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Abstract

Based on a continuation theorem of Mawhin, periodic solutions are found for the

second-order Rayleigh equation with piecewise constant argument.
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1. Introduction

Qualitative behaviors of first order delay differential equations with piecewise constant
arguments are the subject of many investigations (see, e.g. [1-19]), while those of higher
order equations are not.

However, there are reasons for studying higher order equations with piecewise constant
arguments. Indeed, as mentioned in [10], a potential application of these equations is in
the stabilization of hybrid control systems with feedback delay, where a hybrid system
is one with a continuous plant and with a discrete (sampled) controller. As an example,
suppose a moving particle is subjected to damping and a restoring controller —¢(x[t —k])

which acts at sampled time [t — k], then the equation of motion is of the form

a"(t) +a(t) 2’ (t) = — ([t — k]).

Mathematics Subject Classification: 34K13
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In this paper we study a slightly more general second-order Rayleigh equation with

piecewise constant argument of the form
() + f (2" () +g(t,z(t—k])) =0, (1)

where [] is the greatest-integer function, k is a positive integer, f (¢,2) and g (¢, x) are

continuous on R? such that for (t,7) € R?,
ft4+w,z)=f(tx)
and
gt +w z)=g(t ),

for some positive integer w. We also require f(¢,0) =0 for all ¢ in R.

By a solution of (1) we mean a function x (¢) which is defined on R and which satisfies
the conditions (i) 2’ (¢) is continuous on R, (ii) 2’ (¢) is differentiable at each point ¢ € R,
with the possible exception of the points [t] € R where one-sided derivatives exist, and
(iii) substitution of z(¢) into Eq. (1) leads to an identity on each interval [n,n+1) C R
with integral endpoints.

In this note, existence criteria for w-periodic solutions of (1) will be established.
For this purpose, we will make use of a continuation theorem of Mawhin. Let X
and Y be two Banach spaces and L : DomL C X — Y is a linear mapping and
N : X — Y a continuous mapping. The mapping L will be called a Fredholm mapping
of index zero if dimKerL = codim Im L < +o0o0, and ImL is closed in Y. If L is a
Fredholm mapping of index zero, there exist continuous projectors P : X — X and
Q : Y — Y such that InP = KerL and ImL = KerQ = Im(I — Q). It follows that
Lipomrnkerp : (I — P) X — ImL has an inverse which will be denoted by Kp. If Q is an

open and bounded subset of X, the mapping N will be called L-compact on Q if QN (Q)

is bounded andKp (I — Q) N (Q) is compact. Since Im@ is isomorphic to KerL, there
exists an isomorphism J : Im@Q) — KerL.
Theorem A (Mawhin’s continuation theorem [20]). Let L be a Fredholm mapping of
index zero, and let N be L-compact on Q. Suppose

(i) for each X € (0,1), x € 9N, Lx # ANz; and

(i) for each x € N NKerL, QNz # 0 and deg (JQN, QN KerL,0) # 0.

Then the equation Lx = Nz has at least one solution in © N domL.
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2. Existence Criteria

The main results of our paper are as follows.

Theorem 1 Suppose there exist constants K > 0, D > 0, r; > 0, 72 >0 and r3 >0

such that
(a1) If (t,2)| < 7r1lal+ K for (t,2) € R?,
1) zg (t,2) > 0 and |g (t,x)| = ra|x| fort € R and |x| > D,

(b
(Cl) limg . oo MaXp<t<w (](1; z) <rs,
(

dq) 2w [T1+T3(:—;+w):| < 1.

Then (1) has an w-periodic solution.

Theorem 2 Suppose there exist K >0, D > 0,71 >0, ro >0 and r3 >
(a1) | f(t,2) |<ri)z) + K for (t,2) € R,
b1) zg (t,z) >0 and | g (t,x) |> r2|z|, for t € R and |x| > D,

(
(c2) limy— 400 Maxp<i<ew g(g D <y,
(d) 2w [r1 47 (2 +w)]| <1.

