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On Cauchy’s Bound for Zeros of a Polynomial

V. K. Jain

Abstract

In this note, we improve upon Cauchy’s classical bound, and upon some recent
bounds for the moduli of the zeros of a polynomial.
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1. Introduction and Statement of Results

f(2) = 2"+ an—12""" +tan—2z"" 4+ ...+ a1z + ao,
a; # 0, for at least one i € I,
I={0,1,2,...,n—1},

be a polynomial of degree n, with complex coefficients. Then, according to Cauchy’s

classical result [1], we have the following theorem.
Theorem A

Z[f(2)] € B(n) € B(1 +a),

where 7) is the unique positive root of the equation

Qz)=2" - |an_1|9c"_1 — |an_2|9c"_2 — ... — |a1|z — |ag|, (1)
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Z[f(2)] = the set of all zeros of the polynomial f(z),

B(r)={z:|z| <r},B(r)={z:]z| <r}.

and

a = max|a;|.
iel

(2)

Sun and Hsieh [2] obtained certain refinements of Cauchy’s classical bound. They proved

the next theorem.

Theorem B
Z[f(z)] € B(n) C B(1+461) C B(1+ &) C B(1+a),

with

n<14+0 <146 <1+a,

where 97 is the unique positive root of the equation

Qi1(z) =0,

Qi(x) =2° + (2 — |an—1)2® + (1 = |an—1| — |an—2|)z — a,

and

02 = 5 l(lan-1] = 1) + v/(Jan—1] — 1)? + 4a].

N~

Theorem C Let
gi(z) = (=1)"f(2)f(=2),

h(z) = g(Wz)= Zbizi, say,

=0
b = max|b,
iel
m = max{i:i el & |b;| = b},
b = max |b,
1el~{m}
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)

o = J min[(6/B)Y/Cmm=) b —m — 1)} £ 0,m A —1 & b1
| 1; otherwise

g2(2) = a7 (=1)"f(az)f(~az2),

Cz) = ¢2(V2)= Z c;2', say, (with ¢, = 1, obviously),

=0
¢ = max el
Then
Z[f(2)] € B(ay/7) € B(a\/1+61) C B(a\/1+6,) C B(av1 +¢), (4)
with

H<1l46 <140 <l+c¢

where 7] is the unique positive root of the equation

5~1 is the unique positive root of the equation

Qi) =0,
Q) = 2" —|ea1|z" ' = |eno]z" 2 — ... = |c1]@ — |col,
Quz) = 2°+ 2~ learl)a’ + (1= leat| = len—2l)z — ¢,

and

5= 5{llenal = 1)+ v/Ten s~ D2 T de).

In this note, we have also obtained a refinement of Cauchy’s classical bound and then
obtained certain other similar bounds also. More precisely, we have proved the following
theorem.
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Theorem 1
Z[f(2)] € B(n) € B(1 +d) C B(1+ 1),

with

n<l+4d <1+,

where &g is the unique positive Toot of the equation

QO(Z') = 0, (5)
Qo(x) = a*+ (B —lan1])2® + (3 —2lan_1| — |an_2|)z”® +
(1= lan—1] = lan—2| = |an—3|)x — a. (6)

Remark 1 It is obvious that Theorem 1 is a refinement of Theorem B and therefore,
also a refinement of Cauchy’s classical bound.

Theorem 2

Z[f(2)] € B(a\/7) € Blay/1+dy) C Ba/1+ 6y),

with

<1468 <140y,

where (% is the unique positive root of the equation

Qo(z) = 0,

Qo(x) o+ (3 = len—1])2” + (3 = 2|en—1] — len—2|)a?

+(1 = len—1] = [en—2| = |en—s|)z — c.

Remark 2 It is obvious that Theorem 2 is a refinement of Theorem C. Therefore, thinking
of Theorem 1 and Theorem 2 together, we can say that we have got upper bounds for

the moduli of the zeros of the polynomial f(z), better than those obtained by Sun and
Hsieh [2], and hence, also better than those obtained by Zilovic et al. [3], as suggested
by Sun and Hsieh [2].
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2. Proofs of the Theorems

Proof of Theorem 1 That equation (5) has a unique positive root &y, follows by

the use of Descartes’ rule of signs. Further,

Q1+ do)

which implies

Again,
Qo(01)

>

Y

(1+00)" = lan—1](1+60)" ™" = [an—2|(1+ 80)" % -

|an_3|(1 + 60)71—3 — |an_4|(1 + 50)71—4 — ...

-+ = laol, (by (1)),

(14 00)" = lan—1](1+80)" ! — |an—2|(1 + )"

—|an_3|(1 + 60)71—3 - a(l + 50)71—4 — ...
—o.—a(l+6) —a,(by (2),

(1+60)" = |an—1](1+80)" " — |an—a| (1 + 6o)" >

(14 8)" 3 -1
do

(14 00)" > {(1 4 60)* = an—1|(1 +60)*—

—|an_3|(1 + 60)71—3 — a{

a
n-al(14 80) = lan-al = 3|
0

(1 + 50)71—3

50 QO (50)7

0,

n <14 dp.

Qo(01) — 61Q1(d1) — Q1(61)
51(“ - |an—3|)7 (by (3) and (6))7

0,

thereby implying that

0o < 47.

3

And now Theorem 1 follows, by using the fact that n is unique positive root of the

equation

Qx) =0.
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Proof of Theorem 2. We can prove, as in the proof of Theorem 1, that

o< 14,
S < by,

and then Theorem 2 follows by using

Z[f(2)] € Blay/n) (by (4)).
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