculus on time scales and some of its applications, Results
Math., 35(1-2), 3-22,1999.

D. R. Anderson, Solutions to second-order three-point problems on time scales, J. Difference
Equ. Appl., 8, 673-688, 2002.

D. R. Anderson and R. I. Avery, An even-order three-point problems on time scales, J.
Math. Anal. Appl., 291, 514-525, 2004.

F. Merdivenci Atici and A. Cabada, The method of upper and lower solutions for discrete

second order periodic boundary value problems, Comput. Math. Appl., 45, 1417-1427, 2003.

F. Merdivenci Atici and G. Sh. Guseinov, On Green’s functions and positive solutions for
baundary value problems on time scales, J. Comput. Appl. Math., 141(1-2), 75-99, 2002.

F. Merdivenci Atici and S. G. Topal, Nonlinear three point baundary value problems on time
scales, Dynamic Systems Appl., 13, 327-337, 2004.

23



TOPAL

[7] M. Bohner and A. Peterson, Dynamic Equations on time scales, An Introduction with
Applications , Birkhduser, 2001.
[8] M. Bohner and A. Peterson, Advances in Dynamic Equations on Time Scales, Birkhduser,
Boston, 2003.
[9] D. Guo, V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic Press, San
Diego, 1988.
[10] C.P. Gupta, Solvability of a three-point nonlinear boundary value problem under for a second
order ordinary differential equation, J. Math. Anal. Appl., 168, 540551, 1992.
[11] C.P. Gupta, A sharper condition for solvability of a three-point nonlinear boundary value
problem, J. Math. Anal. Appl., 205, 586597, 1997.
[12] E. R. Kaufmann, Positive solutions of a three-point boundary value problem on time scale
Electronic J. Diff. Equ., 82, 1-11, 2003.
[13] B. Liu, Positive solutions of a nonlinear three-point boundary value problem, Appl. Math.
and Computation, 132, No: 1, 11-28, 2002.
[14] R. Ma, Positive solutions of a nonlinear three-point boundary-value problem, Electronic
Journal of Differential Equations, 34, 1-8, 1998.
[15] R. Ma, Positive solutions for second-order three-point boundary-value problems, Applied
Mathematics Letters, 14, 1-5, 2001.
S. Giilsan TOPAL Received 22.04.2004

Department of Mathematics, Ege University,
35100 Bornova, Izmir-TURKEY
e-mail: stopal@sci.ege.edu.tr

24