Then (1) has an w-periodic solution.

Theorem 3 Suppose there exist K >0, D >0 and r > 0 such that
(a2) | f(t,2) |< K for (t,z) € R?,
(b2) zg (t,x) >0 and | g (t,z) |> K, fort € R and |x| > D,

(c3) limy—. o maxgcy<y, 289 <7 < 5L

Then (1) has an w-periodic solutzon.

Theorem 4 Suppose there exist positive constants K >0, D >0 and r >
(a2) | f(t,x) |< K for (t,z) € R?,
(b2) zg (t,x) >0 and | g (t,z) |> K, fort € R and |x| > D,

(04) lim, 4 oo MaXo<t<w att J) <r< 2w2

Then (1) has an w-periodic solutzon.

0 such that

> 0 such that
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In order to prove Theorem 1, we first make the simple observation that z (t) is an

w-periodic solution of the following equation
t
a' (t) = 2" (0) —/ (f (s,2"(s)) + g (s,x([s —k])))ds, t € R, (2)
0

if, and only if, x (¢) is an w-periodic solution of (1).

Next, let X, be the Banach space of all real w-periodic differentiable continuous
functions of the form = = z (¢) which is defined on R and endowed with the usual linear
structure as well as the norm ||z, = ||z[|,+|«'||, where [-||, denotes the maximum norm.
Let Y, be the Banach space of all real continuous functions of the form y = at + h(t)
such that y (0) = 0 where o € R and h(t) € X,,, and endowed with the usual linear
structure as well as the norm ||y||, = |a| + [|A]|; . Let the zero element of X, and Y[, be
denoted by #; and 65 respectively.

Define the mappings L : X, — Y, and N : X, — Y, respectively by

Lz (t)=12'(t) — 2’ (0), t € R, (3)

and
N == [ (7 ) g lls ), te R @

Let

B<t>=—/0 f(s,w<[sl>>ds+g/owf(s,qu]))ds, teR. (5)

Since h € X,, and B(O) = 0, N is a well-defined operator from X, to Y. Let us define
P:X,— X, and Q :Y, — Y, respectively by

Pz (t)=xz(0), teR, (6)

for x =z (t) € X, and

Qy(t) =at, t€R, (7)
fory(t) =at+h(t) €Y,.
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Lemma 1 Let the mapping L be defined by (3). Then
KerL = {z € X, |z(t) = ¢, t € R}, (8)
that is, the set of all real constant functions.

Indeed, it is easy to see from (3) that (8) holds.

Lemma 2 Let the mapping L be defined by (3). Then
ImL = {y € X, | y(0) =0} C Yo (9)

Proof. Tt suffices to show that for each y = y (t) € X,, that satisfies y (0) = 0, there is
ax =z (t) € X, such that

y(t)=2a'(t) —2'(0), t € R. (10)

But this is relatively easy, since we may let

x(t):/oy(s)ds—%/owy(s)ds,tER. (11)

Then it may easily be checked that (11) holds. The proof is complete. O

Lemma 3 The mapping L defined by (3) is a Fredholm mapping of index zero.

Indeed, from Lemma 1, Lemma 2 and the definition of Y,,, dim KerL = codimImL =
1 < 4o0. From (9), we see that ImL is closed in Y,,. Hence L is a Fredholm mapping of

index zero.

Lemma 4 Let the mapping L, P and Q be defined by (3), (6) and (7) respectively. Then
ImP = KerL and ImL = KerQ.

Indeed, from Lemma 1, Lemma 2 and the defining conditions (6) and (7), it is easy
to see that ImP = KerL and ImL = Ker@.

Lemma 5 Let L and N be defined by (3) and (4) respectively. Suppose ) is an open and
bounded subset of X,,. Then N is L-compact on .

61



WANG, CHENG

Proof. It is easy to see that for any = € Q,

Ve () = =2 [ (5.0’ (9) g (2 15 = KD s, (12)
J@Nala = |2 [ (7 (s’ () g s (15~ K] (13)
and
1= QNe@) = = [ (s () + oo s K ds
oo [ @) g (s (s = kD) ds (1)
for t > 0. These lead us to
K -@Ne) = [ [ (7606 4o s - 1) s
/dv/ ) (s (ls = K))) ds
va | w(f(sw())Jrg(sw([ — k) ds
5 | G e gl as (15)

By (13), we see that QN (Q) is bounded. Noting that (7) holds and N is a completely con-

tinuous mapping, by means of the Arzela-Ascoli theorem we know that Kp (I — Q) N (Q)

is relatively compact. Thus N is L-compact on . The proof is complete. O

Lemma 6 Suppose g (t) is a real, bounded and continuous function on [a,b) and lim;_;,- ¢ (t)
exists. Then there is a point & € (a,b) such that

b
/ g(s)ds =g (€) (b—a). (16)
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The above result is only a slight extension of the integral mean value theorem and is
easily proved.

We will need the integral equation
t
2 (t) =2 (0) — )\/ (f(s,2' (s))+g(s,x([s—k])))ds, t € R, (17)
0
where A € (0,1).

We now turn to the proof of Theorem 1: Let L, N, P and @ be defined by ( 3), (4),
(6) and (7) respectively. Let x (t) be a w-periodic solution of (9). By (9), we have

/ T (f (52 () + g (s (ls — K]))) ds = 0, (18)

that is
/0 f s,z (s))ds=;/i_lgw,w([s—k]))ds. (19)

Using the integral mean value theorem and Lemma 6, there are & € [i —1,4], i =
1,2,...,w, and € € [0,w] such that

ISE

f(&2" () =~ Zg(éi,w([i—l—k]))- (20)

Let ® = maxo<i<w® (t), ¥ = ming<i<w 2 (¢),

M= max g(t,x)
0<t<w, U<a<d

and

m= min g(t,x).
0<t<w, U<a<d

Since x (t) is w-periodic, we see that

m < Zg(fi»w([i—l—k]))SM- (21)

1
w
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By (21), the continuity of g (¢, ), and the intermediate value theorem, there are 7 and

t1 € [0,w] such that
S g -1 ) =gz (1) 22

From (20) and (22) we have
f&2" () =gz (t)). (23)

We assert that

K

.
@ (1) < = |||y + D + —. (24)
T2 T2

Indeed our assertion is true if |2 (t1)| < D. Otherwise, by (a1), (b1) and (23), we have

lg (n, 2 (£2))| = |f (&, 2" (€))]
il (O + K <rifla’lly + K, (25)

T2 |z (t1)]

A IN

which implies (24).

For for any ¢ € [0,w], we now have

t
e < foe)l+| [ o) ds
t1
¥ / T1 / K
< |x(t1)|+/ |z' (s)]| ds < (—-i—w) lz'|lo + D+ —, (26)
0 T2 T2
so that
K
lelly < (T—1+w) o/l + D+ 2. (27)
T2 T2

By condition (dy), we know that there is a positive number & such that
r
m = 2w [Tl—i—(rg +¢) (T—l +w>] <1 (28)
2

From condition (c1) ,we see that there is an p > D such that for ¢t € R and = < —p,

Ly
J (xx) <rs+e. (29)
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Let
Ey={t|te0,w],z([t—k]) < —p}, (30)
Ey={t|te0,w], |z (ft—K)I<p}, (31)
B3\ (B U Ey) (32)

and
My= max |G (tz)|. (33)

0<t<2m,|z|<p

By (27), (29) and (30), we have

lg (¢, ([t — K]))[ dt

IN

L(m+d@@—@ﬂﬁ

Ey
< wirs+e) max O] = (s +9) el
K
< winte) [(Zew) Il + 0+ 2. en
T2 T2
From (31) and (33), we have
9t (it — KD dt < wo. (35)
Ea
It follows from condition (ay) that
| 1£ e @nlde <ol + K) (36)
0
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In view of (b1), (18), (30), (31), (32), (34), (35) and (36), we get

gt (it — K|t = A}muww—kmdt

Es

- —/wf(t,:c'(t))dt—/ gtz ([t —k]))dt
0 Eq

_/ gt (t—7 (1) dt
Ea

< [irasenas [ lge-sa

0 Eq

s [ g (i -m)ar

Ea
< w(rll2'lly + K) +wMo
T1 ’ K

+w(7“3+8)[<a+w> |x|0+D+E]

<

w [rl + (rg+e¢) (:—1 —i—w)] llz'|lq + M,
2

(37)

for some positive number M. Thus it follows from (9), (34), (35), (36) and (37) that

27 27
[ ol < [Ciresa-aonlaces [ e e-old
0 0

Ey

+ | |Gz ([t —kD))dt+ [ |G (tx ([t — k)l dt + 27 |Ipll,

E2 E3

IN

,
+2r My + 27 [n +(r3+¢€) (T—l + 27r>] [2"[lo + M
2

+27 [|pll,
= leHo + Mo,

66

K
2m (r1 |2’ |l + K) 4+ 27 (r3 + €) [(:—; +27T> Iz, + D + E]

(38)
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for some positive number Ms. Note that x (0) = z (27), therefore there is a t3 € [0, w]
such that 2’ (t2) = 0. Hence, for any ¢ € [0,w], we have

o=/ 2 (s)ds| < | @ (39)
to 0

that is

Il < [l ol (10)
By (38) and (40), we see that

127l < 1 12Ny + Mo, (41)

so that
Ia'lly < D1, (12)

where Dy = Ms/ (1 — 1) . From (27) and (42),we get

l[zlly < Do (43)

where Dy = (:—; + w) D+ D+ g Take a positive number D > max {Dg, D;} + D, and
let

Q={zeX |||, <D}. (44)

From Lemma 1 and Lemma 2, we know that L is a Fredholm mapping of index zero
and N is L-compact on . In view of the bounds found above for periodic solutions, we
see that for any A € (0,1) and any € 99, Lx # ANz. Since for any = € 9Q N KerL,
x =D (> D) or x = —D, thus in view of (b;) and (7) we have

QNz (1) = —3/0w<f<s,w'<s>>+g<s,w<[s—k1>>>ds

w

- L[ e gta - mpas

w
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SO

QNz # 5.

The isomorphism J : Im@Q) — KerL is defined by J (ta) = « for « € R and ¢ € R. Then
1 w
JQNz = ——/ g (s,,x)ds #0.
w Jo

In particular, we see that if 2 = D, then

1 [v —
JQNx:——/ g(s,D) ds <0, (45)
w Jo
and if = —D, then
1 [“ —
JQNx:—;/ g(s,—D) ds > 0. (46)
0
Consider the mapping
H(z,s)=—sz+(1—35)JQNz, 0<s<1. (47)

From (45) and (47), for each s € [0,1] and z = D, we have
H(w,s):—sﬁ—i—(l—s)%/owg(s,ﬁ,ﬁ)ds<0, (48)
Similarly, from (46) and (47), for each s € [0,1] and x = —D, we have
H(x,s):sﬁ—i—(l—s)%/owg(s,—ﬁ)ds>0. (49)
By (48) and (49), H (z, s) is a homotopy. This shows that

deg (JQNz,Q2NKerL, ;) = deg (—z, 2N KerL, 6;) # 0.

By Theorem A, we see that equation Lz = Nz has at least one solution in N DomL.
In other words, (1) has an w-periodic solution x (t) . The proof is complete. a
The proof of Theorem 2 is similar to that of Theorem 1, and so we omit the details

here.
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Proof of Theorem 3 Let z (¢) be a w-periodic solution of (9). Then (18) and (23) hold.

We will prove that there are positive numbers Dy and D3 such that

HxHo < D3 and leHo < Ds. (50)

By (az2) and (23) we see that
g (n,z (1)) = |f (§,2" ()] < K. (51)
It follows from (b2) and (51) that

|z (t1)] < D. (52)

Thus for any ¢t € [0,w], we have

IN

2 (1) |w<t1>|+/0w|w'<s>|ds

D+w ]y,

IN

so that

llg < D+ w [l2"llo - (53)

In view of condition (c3), we can take a positive number &1 such that gy = 2w? (r + 1) <

1. Furthermore, we see that there is an p; > D such that for t € R and z < —py,

AL (;’x) <r+e. (54)

Let
Ei={t|te0,w],z ([t —k]) < —p1}, (55)
Ey={t|te[0,w],lz(t—Fk) <pm}, (56)
B3\ (B1 U Ey) (57)

and
M; = max |g(t,2)|. (58)

0<t<w,|z|<p1
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By (53), (54) and (55), we have

IN

| rrelee—ar

1

ot @e-myia

IN

w(r+e1) max |z (t)] =w(r+e)lz,

0<t<w
< w(rtea)[D+wllaf] (59)
From (56) and (58), we have
/E, g (t.x (1t — K)))| b < w. (60)

It follows from condition (ag) that
/ If (¢, 2" (t))|dt < wK. (61)
0

In view of (b2), (18), (59), (60) and (61), we get

[ latae=riae = [ otai-ia

- —/wa(t,w'(t))dt—/E gtz ([t —k]))dt

—/ o (tx ([t — k) dit

IN

Ej
/wlf(t»w’(t))ldﬂr/ g (6. (It — K])) | dt
0 Eq

[ ot @e-mpla

wK +w(r+e1) [D+w ||z'],] +wMs
P+ ) [l + Ma, (62)

VANNVAN
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for some positive number My. It follows from (9), (59), (60), (61) and (62) that

/0|w Wdt < /0|f<t,w<t>>|dt+/E|g<t,w<[t—k1>>|dt

g/
E

ot =KDl de+ [ g (e - k)

i ’
2 ES

< wKFw(rten) [D+wlla'llg) +wMs +w? (r+e1) [2/llg + Ma
= mlllo + Ms, (63)
for some positive number M;s. Since z (0) = z (w), there is a t3 € [0,w] such that

2’ (t3) = 0. Hence, for any t € [0,w], we have

o= [ @l < [arola (64
t3 0

that is

Il < [l ol (65)
By (63) and (65), we see that

127l < s 12/l + Ms, (66)

so that
la'lly < Ds, ©7)

where D3 = M5/ (1 —12) . From (53) and (67), we get

l[zlly < D2 (68)

where Do = D + w D3. From (67) and (68), we see that there are positive numbers Do
and Dj such that (50) hold. The remaining proof is the same as that of Theorem 1. The

proof is complete. O

The proof of Theorem 4 is similar to that of Theorem 3, and so we omit the details

here.
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Example. Consider a Rayleigh equation of the form

exp ((Sin 7rt)2) h(z ([t —k]))

1+ cosmt 2
") + ————a (t (—'t) =1, (69

o)+ ey O+ e (~ 6 0)F) + e (69)
where k is a positive integer and

3 2 0

h(z) = { A

z x<0

Take
1+ cosmt 9
ftz)= Wm—i—exp (—2%) -1,

and

exp ((sin 7rt)2) h(x)
101 ’

g(t,.’L’) =

it is then easy to verify that all the assumptions in Theorem 1 are satisfied with K =
2, D=1 r = ﬁ, ro = %.1 and r3 = 157- Thus (69) has a 2-periodic solution.

Furthermore, this solution is nontrivial since y (t) = 0 is not a solution of (69).
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